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Kinematics of Particles

1) Rectilinear Motion:

As mentioned in our first lectures, only three equations will be used to solve
problems related to particle kinematics. As below:
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Solution Methods: Two main methods can be used

1. Graphical Method:

In this methods, five different curves are used to understand and solve the dynamic

behaviour of particle motion. These curves are (s-t), (v-t), (a-t), A-s), and (v-s).

a) (s-t) curve is used to determine the velocity of any point on the curve by making

a tfangent at the point and find its slope. The slope of the tangent of any point

gives the velocity of this point.
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(a) v = ds/dt.

b) (v-t) Curve is used to determine the velocity of any point on the curve by making
a tangent at that point and from the slope of the tangent the velocity can be

1


ocean
Pencil

ocean
Rectangle

ocean
Text Box


obtained. Additionally, the curve can be used to find the displacement of any
point on the curve. The area between any two points under the curve represents
the displacement difference between those two points.
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c) (a-t) curve is only used to determine the difference in velocities between two
points on the curve by calculating the area under the curve between these two
points
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d) (a-s) Curve is used to find the velocity of any point by calculating the area under
the curve.
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(vy2 — v,%) = (area under a-s curve)
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e) (S-v) curve is used to calculate the acceleration of any point on the curve.



- CB = v(dv/ds) = a,

2. Analytical Integration Method:

(a) Constant Acceleration. When a is constant, the first of Eqs. 2/2
and 2/3 can be integrated directly. For simplicity with s = s, v = vy, and
t = 0 designated at the beginning of the interval, then for a time inter-
val { the integrated equations become
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Substitution of the integrated expression for v into Eq. 2/1 and integra-
tion with respect to ¢ give

E
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(b) Acceleration Given as a Function of Time, a = f(t). Substitu-
tion of the function into the first of Eqs. 2/2 gives f(¢) = dv/dt. Multiply-
ing by df separates the variables and permits integration. Thus,

J-: dv = J: f(t) dt or v=up+ J: ft) dt

From this integrated expression for v as a function of ¢, the position co-
ordinate s is obtained by integrating Eq. 2/1, which, in form, would be
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(c) Acceleration Given as a Function of Velocity, a = f(v). Substi-
tution of the function into the first of Eqs. 2/2 gives f(v) = dv/dt, which
permits separating the variables and integrating. Thus,
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This result gives ¢ as a function of v. Then it would be necessary to solve
for v as a function of ¢ so that Eq. 2/1 can be integrated to obtain the po-
sition coordinate s as a function of .

Another approach is to substitute the function a = f(v) into the first
of Eqgs. 2/3, giving v dv = f(v) ds. The variables can now be separated
and the equation integrated in the form
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(d) Acceleration Given as a Function of Displacement, a = f(s).
Substituting the function into Eq. 2/3 and integrating give the form

Hvr:fv= Eﬂs,‘lds or v2=y2+2 H_f(s}ds
J oao=], J,

Next we solve for v to give v = g(s), a function of s. Now we can substi-
tute ds/dt for v, separate variables, and integrate in the form

S £ 5
ds__ f dt or t= ds_
. 28 Jp 5, (8)

which gives f as a function of s. Finally, we can rearrange to obtain s as
a function of £.



Example 1: Graphical Method

A particle moves along the x-axis with an initial velocity v, = 50 ft/sec at the
origin when ¢t = 0. For the first 4 seconds it has no acceleration, and thereafter it
is acted on by a retarding force which gives it a constant acceleration a, = —10
ft/sec’. Calculate the velocity and the x-coordinate of the particle for the condi-
tions of £ = B sec and ¢ = 12 sec and find the maximum positive x-coordinate

reached by the particle.

v, ft/zec

Solution. The velocity of the particle after t = 4 sec is computed from
u, t

[jdv=fadt] dvx=—lﬂj dt v, = 90 — 10¢ ft/sec
50 4

and is plotted as shown. At the specified times, the velocities are

t = 8 sec, v, =90 — 10(8) = 10 ft/sec

=12 see, v, = 90 — 10(12) = —30 fi/sec Ans.
The x-coordinate of the particle at any time greater than 4 seconds is the dis-

tance traveled during the first 4 seconds plus the distance traveled after the dis-
continuity in aceeleration oceurred. Thus,

T
[J‘d5=fvdr:| x=5D{4}+j{Hﬂ—ll}t}d’.t=—5£2+9[}t—8[)ﬂ
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For the two specified times,
t = 8 sec, x = —5(8%) + 90(8) — 80 = 320 ft

t =12 sec, x = —5(12%) + 90(12) — 80 = 280 ft Ans.

The x-coordinate for t = 12 sec is less than that for ¢ = 8 sec since the motion is
in the negative x-direction after ¢ = 9 sec. The maximum positive x-coordinate is,
then, the value of x for + = 9 sec which is

Tmax = —5(9%) + 90(9) — 80 = 325 ft Ans.



Example 2: integration method (acceleration as a function of time)

The position coordinate of a particle which is confined to move along a
straight line is given by s = 2* — 24¢ + 6, where s is measured in meters from a
convenient origin and ¢ is in seconds. Determine (a) the time required for the
particle to reach a velocity of 72 m/s from its initial condition at ¢ = 0, (b) the ac-
celeration of the particle when v = 30 m/s, and (¢) the net displacement of the
particle during the interval from¢ = 1sto¢ = 4 s.

Solution. The velocity and acceleration are obtained by successive differentia-
tion of s with respect to the time. Thus,

[v = 8] v =62 — 24 m/fs

[a = ] a = 12¢ m/s?

(a) Substituting v = 72 m/s into the expression for v gives us 72 = 6t — 24,
from which t = *4 5. The negative root describes a mathematical solution for ¢

before the initiation of motion, so this root is of no physical interest. Thus, the
desired result is

t=4sg Ans.

(b) Substituting v = 30 m/s into the expression for v gives 30 = 61 — 24, from
which the positive root is f = 3 s, and the corresponding acceleration is

a = 12(3) = 36 m/s* Ans.

(c) The net displacement during the specified interval is

As =5, — 35 or
As = [2(4%) — 24(4) + 6] — [2(1%) — 24(1) + 6]
=54m Ans.



Example 3. Integration Method (acceleration as a function of s)

The spring-mounted slider moves in the horizontal guide with negligible
friction and has a velocity vy in the s-direction as it crosses the mid-position
where s = 0 and ¢ = 0. The two springs together exert a retarding force to the
motion of the slider, which gives it an acceleration proportional to the displace-
ment but oppositely directed and equal to @ = —k&%s, where k is constant. (The
constant is arbitrarily squared for later convenience in the form of the expres-
gions.) Determine the expressions for the displacement s and velocity v as fune-
tions of the time 7.
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Solution I. Since the acceleration is specified in terms of the displacement, the
differential relation v dv = a ds may be integrated. Thus,

2 22
J‘Udl-' = f —k%s ds + C, a constant, or %= —kTS+Cl

When s = 0, v = vy, so that C; = v,%/2, and the velocity becomes
v=+,v,% — k%*?

The plus sign of the radical is taken when v is positive (in the plus s-direction).
This last expression may be integrated by substituting v = ds/dt. Thus,

Jd—s=fdr+cgamnsmnt, or —sin"!'—=¢t+0Cy
fu? — k%s?
VUp

With the requirement of ¢ = 0 when s = 0, the constant of integration becomes
C5 = 0, and we may solve the equation for s so that

Up .
g= T gin kit Ans.

The velocity is v = &, which gives

v = v, cos kt Ans.



Example 4: integration method (acceleration as a function of v)

A freighter is moving at a speed of 8 knots when its engines are suddenly
stopped. If it takes 10 minutes for the freighter to reduce its speed to 4 knots, de-
termine and plot the distance s in nautical miles moved by the ship and its speed
v in knots as functions of the time ¢ during this interval. The deceleration of the
ship is proportional to the square of its speed, so that a = —kv?.

Solution. The speeds and the time are given, so we may substitute the expres-
sion for acceleration directly into the basic definition @ = dv/df and integrate.
Thus,
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Now we substitute the end limits of v = 4 knots and { = % = % hour and get

8 3 .., 8

4 = k== Anas.
1+ 8k(1/6) g™ s

The speed is plotted against the time as shown.
The distance is obtained by substituting the expression for v into the defi-
nition v = ds/dt and integrating. Thus,

1+6f di o1+ 6t

T g
8 ds 8 di =J ds s=%lnlil+ﬁt]' Ans.
0

The distance s is also plotted against the time as shown, and we see that the ship
has moved through a distance s = %ln (1+ g} = % In 2 = 0.924 mi (nautical) dur-
ing the 10 minutes.



Assignment 1(Homework)

Problems from Page 33- page 39 in the Textbook



