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Limits:

When the values of a function f(x) approach the value L as X Approaches
C, we say that F(x)has limit L as X Approaches C.

OR:)l(l_rg fx) =1L

*Notes:

1. For identify function (f(x)=x)

limx =c
X-C

2. For constant function (f(x)=Kk)

3. }l(i_r)rék=k
7
L. 2 l
S B &
< .1‘ —> 4 »
C C
' 7?;3_1 . fig-2
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Properties of limits:
For
)1(1_r)ré FFx)=L, & X—1>1Cm F,(x) =1L,
1. )l(mé[ FF) K@) =L £ L,

4, )lfiné[ Fi(x)xk] =k x L k: constant

o IfF(x)=a,x"+a,_x" 1+
e a, is any polynomial function:

. )1(11% fxX)=f(c)=a,C"+a,_C 1+ .. a,

Ex (1): find the limit of the function f(x)=x+1 as x
approaches 3?
Sol/
f(X)=x+1
)l(iincf(x) = )1(1Ln3x+ 1

limx + lim 1
X—-3 X-3

3+41=4
Ex (2):

- x3=27
lim
X-3 x—3

(0*—27 0
0—-3 0
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. (x —3)(x%2+3x+9)
X3 (x —3)

; 2
)lg_r)ré(x +3x+9)
(32+3(3)+9) =27
Ex (3): Evaluate

x4 x-2
llmz—
X-»1 X —X
12+1-2 0

12—1 0
i (x+2)(x—1)
e x(x—1)

 (x+2)

lim

X-1 X

1+2

=3

1

Ex (4) find the limits:

Ex (5) find the limits:

- x?=7x-10
lim
X-2 x—2

L x=2)E-5)
P (x—=2)

lim(x—5)=2-5=-3

X-2
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EX (6):

3—x x<?2
—J1X
f(x)_{§+1 x> 2

a—f md}l(l_rg f(x)and Xll)rflz f(x)
b — doseXIirzl2 f(x) exist? why

Sol/

) X 2
a—)lfl_rgf(x)—)l(l_rgz-kl —§+1—2
b—Xll)rzlzf(x) =X1Lr£12(3—x)=3—2=1
lim £() # Jim £(x)

Limit does not exist

Ex (7):
. x3—1
Xo1 (x — 1)2
(=D +x+1)
lim
¥ -1 (x—1)
. (x2+x+1)
o1 (x—1)
H.W/ Let:
3—x X <2
f)=1 x
E X > 2

a- Find )l(i_r)r%f(x)and Xlirzlzf(x)

b — dosexlir£12 f(x) exist? why
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£
Ex:find lim -2
X—>—2x°+8
(x+2)

. 2x
1
X002 (x + 2)(x2 — 2x + 4)

_ 1
XIHEIZ 2x(x?2 = 2x + 4)
B 1
S 2(-2)((-2)2-2(-2)+4)
_ -1
48
Ex:
3 —+x+5
lim ————
X4 x—4
y 3—+Vx+5 3++vVx+5
1m *
X-4  x—4 3+Vx+5
_ 9—-(x+5)
lim
X->4x —4@3 ++Vx+5
lim4_—x
X—>4 x—4(3+Vx+5
—(x—4)

lim
X4 (x—4)(3+Vx+5

-1 —1 —1
X>4(3++vVx+5 @B+V4+5 6

The sandwiches theorem
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f(x).h(x).g(x) are functions

if f(x) <h(x)<gk)
The sandwiches theorem is:

For all x # ¢ and limg(x) = limh(x) = L
X—-c X—-c
Then limf(x) =L
X—-c

Ex (1): find limx*cos =
X-0 X

1
—1<cos—<1
X

1
[—1 < cos - < 1] * x4
1
—x* < x4cos; < x*

lim — x* < lim x*cos— < lim x*
X-0 X-0 X X-0

lim — x* = (0)* =0 g(x)

X-0
LA (VA —
)1(1_r)r(1)x = (0)*=0h(x)

1
0<cos—<0
X

h(x)=9(x)
Cross ponding to sandwiches theory

lim x* 1—O
lim x"cos — = f(x)

PR 2. 1
Ex (2): find )l(l_r)r(l) (x sm\/})

Sol/
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1
—1<sin—<1
X

1 9
—1<sin—<1|* x
X

1
— x% < x%sin—< x?

7S

lim — x? < lim x?sin— < lim x?
X-0 X-0 Vx © X-0

2 (2 —
lim — x (0)*=0 g(x)

2 (2 —
)l(1_r>r(1)x = (0)* =0 h(x)

Sandwiches theory is:

: 2.1
)l(l_r)r(l)x Sln\/;—Of(x)

COS X

Ex (3): find lim

X—o00 X241

Sol/
—1<cosx<1

[-1 <cosx <1]+ (x%?+1)

-1 - CcoSXx - 1

xX2+17 x241° x2+1

-1 CcoSXx 1
lim — < lim — < lim —
X-00 x2 +1° Xo0o x2+1° Xo0o x2+1
_ -1 -1 -1
}l—tgox2+1=ooz+1=oozzo'"g(x)
_ 1 1 1
lim —— = — = — = 0. ()

By sandwiches theory
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CoSXx

li =0 ..
X0 x2 1 0109
Ex (4):
Find lim 22 by using sandwiches theorm?

X—oo X243

Sol/
—1<cosx<1

[-1 <cosx <1]*—-1
1> —cosx = -1
[1> —cosx=>—-1]+2
1+2>2—-cosx =>-1+2
[3>2—cosx>+1]+ (x> +1)

3 2 — cosx +1
> >
x2+1 x2+1 x2+1
] 2 —cosx ] +1
lim > zllmz—z im —
X—00 x4 4+1 X-o0o x44+1 X-o0 x2+1
y 3 3 3 ) 0
im = = =0....
X0 x24+1 00241 002 g
+1 1 1
=0.... h(x)

lim = =
X-o00 x2 41 00241 002

By using sandwiches:

I 2 — cosx 0
m-———=0 ....... X
i ()

Ex (5): find )l(lnl g(x)for the function
. _ < _ 2
lim|g(x) — 5] = 3(x —4)

Sol/
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—3(x —4)? < g(x) —5 < 3(x — 4)?
[-3(x —4)? < g(x) — 5 < 3(x — 4)?](+5)
5—3(x—4)?<gx)<5+3(x—4)>

}}n15—3(x—4)2=5—3(4—4)2=5 ......... g(x)
)1(in£1}5+3(x—4)2=5+3(4—4)2=5 ......... h(x)
)l(l_rg gx)=5 ...... f(x)

H.W
1 lim 5x2+CZS(7X—2)
X—o00 x<+1
5 i COSX+2
X—>oo X+3

. o1
3. lim x? sin—
X—0 X

. 1
4. lim 3 — x% cos=
X—0 x
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Exercises 1.2

Limit Calculations
Find the hmits in Exercises 1—16,

1. lim_(2x 4 5) 2. lim (10 — 3x)
x—=—7T e 12
3 him (—x* 4+ 5x — 2) 4. limn {x® — Zx® 4 4% 4+ 8
S. i Bi¢ — Siie — Th B, lim 352z — 1)
F—= s—=25%
X+ 3
A . T
:l—-m: X == (o J“:I;' x =7
. ¥ . ¥+ 2
9. 1 —_ 1 1 —————
.I-—L'-rgl'ﬁ—_'l-' ot ¥4 5y 4+ 6
11. li.r'rjJ I — 1372 1z ]jll'l:_1 {x - 3 loEa
13, lim (5 — o 14, lim (2z — H)h
p—= 2=
15. i = 1. L =
- im —————— " 1T
A= SR 1+ 0 SR 44 2
Find the limits in Exercizes 1730,
. x—5 i x4+ 3
7. lim 5 ss 18 Im, s ax+3
2 _ 2 __
19, lim - oE— 10 20, lim . * 10
- x4+ 5 I x —2
-] . 2
21, limy Lﬁ‘ 22 lim ﬁ
r—1 M —1 t——1 2 —yp — 2
i —2x — 4 i Svt 4 82y’
2 Py 24- M 5 16yt
. wt — 1 . vt — 8
pall . vy 26- M W =e
) wwr — 3 . 4x — x*
- e 2. lim 2=
- o e —
29, lim —— —" A, lim Y EE—S

el w4 3= s x 1
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