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10 Divisibility Tests

Elementary school children know how to tell if a number is even, or divisible by 5, by looking

at the least significant digit.

Theorem 10.1. [f a number a has the decimal representation

a=a, 110"+ a, 210" 2+ ... +a;10 + aq

then:
I. a mod 2 =ay mod 2
2. a mod 5=ay mod>5

Proof. Consider the polynomial function:

f(@) = an2™ '+ 4+ a1z + ap.

Note that 10 = 0 (mod 2). So

an,ll()"fl + -+ (1110 +ag = an,lonfl + -+ CL10 + ag (mod 2)

That is,

a=ay (mod 2).

This proves item (1).

Similarly, since 10 = 0 (mod 5), the proof of item (2) follows in the same manner. ]
Example 10.1. Thus, the number 1457 is odd because 7 is odd:
1457 mod 2=7 mod 2= 1.
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And on division by 5, it leaves a remainder of:

1457 mod5=7 mod5H=2.

Theorem 10.2. Let

a=a,110"" 4+ a, 210"% + - +a;10 + aq

be the decimal representation of a. Then:
1. a mod 3 = (ap_1+---+ag) mod 3.
2. a mod 9= (a,_1+---+ay) mod 9.
3. a mod 11 = (ag —a; +az —az+...) mod 11.

Proof. Note that 10 = 1 (mod 3).

an_ll()"_l + -+ allO —+ ag = an_lln_l + -4 a11 + Qo (l’l’lOd 3)

Thus,

a=a, 1+ +a +a (mod3).

This proves item (1). Similarly, since 10 = 1 (mod 9), the proof of item (2) follows the same
steps.

For item (3), note that 10 = —1 (mod 11), so:

U 10" 4 0110+ ag = ap (1) -+ ar(—1) +ap  (mod 11).

That is,

a=ayp—a +a—az+... (mod11).
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Example 10.2. Consider the number 1457. We calculate its remainder modulo 3, 9, and 11.

Modulo 3:

1457 mod3=(14+4+5+7) mod3=17 mod3=8 mod3=2.

Modulo 9:

1457 mod 9=(14+4+5+7) mod9=17 mod9=8 mod 9 =28.

Modulo 11:

1457 mod 11=(7—5+44—1) mod 11=5 mod 11 = 5.

Thus, the least nonnegative residues are:

1457=2 (mod 3), 1457=8 (mod9), 1457=D5 (mod 11).

Remark 10.1.

ml|a <= a modm=0

Corollary 10.1. Leta = a,_110" ! + a,,_510""2 + - .- + 4,10 + ao. Then:
1. 2|a <= ap=0,2,4,6, or 8.
2.5]a < ap=0orb.
3.3la <= 3| (ap+a1+--+an1).
4. 9la <= 9| (ap+ar+ -+ an_1).

5.11a <= 11| (ap—ar+as—az+...).
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Theorem 10.3. Leta = a,10" + - - - + a310% 4 a1 10 + ag be the decimal representation, so that

we write a as the sequence a,a,_1 . ..ajay. Then:
1. 7Tla <= 7| (ay...a1 — 2ay).

2. 13|a < 13| (a,...a; —9ay),

a—ag
10 °

where a, . . . ay is the sequence representing

Example 10.3. We can test whether 7 divides 2481:
712481 <= 7| (248 —2) <= 7246 <= 7| (24-12) < 7] 12.

Since 7 1 12, we conclude that 7 1 2481.

Example 10.4. The number 12987 is divisible by 13 because:
1312987 <= 13| (1298 —63) <= 13| 1235 <= 13| (123 —45) < 13| 78.

And since 13 x 6 = 78, we conclude that 12987 is divisible by 13.

10.1 Exercises of Divisibility Tests

Exercises

1. Leta = 18726132117057. Find @ mod m for m = 2,3,5,9, and 11.

2. Determine which of the following are divisible by 7:

(a) 6994 (b) 6993
3. Leta = ana,_1 - - - aiag be the decimal representation of a. Prove the following:

(a) @ mod 10 = ay.
(b) a mod 100 = a;ay.

(¢) @ mod 1000 = aqa;ap.
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