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1. The Definition of the Derivative

The derivative of f(x) with respect to x is the function f' (x) and is defined as,

o) = iy LR =1 @)

h—0

Example 1:

Find the derivative of the following function using the definition of the derivative.

f(z) = 22? — 16|+ 35

Solution:

First plug the function into the definition of the derivative.

"(z) = lim
fz h—0 h
2(x + h)? — 16 (x + h) + 35 — (222 — 16z + 35)
=0 h
) 222 4+ Axh + 282 — 162 — 16h 4+ 35 — 222 + 160 — 35
f(x) = lim
h—0 h
_ dxh + 2h% — 16h
= lim
h—0 h

h(4x + 2h — 16)

p .
fila) = jim, 2
= lim 4z +2h — 16
h—i
= 4x — 16
So, the derivative is,
fl(x)=4x - 16

b
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Example 2:

Find the derivative of the following function using the definition of the derivative.

t
)=
g (t) PR

Solution:

g(t+h)—g(t)
h

—Iiml t+h t
C hs0h \t+h+1  t+1

As with the first problem we can't just plug in 2 = 0. So, we will need to simplify things a little.
In this case we will need to combine the two terms in the numerator into a single rational
expression as follows.

lf '
t) = lim
Q‘{] h—0

1 ({t+h}{t+1}—t{t+h+1})
h—0h

g'(t)=lim & (t+h+1)(t+1)

m

im | 24t 4th+h— (2 4+th+t)
h—0 h

t+htr)(E+1)

im - h
h—:rDE({f‘l‘h—Fl](f—Fl})

o 1
g {f]_;l.@n{t+h+1](t+1}

1
(t+1)(t+1)
1
(t + 1)

The derivative is then, 1

(t+ 1)

g (1) =
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Example 3:

Find the derivative of the following function using the definition of the derivative.

R(z)=+5z—8
Solution:
R(z+h)—R(z
o) = fm S
_ iy V5 +R) —8— 52 —38
h—0 h
o) — i (VECHR =8 V575) (VSGEFAI =8 +v5e—E)
z)= 1m

hs0 h (VEGE+h —5+52-3)

_lim 5z +5h —8— (52 —8)
h_’ﬂh(\/a[z+h] — 8+ x,-*Elz—S)
: 5h

= |im
h_’ﬂh(\/a[z+h] — 8+ v’ﬁz—S)

Again, after the simplification we have only h’s left in the numerator. So, cancel the i and
evaluate the limit.

)

f {z}:fllmﬂ Vi(z+h)—8++5z—8

5

:JEZ—S—I—\/EI;Z—S

o

2¢/5z — 8

And so we get a derivative of,
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2. Interpretation of the Derivative

Rate of Change

The first interpretation of a derivative is rate of change. This was not the first problem that we
looked at in the Limits chapter, but it is the most important interpretation of the derivative. If f (x)
represents a quantity at any = then the derivative f' (a) represents the instantaneous rate of change
of f(x)atz = a.

Example 4:

Suppose that the amount of water in a holding tank at t minutes is given by
V () = 2% — 16t + 35. Determine each of the following.

(a) Is the volume of water in the tank increasing or decreasing at ¢t = 1 minute?
(b) Is the volume of water in the tank increasing or decreasing at t = 5 minutes?
(c) Is the volume of water in the tank changing faster at { = 1 or t = 5 minutes?

(d) Is the volume of water in the tank ever not changing? If so, when?

Solution:

The derivative is. qv
V' (t) =4t — 16 OR = 416

(a) Is the volume of water in the tank increasing or decreasing at { = 1 minute?

In this case all that we need is the rate of change of the volume at ¢ = 1 or,

AV

ol ST or
V(1) = —12 OR |

=12

So, at = 1 the rate of change is negative and so the volume must be decreasing at
this time.
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(b) Is the volume of water in the tank increasing or decreasing at { = 5 minutes?
Again, we will need the rate of change at t = 5.

av

E t=5

V' (5) =4 OR Sy

In this case the rate of change is positive and so the volume must be increasing at

t=295.

(c) Is the volume of water in the tank changing faster at¢ = 1 or { = 5 minutes?

To answer this question all that we look at is the size of the rate of change and we
don't worry about the sign of the rate of change. All that we need to know here is that
the larger the number the faster the rate of change. So, in this case the volume is
changing fasteratf{ =1 thanatt = 5.

(d) Is the volume of water in the tank ever not changing? If so, when?

The volume will not be changing if it has a rate of change of zero. In order to have a
rate of change of zero this means that the derivative must be zero. So, to answer this
question we will then need to solve

it _ ﬁ _

V() =0 OR - =0
This is easy enough to do.

4 —-16=10 = t=4
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3. Differentiation Formulas

Properties of differentiation formulas

_ = 99
1. (f(x)xg(=) =f(zx)£g (zr) OR —(f@)£g(z) = ===
(cf ()Y =cf (z) OR % (cf (z)) = C%, ¢ is any number
Formulas
) d
1l f(z)=cthen f'(z) =0 OR  —()=0
2. If f(z) = 2" then f' (z) = nz™! OR % (z") = nz"" !, n is any number.

Example 5:
Differentiate each of the following functions.

(@) f(z)=151" - 3212 + 50 — 46

(b) g(t)=2t5+7t6

. 1
(c) yzsz3—%—5+z—23

(d) T (z) = f+9u/_——

2

() i V2

r)=a" —x
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Solution:

@) f(x) =150"" — 32" + 50 — 46

f'(x) = 15 (100) 2% - 3(12) ' + 5(1) 2" - 0
= 15002" — 362 + 5

(b) g(t)=2t5 7t

g (1) =2(6)t"+7(—6)t""
— 128 — 42477

(d) T (x) = vz +9Va7 — ;
1 7 1 2
T(r)=z2+9(z")% - 1
(22)*
Th

1 7 2
=2 4033 — 2577

1 7 9
)

1

=_z" 1 + 23 4 il'_
2 5

=i ]=1

&l =1
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In all of the previous examples the exponents have been nice integers or fractions.
That is usually what we'll see in this class. However, the exponent only needs to be a
number so don'’t get excited about problems like this one. They work exactly the same.

R (z) = e R \/ﬁ:r”@_l

Example 6:
Differentiate each of the following functions.

(a) v = \;/?{23"— IE}

U+ 42 —5
(b) h(t) = 2

Solution:

(@) y= V2 (22 — 2?)

267 + % — 5
(b) (1) = ———

200 2 5, 5

This is a function that we can differentiate.

B (t) = 6%+ 10t~3
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s f(x) =2z% + g + 4 increasing, decreasing or not changing at - = —27?
I

Solution:
0.3 -3 ' 2 —4 9 900
flx)=2z"+ 300" 4+ 4 = fi(x) =627 — 900" = 62" — —
I
900 129
! i _ r _ —_ — __ a0 an
f(-2)=60) -~ =——7F=-322
So, at + = —2 the derivative is negative and so the function is decreasing at + = —2.

Example 8:
Find the equation of the tangent line to [ () = 4= — 8,/x at = = 16.

Solution:

We know that the equation of a tangent line is given by,

y=f(a)+ f'(a) (z —a)

So, we will need the derivative of the function (don’t forget to get rid of the radical).

f(z) =4z — 8z3 = f’(r}:4_4x—%:4_il

T2

Again, notice that we eliminated the negative exponent in the derivative solely for the sake
of the evaluation. All we need to do then is evaluate the function and the derivative at the
point in question, » = 16.

f(16) =64 —8(4) = 32 f’(lﬁ):d-%:S
The tangent line is then,

. y=32+4+3(r—16)=3x - 16
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