Sol.-

1) let z=tan® = dz=sec’0-db b ==

1

j 2’ dz _J‘tan59-se029 do
\/I+z2 \/1+tan26’
=Itan9-sec€(sec20—1)z do

=jsec4 9(tan9-sec9d9)—2‘[ sec’ 6(tan¢9-secé’d9)+Itan@-sec@dﬁ

—jtanSH-secﬁ do

1 2
=—sec’ @ ——sec’ 0+ sec 6 + c g
5 3 i
1 2 o
=§(\/1+z2)5—;(\/1+z2)3+\/1+z2+c : 7
2) let x=2tan@® = dx=2sec’0-db tanH:%
Z 2
I dx =I sec’ 0 d0 =Isec9 d@=ln‘sec6’+tan9‘+c
Vi + x? Jd+4tan’ @ y
4 2
\/4+x2 X /x
= In +—|+c
¥, 2 6
2
=ln\/4+x2+x +c' where ¢'=c—1In2

3) let x=2sin@ = dx=2cos0-db

dx 2cos@ dO 1 dO 1
j4—x2_j
1

" == secodp
4—4sin°0 27 cos@ 2 bee

=—ln‘sec€+tan6"+c Z/x

2 <5
1 2 X NS
=—lIn ' 2 i of
2 |Wa-x* Ja-x
1 2+ x 1 2+ x I _ |12+Xx
= —In +c=—lIn +c¢c=—In +c
2 |J(2-x)(2+x) 2 V2-x 4 |2-x
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6-5- Partial fractions:

f(x)

Success in separating () into a sum of partial fractions
g(X

hinges on two things:-

1- The degree of f(x) must be less than the degree of g(x).

(If this is not case, we first perform a long division, and then
work with the remainder term).

2- The factors of g(x) must be known. If these two conditions
are met we can carry out the following steps:

m

Step I -let x—r be a linear factor of g(x). Suppose (x—r)
is the highest power of (x —r) that divides g(x). Then assign
the sum of m partial factors to this factor, as follows:

Do this for each distinct linear factor of f(x).

Step II - let x° + px+g¢q be an irreducible quadratic factor of
g(x). Suppose (x°+ px+gq)" is the highest power of this
factor that divides g(x). Then, to this factor, assign the sum
of the n partial fractions:

B. x+C, " B x+C; i 1 B_x+C,
x2+px+q (x2+px+q)2 .........

Do this for each distinct linear factor of g(x).

f(x)

g(x)
all these partial fractions. Clear the resulting equation of
fractions and arrange the sums in decreasing powers of Xx.

Step III - set the original fraction equal to the sum of

Step 1V - equate the coefficients of corresponding powers of x
and solve the resulting equations for the undetermined
coefficients.

) )
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EX-8 — Evaluate the following integrals:

2x+5 sin x dx
! 4
)Ix —9 )‘[cos X—5cosx+4
i 2x° —3x+2
2
)Ix2+4x+3 S)I )
X' —x X +4x
. ‘[ x +1) ) dx " J‘x +4x+3
Sol.-
2xX+9 2x+3
1 =
)Ix2"9dx I(36—3)'(x+3)dx
2X 42 A B
= 2 = A —
(x—3)-(x+3) x—3+x+3 = 2x+) (x+3)+B(x 3)
at x=3 = 64A=6+)5 P 161
at x=-3 = -6B=-6+5 = B‘é

x’ -9 x—3 x+3 6 6

sz+5dx=j[ H/ /6 ]dx—ln(x 3)+lln(x+3)+c

X dx x dx
2 =
)Ix2+4x+3 I(x+3)(x+1)

x _ A s b
(x+3)(x+1) x+3 x+1
3 1

at x=-3 = A—— and at x=-1 = B=—5

J. x dx j / /\dxziln(x+3)—ll"(x+1)+c

x’+4x+3 x+3 x+1) 2 2

=> x=A(x+1)+B(x+3)

VY
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x’ —x x(x-1)x+1) x’ +x
3)Ix ) P I (x° +11Xx 11 "= I(x 1) x-1)"

x’ +x Ax + B C > 2

, - =\Ax+ B fx—1 1

(x2+1Xx—I) T +x—1 = X '+ X ( X + )(x )+C(x + )
x?+x=(A+C)x’ +(-A+B)x+(-B+C)

A+C=1 ... (1)

5 _ ( \
j T dx=j 21 P dx =tan" x+In(x—-1)+c
( \x"+1 x-1)

4) let y=cosx =  dy=-—sinxdx

J- sin x dx _J‘ dy =_j'
cos’ x—5cos x+4 y'—5y+4 (y—4)(y—1)
dy A B

w-4)y-1) pd =T 1=A(y-1)+B(y-4)

1
and at y=1 = B=-——

£
3 3

(s I[ 1, /3]

at y=4 = A=

COS2x—5COSX+4 Yy — 4 y—1
=—§ln(y—4)+§ln(y—1)+c=—éln(cosx—4)+éln(cosx—1)+c
5) 2x°-3x+2 _ A B  C
(x—I)Z(x—Z) xX—d (x—l)z X—4
2x?-3x+2=A(x-I)fx-2)+B(x-2)+C(x-1)
3 T J— (1)
-3A+B-2C=-3....(2)y > A=-2 , B=-1,C=4
2A—2B+C =2...uueuee. (3)[
2
j-Zx ~3x+2 (—2+ 1 _, 4 de
(x—I) (x—Z) x—-1 —1) x—2&

==2In(x—1)+ I+4ln(x—2)+C
X —

VY
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X
x2+4x+3> x’ +4x°

Fx F4x’ F 3x

x’ +4x° . IX
x?+4x+3 (x+3)(x+1)

0)

- 3x
3 A B
(x+3)?x+1)—x+3+x+1 = 3x=A(x+1)+B(x+3)
atx=—3:>A=2 and atx:—]:}Bz_i
. 2

3 2 9 3
jxf+-;ix+3dx=_[ . /2 |
x° 9 3

= —Eln(x+ 3)—Eln(x +: 1)+ C

6-6- Rational functions of sinx and cosx, and other trigonometric

integrals:
X w 2
We assume that z=tan— then x=2fan" 7z and dx= > dz
2 1+ 7
Since
x I+cosx X 2
cos’ — = = cosx =2cos’ =—1= 1
. 2 2 > X
sec’ —
2
2 2 y
— — 1= = -1 = cosx= zz
tan’ = + 1 2" +1 I+z
2
Since
.
X X Zsin— X X 1
SInX =28In—-Cos— = - .cos’ = =2tan=-
2 2 X 2 K. 2 X
COS — sec” —
2
X 1 , 27
= 2tan—- . = SInx = F
tan’ — + 1 HE

) ¢
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EX-9 — Evaluate:
dx

1 4
)I1+sinx+cosx )IZ+4s1nx
2 I : . 5) Isecxdx
Sin x +tan x
cos x dx
3 6
)IZ+s1nx )Il—cosx
Sol.-
2
d
I)J‘ dx =I 1+z2 3 =J- dz
1+ sin x + cos x Sa 27 1 7° 1+ 7
1+7° I+z
=ln‘1+z|+c=ln1+tan§+c
2
—dz
dx 1+z 1 1
2 = =—||——2z dz
)IStnx+tanx I 2z N 2z ZI[z ]
14 I—z*
1| 72 1 x 1 ,x
=—|Ilnz——|+c= Intan —— —tan’ = |+ ¢
2|_ 2_| 2 s 2 Z |
2
> dz
3)-[ dx _J‘I+z =J- dz =I dz
2
2+ sin x P 27»2 g gk (z+£)2+i
I+z 2 4
1 3 3
let z+—=£tan9 = dz=£sec29d9
2 2 2
ﬁseﬁ@d@
b= - 2 (40 =—20+c
2+ sin x g—tan 9+§ 3 J3
( X \
—itan (ZZ+I\+c—itan"' 2’“”3"‘1 +cC
J3 J3 J3 J3 J
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Z

dz
4)-" 3d)f7 =§J‘ dx. _J‘z+1 =3J‘2dz
2+4sinx 1+ 2sin x 749 Zz 7°+4z+1

77+ 1

dz dz

_31( +2)2—3_I 1+2 ,
. (" =1

+F

let Z+2=sec9 =% dz=\/§sec0-tan0d0

V3

j 3 dx J‘\/Esecé’-tané’de \/—j‘secé’

O+ dsiny sec’ 0 -1 tan 6

=\/§Icsc9d¢9=— 3ln‘csc9+cotc9|+c

=/ 3 In + to=—31In Z

X
_—y \/§ tan—+2+\/§

g of &

\/z2+4z+1 \/z2+4z+1

\ 2

eI+ 2 - 1
5) Isecxdx-fl_zz 1+z2dz—2j(1—zX1+z)dz
1 A B

—litg] It Iig A(1+2)+B(1-z)
! I

at z=1 = A—— and at 7=-1 = B=;

Isecxdx ZI[ / / \d =—ln(1—z)+ln(1+z)+c

1

-2z 1+z

X

x\ . 1+ tan —
ln(1+tan— —ln(l—tan—)+c=ln s +c

<) 2 I—tan—)£
2

_ X I—cos x -
By substituting  tan— implies
2 \ 1+ cos x

j secx dx = ln‘sec x+tan x|+ ¢

Y1

X
tan’ —+4tan—+1

X

Z
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=zt

2 2 z’
6) J-cosxdx J' i%z : dz I dz
1—cos x 1-7°  1+7° (1+2°)z
I+z2
1-7° A B Cz+D
=—+—+ =

(1+z°)z" z z° I+7°
A7+ A7+ B+ Bz’ +C7° + D7 =1-7°

A+C=0 ... (1)1
A

B+D=-1..(2) = () B=1,C=0, D=-2

1 2 1
1—cos x g I+l .

1 X X
M —2-—+4+c=—cot——-—Xx+c¢

ftan = . ’

VY
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Problems — 6

Evaluate the following integrals:

4 ) Ix-sinxz dx

5) [Vx?—1dx

6)“- 3x+13
(5x—-1)(7x+2)

7)]‘ 2x—3 I
(x—1)(x-2)(x+3)
dx
" J'x‘l'—l
9) Ilnxdx

10) Itan"'xdx
11) Ix-lnxdx
12) Ixotan"lxdx
13) Ixz - cosax dx
14) | sin(Inx) dx

15) jln(az + x? )dx

1 1
(ans. : }x3—5x2+x+ln(x—1)+c)

(ans.: x+In(3x-1)+c)

(ans.: —e “(x’+2x+2)+c)
1

(ans. : —Ecosx2+c)
1
(ans. : %\/xz—l—glnx+\/x2+1 +c)

(ans. : %ln|5x—1‘ —;ln‘7x+2|+c)

1 1 9

(ans.: —ln|x—1‘+—ln‘x—2‘——ln‘x+3‘+c)
4 5 20
1 —1| 1

(ans.: —In = ——tan""x+¢)
4 |(x+1| 2

(ans.: x-Inx—x+c¢)

1

(ans. : x-tan"’x—-;ln(1+x2)+c)

y le x’ re)

ans.: —Ilnx——+c
2 4
5 -, 1 ]

(ans.: —tan  x——(x—tan " x)+c¢)
Vs 2
x’ . 2Xx Zz .

(ans.: —sinax + —-cosax —— sinax + c)
a a a

(ans. : %(sin(ln x)—cos(lnx))+c)

X
(ans.: x-In(a’ +x° )—2x+2atan™' =+c¢)
a

YA
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Z
1
16) jx-sin" x dx (ans. : X sin x—=sin”! x+=1-x’ +c)
2 4 4
" 1 1
17) Icos"x dx (ans. : —x+—sm2x+—sm4x+c)
8§ 4 32
£ 3 2 6 Lo 3 i
18) jcos3 x-sin’ x dx (ans.: ——cos’ x+—cos’ x———cos”’ x+c¢)
5 11 17
19) J.x-sinxdx (ans.: — X - cosx + sinx + ¢ )
2
20 ) Ixzx/l—x dx (ans. : —105 \/(I—x)3 (15x2 +12x+8)+c)
o 2 2 1
21) Ism x-cos” x dx (ans. : 7 (4x sm4x)+c)
3 2 I 3 I
22 ) jsec x-tan” x dx (ans.: —sec” x-tanx——secXx-tan x
4 8 )
1
—glnsecx+tanx|+c)
1 1 1
23) Ix(cos3 x’ —sin’ xz)dx (ans.: —sinx’ ——sin’ x° +—cos x°
2 6 2 )
1
—gc0s3 x’+c)

24 ) ‘[ij);—x (ans. : 2sin_1\/;+c)

25) j\/;‘(‘;x_h/;) (ans.: 2In(1 ++/x )+c)

dx 2 J3
26 ) (ans.: ——sin (—lnx)+c)
J‘x\/Z 3ln2f \F
Zxd 3
27 ) J‘JI_'_X; (ans. : 5 e’ {/(1+e )’ ——\/(1+e ) +c¢)
e
1, 2y 2y
—y Iy(Zy +1)° (ans. 3ln(2y3+1) 3(2y3+1)+c)
29)! i (ans.:3&—x+2\/;—21n(&+1)+c)
1++/x 3
30 ) je 7 (ans.: In(e' —1)—t+c)

) 4
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31) j (ans. : 19+1ln\se029+tan29|+c)
1—tan’ 0 2 4
" e’ F e o
32) Ie - cos 2x dx (ans. : —5—cos2x+—§e sin2x+c)
33) I cot6fd29 (ans. : In ol +c)
I+ sin” 0 V1 + sin’6
e4t 3 1 3
34) | - dt (ans.: - 2'(I+e2')3——(1+e2')4+c)
(1+e’")’
x’+x° x° 4 2
35 dx ans.:. —+—In(x+2)+—In(x—-1)+c
)Ix +x-2 ( 2 3 ( ) 3 ( )*e)
36 ) j 2e € dx (ans. : 1(2\/3e2" —6e” — 1+
\/3e2x—6ex—1 3 /

\/Eln\/}(ex—l)+\/3e2x—6ex—1 +c)

37 ) dy (ans.: sec ' (2y+1)+c)
(2y+ 1)y’ +y
2 % e’ 2 . .
38 ) I(l—x ) dx (ans. : ?cos2x+§e sin2x+c)
-1
39) jtan xdx (ans. : ln\/ f _tan2x+c)
X~ +1 X
x° x 1
40)Ix-sin2x dx (ans. : 7—;sin2x+§cos2x+c)
dt 1 1 t
41 ans.: —tan~"t — tan”' —+c
)'[t4+4t2+3 ¢ 2 243 o3 ‘
X Z2 2
42 ans. : In t—
)jx +2x° ‘ x+2 x Xx° ’
cos x dx X X
43 ) (ans. : \/E(ZSin——lnsec—+tan—)+c)
J'«/I+cosx 2 2 2
2N x + 1
44 ) j o (ans. : x—Z\/;+itan" \/; +c)
x+\/;+1 \/§ \/E
45)I (ans. : \/Etan”(\/ztant)—t+c)

sec {1+ tan {

Scanned with CamScanner


https://v3.camscanner.com/user/download

dx
1+ cos’ x

46)j

47 ) jln(\/;+\/1+x)dx

48) [xin(x’ +x) dx

cosx dx
\/ 2
4 —cos” x
sec’ x dx

\/4—sec2x
dt
" It—\/l—tz

52) je’x tan"" e* dx

49)j

50)j

53) jsin"&dx

54) J‘cos2x—1 I
cos2x + 1

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

(ans. :

V)

1 1

J2 J2
xln(\/;+\/1+x)—

——tan~'(—tanx)+c)

Jx? + x

/

+—ln2x+1+2\/x2+x +c)

x° 3

1

—In(x’+x)-—x"+—=In(x’+1)+c)

Z 4

ln\/3+sin2x+sinx

T
sin"'(—tanx)+c)

J3

1 1

2 2

1

2

+ )

—ln(t—\/l—tz)——sin“’t+c)

—e “tan'e*+x—-—=In(1+e’* )+c)

2

xsin"\/;—ésin"&+§\/x—x2 +c)

X —tanx + ¢ )
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Chapter seven

Application of integrals

7-1- Definite integrals:

If f(x) is continuous in the interval a < x<b and it is
integrable in the interval then the area under the curve:-

"=F(b)-F(a)

| f(x)ax=F(x)

where F(x) is any function such that F'(x)= f(x) in
the interval.

Some of the more useful properties of the definite integral are:-

b b
1) Ic f(x)dx =c j f(x)dx , where c is constant.

b

2) I(f(x) F g(x) Jdx = jf(x)dx ?lf g(x)dx
3) f f(x)dx = —I f(x) dx

4) Let a<c<b then ff(x)dx = jf(x)dx - jf(x)dx
5) j f(x)dx =0

6) If f(x)=20 for a< x<b then jf(x)deO

7) If f(x)< g(x) for a< x< b then J.f(x)deJ'g(x)dx
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