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 -:Integration application/length of curve 15. 

Length of the curve (Length of arc) 

L=∫ √𝟏 + (
𝒅𝒚

𝒅𝒙
)𝟐 𝒅𝒙     

𝒃

𝒂
𝒘𝒊𝒕𝒉 𝒙 − 𝒂𝒙𝒊𝒔 

Or    L=∫ √𝟏 + (
𝒅𝒙

𝒅𝒚
)𝟐 𝒅𝒚     

𝒅

𝒄
𝒘𝒊𝒕𝒉 𝒚 − 𝒂𝒙𝒊𝒔     

If x=f (t)   , y =f (t) then L=∫ √(
𝒅𝒙

𝒅𝒕
)𝟐 + (

𝒅𝒚

𝒅𝒕
)𝟐 𝒅𝒕     

𝒕𝟏

𝒕𝒐
 

Example 1: Find the length of the curve bounded by the 

curve  𝒚 =
𝟒√𝟐

𝟑
𝒙

𝟑

𝟐 − 𝟏     𝒂𝒏𝒅 𝟎 ≤ 𝒙 ≤ 𝟏  .  

Solution // 

𝒅𝒚

𝒅𝒙
=

𝟒√𝟐

𝟑
∗

𝟑

𝟐
𝒙

𝟏
𝟐 = 𝟐√𝟐𝒙

𝟏
𝟐 

L=∫ √𝟏 + (
𝒅𝒚

𝒅𝒙
)𝟐 𝒅𝒙     

𝒃

𝒂
→ 𝑳 =

𝟐

𝟑
∗

𝟏

𝟖
(𝟏 + 𝟖𝒙)

𝟑

𝟐| 𝟏
𝟎

=
𝟏𝟑

𝟔
 

Example: the curve  x=a𝐜𝐨𝐬𝟑 𝒕 &  𝐲 = 𝐚𝐬𝐢𝐧𝟑 𝒕  

𝐟𝐢𝐧𝐝  𝐭𝐡𝐞 𝐥𝐞𝐧𝐠𝐭𝐡 𝐨𝐟 𝐭𝐡𝐞 𝐜𝐮𝐫𝐯𝐞 𝟎 ≤ 𝒕 ≤
𝝅

𝟐
   . 

Solution // 

L=∫ √(−𝟑𝒂 𝐜𝐨𝐬𝟐 𝒕 . 𝐬𝐢𝐧 𝒕)𝟐 + (𝟑𝒂 𝒔𝒊𝒏𝟐 𝒕 . 𝒄𝒐𝒔 𝒕)𝟐 𝒅𝒕     
𝝅

𝟐
𝟎

 

L=∫ √𝟗𝒂𝟐 𝐜𝐨𝐬𝟒 𝒕 . 𝐬𝐢𝐧𝟐 𝒕 + 𝟗𝒂𝟐 𝒔𝒊𝒏𝟒 𝒕 . 𝒄𝒐𝒔𝟐 𝒕  𝒅𝒕     
𝝅

𝟐
𝟎

 



Mathematics ( I )                                 Al-mustaqbal University Collage 

Dr. Alaa Mohammed Hussein Wais 

2 
 

L=∫ 𝟑𝒂√𝒄𝒐𝒔𝟐 𝒕 . 𝒔𝒊𝒏𝟐 𝒕 (𝒔𝒊𝒏𝟐 𝒕 + 𝒄𝒐𝒔𝟐 𝒕)  𝒅𝒕     
𝝅

𝟐
𝟎

 

L=∫ 𝟑𝐚(𝐜𝐨𝐬 𝐭 . 𝐬𝐢𝐧 𝐭)𝐝𝐭 = ∫ 𝟑𝐚(𝐬𝐢𝐧 𝟐𝐭)𝐝𝐭 =
−𝟑𝐚

𝟒
(𝐜𝐨𝐬 𝟐𝐭 )|

𝛑

𝟐
𝟎

=
𝟑𝐚

𝟐
     

𝛑

𝟐
𝟎

     
𝛑

𝟐
𝟎

 

-:16. Integration application/area of surface 

     Surface area: the area of surface swept out by revolving the 

curve about the axis. 

1. Rotation with x-axis        [S=2𝜋 ∫ 𝑦
𝑏

𝑎
√𝟏 + (

𝒅𝒚

𝒅𝒙
)𝟐 𝒅𝒙] 

2. Rotation with y-axis        [S=2𝜋 ∫ 𝑥
𝑑

𝑐
√𝟏 + (

𝒅𝒙

𝒅𝒚
)𝟐 𝒅𝒚] 

3. If x=f (t)   , y =f (t)     [S=𝟐𝝅 ∫ 𝝆√(
𝒅𝒙

𝒅𝒕
)𝟐 + (

𝒅𝒚

𝒅𝒕
)𝟐 𝒅𝒕 ]    

𝒕𝟏

𝒕𝟎
 

Where:- 

 𝝆  𝒊𝒔 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒂𝒙𝒊𝒔 𝒐𝒇 𝒓𝒆𝒗𝒐𝒍𝒗𝒊𝒏𝒈 𝒕𝒐 𝒕𝒉𝒆 𝒆𝒍𝒆𝒎𝒆𝒏𝒕 𝒐𝒇 𝒂𝒓𝒄 𝒍𝒆𝒏𝒈𝒕𝒉 

𝒂𝒏𝒅 𝒆𝒙𝒑𝒓𝒆𝒔𝒔𝒔𝒆𝒔 𝒂𝒔 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕 

Example: Find the area of surface obtained by revolving 

curve 𝒚 = √𝒙 𝒘𝒊𝒕𝒉 𝒙 − 𝒂𝒙𝒊𝒔 𝒂𝒏𝒅 𝟎 ≤ 𝒙 ≤ 𝟐    

Solution// 

S=2𝜋 ∫ 𝑦
2

0
√𝟏 + (

𝒅𝒚

𝒅𝒙
)𝟐 𝒅𝒙 

𝒅𝒚

𝒅𝒙
=

𝟏

𝟐
(𝒙

−𝟏
𝟐 ) → (

𝒅𝒚

𝒅𝒙
)𝟐 = (

𝟏

𝟐
(𝒙

−𝟏
𝟐 ))𝟐 =

𝟏

𝟒𝒙
 

S=2𝜋 ∫ √𝑥
2

0
√𝟏 +

𝟏

𝟒𝒙
 𝒅𝒙 = 𝟐𝝅 ∫ √𝒙

𝟐

𝟎
√

𝟒𝒙+𝟏

𝟒𝒙
 𝒅𝒙 
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=
𝛑

𝟔
(𝟒𝐱 + 𝟏 )

𝟑
𝟐|

𝟐

𝟎
=

𝝅

𝟔
[27 − 1] =

13𝜋

3
 

Example: Find the area of surface obtained by revolving curve 

x=a 𝒄𝒐𝒔𝟑 𝒕 & 𝒚 = 𝒂𝒔𝒊𝒏𝟑 𝒕  𝒘𝒊𝒕𝒉 𝒙 − 𝒂𝒙𝒊𝒔 𝒂𝒏𝒅 𝟎 ≤ 𝒙 ≤
𝝅

𝟐
 

Solution// 
𝒅𝒙

𝒅𝒕
= −𝟑𝒂 𝒄𝒐𝒔𝟐 𝒕 . 𝒔𝒊𝒏 𝒕 → (

𝒅𝒙

𝒅𝒕
)𝟐 = 𝟗𝒂𝟐 𝒄𝒐𝒔𝟒 𝒕 . 𝒔𝒊𝒏𝟐 𝒕 

𝒅𝒚

𝒅𝒕
= 𝟑𝒂 𝒔𝒊𝒏𝟐 𝒕 . 𝒄𝒐𝒔 𝒕 → (

𝒅𝒚

𝒅𝒕
)𝟐 = 𝟗𝒂 𝒔𝒊𝒏𝟒 𝒕 . 𝒄𝒐𝒔𝟐 𝒕 

ρ =   𝒚 = 𝒂𝒔𝒊𝒏𝟑 𝒕 

S=𝟐𝝅 ∫ 𝝆√(
𝒅𝒙

𝒅𝒕
)𝟐 + (

𝒅𝒚

𝒅𝒕
)𝟐 𝒅𝒕 =

𝒕𝟏

𝒕𝟎

𝟐𝝅 ∫ 𝒂𝒔𝒊𝒏𝟑 𝒕 √𝟗𝒂𝟐 𝒄𝒐𝒔𝟒 𝒕 . 𝒔𝒊𝒏𝟐 𝒕 + 𝟗𝒂 𝒔𝒊𝒏𝟒 𝒕 . 𝒄𝒐𝒔𝟐 𝒕  𝒅𝒕 =
𝝅

𝟐
𝟎

𝟐𝝅 ∫ 𝒂𝟐
𝝅

𝟐
𝟎

𝒔𝒊𝒏𝟒 𝒕 𝐜𝐨𝐬 𝒕 𝒅𝒕 =
𝟔𝝅

𝟓
𝒂𝟐 𝒖𝒏𝒊𝒕𝟐           


