7-2- Area between two curves:
Suppose that y, = f,(x) and y, = f,(x) define two functions
of x that are continuous for @ £ x < b then the area bounded above

by the ), curve, below by y, curve and on the sides by the vertical
lines x =a and x = b is:-

A= [[f,(x)= fo(x)]dx

EX-2- Find the area bounded by the x-axis and the curve:

y=2x-x’ y
7 A
Sol.-
| S — 1
’ X (Y = X(x—2)=0=> x=0,2
P=IX=X" e (2)
> X
1 2

The points of the intersection of the curve and the x-axis are (0,0)
and (2,0) then the area bounded by x-axis and the curve is:-

2 32
8 4
Yool jlp= g = oo ol | =
'([( ) 3 3 ( : 3

0

EX-3- Find the area bounded by the y-axis and the curve:

x=y2_y3
Y
\ 1
X=0 .cvveereerene (1) (1= y)=0 0 1
=y (L=-y)=0=y=0,
x:yz—y3 ..... (Z)J
= intersection points (0,0),(0,1) .
The area =
I 3 4|
1 1 1
] = F s g d =y——y— =—=—=(0-0)=—
_g(y y~ )dy 3 4 0 3 4 ( ) 12
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EX-4- Find the area bounded by the curve y= x’ and the line:

y=x
Sol.- "y
y=x2 |
= %7 voone(l) o
A — = x(x—-1)=0 = x=0,1
P=X s (2) |
—> intersection points (0,0),(1,1) P
The area = :
I 2 3|1
1 1 1
A=I(x—x2)dx=x——x— =———=0=—
. 2 3, 2 3 6

EX-5- Find the area bounded by the curves y=x’"-2x° and
Y = 2X 2 Y

y=x4-2x2

8
y=2x2
: > X
g 2
— — 2 s

2 5
=2£(4x2—x")dx=zéx3—x? =2 %-8—35—2—0]

<0 -

= x=0,2,-2
= intersection points are (0,0),(2,8),(—2,8)

R AR R AR
s/ -

The area =
],

A= [(2x? - (x* - 2x7 ) Jix +f(2x2 —(x' = 2x7 )Hx

128
15
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Notice:- We can use the double integration to calculate the area
between two curves which bounded above by the curve y = f,(x)

below by y = f,(x) on the left by the line x =a and on the right by

x =b, then:-
b f2(x)

A=I Idydx

a fi(x)
To evaluate above integrals we follow:-

(a)integrating jdy with respect to y and evaluating the resulting

integral the limits y= f,(x) and y = f,(x), then:
(b)integrating the result of (a) with respect to x between the
limits x=a and x=05,.
If the area is bounded on the left by the curve x=g,(y), on the
right by x=g,(y), below by the line y =c, and above by the line

y =d , then it is better to integrate first with respect to x and then
with respect to y. That is:-

d g2(y)

=| [axay

c 81(y)

EX-6- Find the area of the triangular region in the first quadrant
bounded by the y-axis and the curve y = sinx, y = cos x.

SOlo- A y
y —_ Sin x ooooo (1) 2 72'
—> SINX = COS X X=— 1| |
y — cosx ooooo (2) 4 7 Nﬂ yzsinx
The area = "\ y=cos
| »x
= & & g L
4 cosx 4 4 7 4
oS X
A=J- dydx=Iy - dx = I(cosx smx)dx
sin x
0 sinx 0 0

—(0+1)=~2-1=0.414

=SINX+CosX | =—+—
0 \/5 \/3
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I 1 o
Sin X
EX-7- Calculate: jj N dx dy
0 y

Sol- We cannot solve the integration

& ¢ sinx
j I dx dy , hence we reverse the

0 y X

order of integration as follow:-

x=1 and y=1
A_Jl-]ﬁsinxdydx_j-sinxy‘x dx_j-sinx(x_o)dx
0 0 X 0 X i 0 X
1

= Isinxdx = —cosx|; = —(cosl—cos0)=1-cos1
0

EX-8- Write an equivalent double integral with order of
integration reversed for each integrals check your answer
by evaluation both double integrals, and sketch the region.

1 3x+2 0 I-x 2 I-x
1) | [dydx 2) | [dydc+| [dydx
-2 x’+4x -1 -2x 0 x
Sol.-
1) y=3.:c+2 ..... (1)1:>
y=x"+4x ...(2)

(x+2)(x—1)=0 2
either x=-2=y=—4

» X

or x=I1=>y=5 -2

x=1

2
=X+
y=x"+4 o

X—

y=3x+2
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3x+2 3x+2

(a)j Idydx Iy dx=j'(2—x—x2)dx

-2 x?4+4x x?+4x

2 3|
::‘2]:_r££_._:§L_ -—‘2._;!._“11__(_q4 ;24___)-—;2_
2 3 2 3 2

-2

(b) The reversed integral is : -
y—2

y=3x+2 = x=

y=x"+4x => (x+2)=y+4 > x=—2_\/y+4

Since —2<x<1 = x=-2+.y+4

5 —7+m 5 -2+, y+4 5/ _2\
[ jdxdy [ x = [| -2+ y+4 Y~ < \ay
-4 y— 7’ y—2 _4\ 3 )
—?— 3
2 e 221
2y+—(y+4)~ (y—2)
3 6 »
2 9 36 9
=—]0 27 S+ 0 = —
3( ) p ( 6) >
=The same result as in (a).
0 I-x 2 1-x I-x 2 I=x
2) (a)j jdydx+j J-dydx jy dx+_[y dx
-2x 0 =

g

2

], 2
X X
=\|\(l+x)dx+ | (]I——)dx=x+— +x-——
.I,( ) !( 5 5 y

1 g
=0 I4+—)+2-1-0=—
( 2) 2

(b) Ist region

}:>x=—1:y=2 x from —1 to 0
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2nd region
y=1-x ...(1)

I-y

j{
], y -1 =2y
2

2 0
=[(1=D)dy+ [(1+y)dy=y =" +y+-
0 -1

1 3
=2-1-0+0—(-1+=)==
(=1+75)=73

=The same result as in (a).

7-3- Triple integrals (Volume):

0 I-y 2
Idxdy+j Idxdy=jx dy+jx
- 0

r=> x=2 = y=-1

y from 0 to 2

y=-2x
(x=-)/2)

(2-D\

y=I-x
(x=1-y)

Consider a region /N in xyz-space bounded below by a surface
z= f,(x,y), above by the surface z= f,(x,y) and laterally by a

cylinder ¢ with elements parallel to the z-axis. Let 4 denote the
region of the xy-plane enclosed by cylinder ¢ (thatis, 4 is the region
covered by the orthogonal projection of the solid into xy-plane). Then
the volume V' of the region V' can be found by evaluating the triply

iterated integral:-

fr(x,y)

V=H Idzdydx

A f.](xyy)

Let z-limits of integration indicate
that for every (x,y) in the region 4,7
may extend from the lower surface

2= f,(x,y) to the surface

2= f,(x,y). The y- and x-limits of
integration have not been given
explicitly in equation above, but are

indicated as extending over the
region A.
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We can find the equation of the boundary of the region 4 by

eliminating 2

z= f,(x,y), thus obtaining an equation f,(x,y)=

between the two equations

z=f,(x,y)

contains no z, and interpret it as an equation in the xy-plane.

and

f,(x,y) which

EX-9 The volume in the first octant bounded by the cylinder

x=4—-y’ , and the planes

Sol.-
x=4—y2 = y=¥\/4—x
4 Ja-x y 4 Ja-x
V=I J‘ Idzdydx=j I
0 0 0 /, 0

EX-10 The volume enclosed by

2=y, x=0, z=0.

in first octant : -

y 4 J4-x '4.y2

2| il = ¥ i = [ 2
dy !{yyx!z
1 T 16
1 ol -2 Bl
2| 21 2

the cylinders z=5-x",z=4x"

the planes y=0, x+y=1.

Sol.-

* wall)

7=

1 I-x 5-x* 1 1-

v=| ] aayac=] j

e 5[(1

dx?

—5](1 x?)

0

=5j(1—x—x2+x3)dx=5

|

]

5-p®

1 1 1
(1+1)=—(1-1)=2(1+ )+ (1-1)

r => X =+1

l I-x

dy dx = I I(5 5x°)dydx

x’ ) 1- x)dx
| x° x’ x4—1
X————+—
| 2 3 4J_1
1 20
|3

4-x

dx

and
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EX-11 The volume enclosed by the cylinders y°+4z° =16 and the
planes x=0, x+y=4.

Sol.-
2 . _— 2
y' +4z° =16 = y—+2\/4—z
2 2\/4—72 4—y
L [ dx dy az
-2 _2+\4 -2
22\/4‘_z2 2 Y
_I (4 sl = j4y dz =16 [(4-2*) 2ds
=2 _2:\4-7° 2 —2\4-2 —2
at =2=>9=7;
let 7=2sin@ = d7z=2cos0do , 0=sin"§ ===
atz=2=>9=-§
”* 727 z
V=16i(4 4 sin’ 6’)/22cos6’d0 64Icos 0do = 64i1+620829d9
3 4 3

T

1 2
=37 9+5sm20J

2

r nw 1
—32|:(5+5)+5(0—0):|—327T

_

EX-12 The volume bounded by the ellipse paraboloids z=x’+ 9y’
and z=18-x"-9)°.

Sol.-
;=18—-x"-9° .(1
V' () = 9-x’-9y°=0 > y=_1\/9—x2
=X+ 9’ .. (2) 3
3 ; 9-x° 18—x2—9yz 3 ; 9-x"
V=I I Idzdydx=! I[IS—x2—9y2—(x2+9y2)]dydx
=3 Lo o7 x40y -3 Ly =2
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V=2I(9—x2)y—3y dx

- 9-x

— 9—x

_3|_( )\ 3 3 27 27
_ﬁj 9 2 32d
= J(9-x") 2d

let x = 3sin@ = dx =3cos@d0 , O =sin"’

3 ( A . 2y _ 2
_2-" o \/9—x +\/9—x ]_3[(9—x) +(9 X ) } I
|

% j(9—9sin2 6?)%2 3c0s0d0 = 72i cos’0do = 72i (I+c20S29)2 do
2 2 2
18f(z+zcos29+cos229 )do =18 j (1+ 2cos26 + ""’SZ 19 ) ao
) =
— 9j‘(3+4cos29+cos49)d9 = 9[30+2sin20+§sin 49]1
2 2
=9 3(5 5)+2(sm7£ sin(— 7t))+j(sm27t sin(—2x))|=27x

7-4- The length of a plane curve:-
The length of the curve y= f(x)

from point A(a,c) to B(b,d) is:-

L=i\1+( ) dx

If x can be expressed as a function

of y then the length is:- 0

d

dx ,
L=j\1+(5) dy

C

) )
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Let the equation of motion be x=g(7) and y=h(t)

continuously differentiable for 7 between ¢, (at A)andt, (at B),
then the length of the curve is:-

t | dx 2 dy
L= — ) +(— ) dt
;[\(dt) ¥y

EX-13 — Find the length of the curve:
1) y=§(x2+2); from x=0 to x=3

2) 9x% =4y’ from (0,00 to (23,3
3) y=xi from x=-1 to x=3§
Sol.
1 3 dy 1
1) y=—(x"+2° = —=x(x"+2)
)y 3( ) I ( )
3 3 ¥ 3
L=[{I+x’(’+2) dx =[x’ +1)dx= Sx| =943-0=12
0 0 0
2 3
2) 9x‘ =4y’ = x=¥§y2 Since x from 0 to 243
2 g dx 1
then x=—y’ = —=y’
3 dy
3
2 ig 2
L=f\/1+ydy=—(1+y)2 ==[8-1]
. 3 o 3
2 dy G el
3 =X = —=—X"
A ¥ dx 3
Since d—y=oo at x =10
dx X
then x=TFy® = d—x—ii : 8
y > 2)’
= iy o
1 4 3 2
1 +9y )’ +9y)°
L=INI+§ydy+I\I+§ydy=18 = 39y) + & 3 =
0 0 L /2 p /2 0_|

. .2i7 (13313 - 444 )+ (4040 — 44 )|= 10.51

VY
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T

EX-14 — Find the distance traveled between =0 and = 5 a

particle P(x,y) whose position at time ¢ 1is given by:-
x=acost+a-tsint and y=asint—a-tcost where a IS a

positive constant.

Sol.
xX=acost+a-tsint — ;=a-tcost
: dy '
y=asint—a-tcost — dt—a-tsmt
b 3
dx dy z 2 2 3 e D
L= — )+ (—— )" dt = \/a t“cos“t+a’ -t sin"t dt
;‘:\(dt) Car’ -,[
: P R a
=ajtdt=—t2 = ) | =~
: 2 , 2_4 b

EX-15 — Find the length of the curve:-
x=t—sint and y=1—-cost ; 0<t<2rx

Sol.
xX=t—sint = —=1-cost
dt
d
y=1-cost = —y=sint
dt

b 2r
L=j (£)2+(d—y)2dt=I\/(I—cost)2+sin2tdt
'\ dt dt ¢

o 27
= I\/I—Zcost+c0s2t+sin2t dt = j\/I—ZCOSl‘+1 dt
0 0

27

‘T |1-cost T t
=2_[ dt=2_[sm—dt=—4cos—
N2 )2 2

= —4[cos7t—cos0]= —4[—1—1]= 8

VY
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7-5- The surface area:
Suppose that the curve y= f(x) is rotated about the x-axis. It

will generate a surface in space. Then the surface area of the
shape is:-

S = jZny\/u( )? dx

If the curve rotated about the y-axis, then the surface area is:-

[

1+(£)2 dy

\ a

d
S=IZﬂx

If the curve sweeps out the surface is given in parametric form
with x and y as functions of a third variable ¢ that varies
from 7, to 7, then we may compute the surface area from the
formula:-

S=j2np\/(dt) +( ) dt

where p is the distance from the axis of revolution to the
element of arc length and is expressed as a function of #.

EX-16 — The circle x°+ y° =r’ is revolved about the x-axis. Find
the area of the sphere generated.

Sol.-
_ B 2 dy_ X
puli o B X
b r 2 r
S=j2ﬁy\l+(dx) dx=_[2ﬂ\/r2—x2\1+r2)ix2 dx=27zrjdx

"

=27TrXx =27rr(r—(—r))=47[r2

_——

) ¢
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EX-17 — Find the area of the surface generated by rotating the

. 1 3
portion of the curve y=§(x2 +2)° Dbetween x=0 and x=3

about the y-axis.

Sol.-
d 3 2 dx 1
=2 (x’+2)" > x=((3y)' -2) => —= 2 i
I dy (3y)-(3y) -2)
1 5 3 at x=0 2\/3 at x=3 IIJH
y=—(x"+2) === y= and —S—D= y=
3 3 3
11 [1 - 1
= J- ”\/(3.)’)3_2' I+ 2 T dy
b V' «3y)-2)3y)
# _§_2 %+1 11V 11 11 %_1
=2ﬂj (3y) (3ly) o 27:] ((3y) )
bl (3y) s\ 3y
: : . 1(3y) 1 |
=2”I [(3y)3—(3y)3]dy=27r (3y) (3y)
P 13 3 3 22
| 1111 s 242 L -
(=1 uva ; (33 242 .| 99
=7 -~} -(3- =) [==>-x
2 3 P 3 2
| |
3
EX-18 — The arc of the curve y=x?+i from x=I to x=3 1S

4x
rotated about the line y=-1. Find the surface area generated.

SolL.-
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x’ 1 dy 3 1 _4x4—1

¥ T ix dx iIx’  4x’
3 3 4 2
X (4dx" —1)
S =27 —+—+1 + dx
'[(3 )\ 16 x*

dx

_Zﬂj-4x4 +12x+3 [(4x* +1)°
12x V' 16x7

3
= % [(16x° +48x? + 16x+12x72 + 3x77 )

3
= ﬂ[8x +16x° +8x* —Q— ’ ]

24| 3 x 2x°
_ 718 729 1)+ 16027 —1)+8(9—1)—12(L—1)-
24| 3 3
1823
= T
18

_,)]

EX-19 — Find the area of the surface generated by rotating the curve

x=t’ , y=t , 0<t<1 aboutthe x-axis.

SoL.-

I 1
S=jZﬂp\( )’ +(dy) dt—Zﬂjt\/4t2+1dt
t 0

1
3
2

| (4t +1)

d % 0

=%[5\/§—1]

Y1
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Problems — 7

1) Find the area of the region bounded by the given curves and lines
for the following problems:-

1. The coordinate axes and the line x+ y=a

2. The x-axis and the curve y=¢" and the lines x=0, x =1
3. The curve y’ +x =0 and the line y = x+2
4. The curves x=y’ and x=2y—y’
5. The parabola x = y— y° and the line x+ y =10
a 9 1 _4
(ans.: 1.—;2.e—1;3.—;4.—; 5.—)
2 2 3 3

2) Write an equivalent double integral with order of integration
reversed for each integrals check your answer by evaluation both
double integrals, and sketch the region.

2

2 er e’ 2
I.IIdydx (ans. : jdxdy;ez—.?)
0 1 1 Iny
I 1 5 7
2 j Idxdy (ans. : I Idydx y—)
0 .y 0 0 3
V2 4-2° 2 \/4 zx g
I j jydxdy (ans. : j j ydydx ; —)
0 _\/4_2y2 -2 0 3

3) Find the volume of the tetrahedron bounded by the plane

X
—+ % =1 and the coordinate planes.
a C

(ans. : é‘abc| )

4) Find the volume bounded by the plane z =0 laterally by the
elliptic cylinder x°+4y° =4 and above by the plane z = x+ 2.

(ans.: 47 )

VY
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5) Find the lengths of the following curves:-

I. y= x? from (0,0) to (4,8) (ans. : %(10\/10 -1))
x’ 1 53

2. V=—+— rom x=1 to x=3 ans.: —

y=—rt L ( r )
4

y 1 125

3. X="—4— rom =1 fto = 2 ans. :
4 8y2 Ji y Yy ( 32 )

4. v+ 1)° =4x> from x=0 to x

1 (ans. : %(10«/5 ~1))

6) Find the distance traveled by the particle P(x,y) between =0 and
t2

i ;
t=4 if the position at time ¢ is given by: x = 5 F = E(ZH 1)’

(ans.: 12 )

7) The position of a particle P(x,y) at time ¢ is given by:
t2

1 3
N= —3—(2t +3)° ; y= 7+ t . Find the distance it travel between =0
21
and r=3. (ans. : 7)

8) Find the area of the surface generated by rotating about the x-axis
the arc of the curve y=x between x=0 and x=1.

(ans. : ;—7(10m-I))

9) Find the area of the surface generated by rotating about the y-axis
the arc of the curve y-= x°  between (0,0) and (2,4) .

(ans. : %(175—1))

10) Find the area of the surface generated by rotating about the y-

2 1 2
axis the curve y—xz +5 7 OERXST , (ans.: }75(2\/3—1))

t2
11) The curve described by the particle P(x,y) x=t+1, y= 7+t
from =0 to t=4 is rotated about the y-axis. Find the surface area

that is generated.
242

(ans.: — (1313 - 1))

YA

Scanned with CamScanner


https://v3.camscanner.com/user/download

