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The substitution rule

If u = g(x) is a differentiable function whose range is an interval | and f is

continuous on I, then for indefinite integral

[ F(g()g') dx = [ () du

And for a definite integral

g(b)

[} 7(gng' ) dx = [* ) du

4. Integration by parts

The Product Rule states that if f and g are differentiable functions, then

< [£(g()] = F(0g'00) + g(0F (o)

In the notation for indefinite integrals this equation becomes

| [F@g'(x) + gy (0] dx = f(x)g(x)

f F(0)g'(x) dx + f g(0)f'(x) dx = F(x)g(x)

We can rearrange this equation as

[ F99'() dx = (g — [ g(If ') dx




The general form of the rule becomes

fudv=uv—jvdu

Examples
1-The Method of Substitution

1- evaluate the following integrals by using the Substitution method:

a- fe5_2“‘ dx Letu=35—-2x
C- / e sin(e**)dx Let u = &**

- dt  Letu = 12
f
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dx
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et +e "
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].\‘2+6x+13

dx
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/0 x< 4+ 16

dx Letu=x2+16

b-/ cos(ax +b)dx Letu =ax +

[ xdx
(4;\."_) + 1S

‘. [ dx

e’ + 1
h

Let u = 4x> + 1

_ x+1 J

x Letu=1-—x2

4
J[ HCe?+ D)7V dx Letu=x24
0

xidx
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Let u = x?
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Solution

a- /e5—2x dx Letu=5—2x

du = —2dx
- _lfe" du = —le" +C= —165—2"' +C
2 2 ' 2 ’
b- /cos(ax +b)dx Letu=ax+5>b
du = adx
1 1 .
= —/cosudu = —smu+C
a a

i
= —sim(ax + b) + C.
a

c- / e sin(e*¥)dx Let u = e**
du = 2e* dx
|

B / P
—5 Smmuau = ECOS” )

1
= cos(e®*) + C.

q X dx 5
- m Let u = 4x° —+ 1
du = 8x dx
]. -5 ]. —4 _l
= — du = —— C = '
3 / A=t T T @y
t

dt  Letu =t

e_
/A _ 4
o4 du = 2t dt
_ | du
2 4 —u?




dx e *dx s
f'/e-*+1 =/ [ pov Lotu=lter
du = —e X dx
du

=— | —=—-Inlu|+C=—-In(l1+e ")+ C.
u

dx e¥dx )
g-f—:f Let u =e"
et e e’ +1

du ~1
—]"2+1 =tan u+C

=tan e’ + C.

x+1
h-/—dx
V1 —x2
xdx 5
Letu=1-—x

dx
[
) -3
I—x I—x du = —2x dx

in the first integral only

1 d” o |
=—— | —4sm x=—Ju+sm x+C
2] 7 o

=—v1—-x24sin"'x+C.

if dx —f dx Letu=x+3
Y46 +13 ) (x+3)2+4 B

du = dx
du | L u
= =_—tan  —+C
f112+4 2an 2+
1t _lx—|—3
= —tan
2 2

+ C.

4
j-/x3(x2+l)_l/2dx Letu=x2+1, x?=u-1

17
122
= (—1/3/2 — 22

243 1
174/17 =1 — . 1417 2
=— 5 —WH—=— 2
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¥
K- dx Letu=x2+16

o x*+16 du = 2x dx
1/20 du 1. |®
= - — =—Inu
216 u 2 s
1 1 5
=—(ln20—1n16)=—ln(—)
)2 5 2 4
- .
|'f T Let u = x?
7
. du = 2x dx
1/4 du 1t L u T
= — ——— = —tan  — —
2Jo u*+16 8 4|, 32

Integration by parts

Evaluate the following integrals

a- j.r sin x dx
c- f(x -+ 3)62’( dx
e- [ tan! x dx
g- / cos !xdx

. l[“ 5 .
- — xX“sinxdx
2 Jo

b- /x cosx dx

d- /(Jc2 — 2x)e" dx

f- flnudu

1 T
h-i [0 X sinx dx




Solution

fxsinxdx
Uu=x dv = sin x dx
du = dx V= —COS X

u dv u v v du
i [ e r— — e \— e,

fx sin x dx = f x sinxdx = x (—cos x) — f(—cos x) idx
= —XCOos X + f cos x dx

= —xcosx +sinx + C

/ xcosxdx

U=x dV = cosxdx
dU =dx V =sinx

= X sinx —/sinxdx

= xsinx +cosx + C.

f(x + 3)e* dx

U=x+3 dV =e*dx
dU = dx V=%ez"r

|
(x + 3)e* — 3 [ &> dx

B = D] =

1
(x +3)e* — Zezx +C.




/‘(x2 — 2x)e" dx

U=x2%-2x dV = ekx
dU =(Q2x =2)dx p_ !k
k

1 1
= E(x2 — 2x)e™ — v f(2x — 2)é™ dx

U=x—-1 dV =ée"dx

dU = dx v = L
k

_1,2 ,kle, kx I/k.\',
_k(x 2x)e k k(a l)e k e dx

2
= %(.\'2 — 2x)ef* — %]

f tan" ! x dx

U=tanx dV =dx

dU: dx _ V=3\'
xdx

=xtan_1x—f 5
I+ x-

1
=xtan_1x—§ln(l +x2)+C.

5 B e
(x — Der™ + k—sek" + C.

=ulnu—fdu =ulnu—-—u+C
= (Inx)(In(lnx)) —Inx + C.




1 T
— f xsinx dx
2 Jo

U=x dV =sinxdx
dU =dx V = —cosx

T

]. T

- —[—xcosx -|-f cosxdx]
2 0 0

=T _ 1571
2

l T
— f x2sinx dx
2 Jo

U = x?2 dV = sinxdx
dU = 2xdx = —COSX

T T
+2f xcosxdx]
0 0

U=x dV =cosxdx

T

1
= — |:—x2 cosx
2

]_ T

= —[n2 +2(x sinx —f sinxdx)]
2 0 0
L

= —(x~ —4).
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