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-: Integration application/area under the curve13. 

The area under the curve  1. 

     Define: Let F be continues function over the closed value 

[a, b], then the area under the curve define:-  

 

A=∫ 𝒇(𝒙) 𝒅𝒙     
𝒃

𝒂
𝒘𝒊𝒕𝒉 𝒙 − 𝒂𝒙𝒊𝒔 

Or    A=∫ 𝒇(𝒚) 𝒅𝒚     
𝒃

𝒂
𝒘𝒊𝒕𝒉 𝒚 − 𝒂𝒙𝒊𝒔     

Example 1: Find the area under the curve bounded by the 

curve  𝒚 = √𝒙     𝒂𝒏𝒅 𝟎 ≤ 𝒙 ≤ 𝟏  𝒘𝒊𝒕𝒉 𝒕𝒉𝒆 𝒙 − 𝒂𝒙𝒊𝒔  

Solution // 

A=∫ 𝒇(𝒙) 𝒅𝒙     
𝒃

𝒂
→ 𝑨 = ∫ √𝒙 𝒅𝒙 =

𝟏

𝟎

𝒙
𝟑
𝟐

𝟑
𝟐⁄
| 𝟏

𝟎
=

𝟐

𝟑
𝒖𝒏𝒊𝒕𝟐 
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Example 1: Find 𝐭𝐡𝐞 𝐚𝐫𝐞𝐚 𝐛𝐨𝐮𝐧𝐝𝐞𝐝 𝐛𝐲 𝐭𝐡𝐞 𝐜𝐮𝐫𝐯𝐞 𝐲 = 𝐱 −

𝐱𝟐. 𝐰𝐢𝐭𝐡 𝐱 − 𝐚𝐱𝐢𝐬 . 

Solution / 

𝐲 = 𝐱 − 𝐱𝟐. 𝐰𝐢𝐭𝐡 𝐱 − 𝐚𝐱𝐢𝐬 → 𝟎 = 𝐱 − 𝐱𝟐 → 𝐱(𝟏 − 𝒙𝟐) = 𝟎  

x=0 & x=1 

𝑨 = ∫(𝒙 − 𝒙𝟐) 𝒅𝒙 =

𝟏

𝟎

𝒙𝟐

𝟐
−

𝒙𝟑

𝟑
|

𝟏

𝟎
=

𝟏

𝟔
𝒖𝒏𝒊𝒕𝟐 

The area between two curve  2. 

       Define: Let F1&F2 are two functions over the closed 

value [a,b],then between two curves define as follows:- 

 

             A=∫ |𝒇𝟏(𝒙) − 𝒇𝟐(𝒙)| 𝒅𝒙     
𝒃

𝒂
𝒘𝒊𝒕𝒉 𝒙 − 𝒂𝒙𝒊𝒔 

Or       A=∫ |𝒇𝟏(𝒚) − 𝒇𝟐(𝒚)|𝒅𝒙      
𝒃

𝒂
𝒘𝒊𝒕𝒉 𝒚 − 𝒂𝒙𝒊𝒔 
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Example 1: Find the area of region bonded by the curves 

y=√𝒙   &   𝒚 = 𝒙 

Solution // 

 

√𝒙 = 𝐱 → 𝐱 − 𝒙𝟐 = 𝟎 → 𝒙(𝟏 − 𝐱) = 𝟎 

x=0 & x=1 

𝑨 = ∫(√𝒙 − 𝒙) 𝒅𝒙 =

𝟏

𝟎

𝒙
𝟑
𝟐

𝟑
𝟐⁄

−
𝒙𝟐

𝟐
|

𝟏

𝟎
=

𝟏

𝟔
𝒖𝒏𝒊𝒕𝟐 

Example 2: Find the area of region bonded by the curves 

y=𝐬𝐢𝐧 𝒙  &   𝒚 = 𝐜𝐨𝐬 𝒙 𝒃𝒐𝒖𝒏𝒅𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒙 = 𝟎 & 𝒙 =
𝝅

𝟐
 

solution // 

 

𝐬𝐢𝐧 𝒙 = 𝐜𝐨𝐬 𝒙 →
𝐬𝐢𝐧 𝒙

𝐜𝐨𝐬 𝒙
= 𝟏 → 𝐭𝐚𝐧 𝒙 = 𝟏 
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x=
𝝅

𝟒
∈ (𝟎,

𝝅

𝟐
)  

𝑨 = ∫ (𝒄𝒐𝒔 𝒙 − 𝒔𝒊𝒏 𝒙)𝒅𝒙 + ∫(𝒔𝒊𝒏 𝒙 − 𝒄𝒐𝒔 𝒙)𝒅𝒙

𝝅
𝟐

𝝅
𝟒.

𝝅
𝟒

𝟎

 

= 𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙|

𝝅
𝟒
𝟎

+ (− 𝒄𝒐𝒔 𝒙 − 𝒔𝒊𝒏 𝒙)|

𝝅
𝟐
𝝅
𝟒

= 

(
2

√2
− 1) − (1 −

2

√2
) =

4 − 2√2

√2
𝑢𝑛𝑖𝑡2 

14. Integration application/volume. 

A) by disk 

1. Rotation with x-axis        [V=𝜋 ∫ [𝑓(𝑥)]2𝑏

𝑎
𝑑𝑥] 
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2. Rotation with y-axis        [V=𝜋 ∫ [𝑓(𝑦)]2𝑏

𝑎
𝑑𝑦] 

 

Example: Find the volume of the solid generated by revolving 

curve 𝒚 = √𝒙 𝒘𝒊𝒕𝒉 𝒙 − 𝒂𝒙𝒊𝒔 𝒇𝒓𝒐𝒎 𝒙 = 𝟎 𝒕𝒐 𝒙 = 𝟏 

Solution/ 

V=𝝅 ∫ [√𝒙]𝟐𝟏

𝟎
𝒅𝒙 =

𝝅

𝟐
𝒖𝒏𝒊𝒕𝟑 

B) by washer 

1. Rotation with x-axis        [V=𝜋 ∫ [𝑓1(𝑥)2𝑏

𝑎
− 𝑓2(𝑥)2]𝑑𝑥 
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2. Rotation with y-axis        [V=𝜋 ∫ [𝑓1(𝑦)2𝑏

𝑎
− 𝑓2(𝑦)2]𝑑𝑦] 

 

Example: Find the volume of the solid bounded by revolving 

curve 𝒚 = √𝒙 &𝒚 = 𝒙 . 𝒊𝒔 𝒓𝒆𝒗𝒐𝒍𝒗𝒊𝒏𝒈 𝒘𝒊𝒕𝒉  

𝒂).   𝒙 − 𝒂𝒙𝒊𝒔  

𝒃).   𝒚 − 𝒂𝒙𝒊𝒔  

Solution// 

𝒂).   𝒙 − 𝒂𝒙𝒊𝒔          √𝒙 = 𝐱 → 𝐱 − 𝒙𝟐 = 𝟎 → 𝒙(𝟏 − 𝐱) = 𝟎 

 x=0 & x=1     

𝑽 = 𝝅 ∫(√𝒙)𝟐 − 𝒙𝟐)𝒅𝒙 = 𝝅

𝟏

𝟎

(
𝒙𝟐

𝟐
−

𝒙𝟑

𝟑
|

𝟏

𝟎
) =

𝝅

𝟔
𝒖𝒏𝒊𝒕𝟑 

𝒃).   𝒚 − 𝒂𝒙𝒊𝒔          𝒙𝟏 = 𝐱𝟐 → 𝐲 = 𝒚𝟐 → 𝒚 − 𝒚𝟐 = 𝟎 

y=0 & y=1 

𝑽 = 𝝅 ∫(𝒚)𝟐 − 𝒚𝟒) 𝒅𝒙 = 𝝅(

𝟏

𝟎

𝟏

𝟑
−

𝟏

𝟓
) =

𝟐𝝅

𝟏𝟓
𝒖𝒏𝒊𝒕𝟑 
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Example: Find the volume of the solid bonded by the curves 

y=𝐬𝐢𝐧 𝒙  & 𝒚 = 𝐜𝐨𝐬 𝒙 . 𝟎 ≤ 𝒙 ≤
𝝅

𝟐
   𝒊𝒔 𝒓𝒆𝒗𝒐𝒍𝒗𝒆𝒅 𝒂𝒃𝒐𝒖𝒕  𝒕𝒉𝒆 𝒙 −

𝒂𝒙𝒊𝒔    

Solution//  

 

𝐬𝐢𝐧 𝒙 = 𝐜𝐨𝐬 𝒙 →
𝐬𝐢𝐧 𝒙

𝐜𝐨𝐬 𝒙
= 𝟏 → 𝐭𝐚𝐧 𝒙 = 𝟏 

x=
𝝅

𝟒
∈ (𝟎.

𝝅

𝟐
) 

𝑽 = 𝝅[∫ ((𝒄𝒐𝒔 𝒙)𝟐 − 𝒔𝒊𝒏 𝒙)𝟐)𝒅𝒙 + ∫((𝒔𝒊𝒏 𝒙)𝟐 − 𝒄𝒐𝒔 𝒙)𝟐)𝒅𝒙]

𝝅
𝟐

𝝅
𝟒.

𝝅
𝟒

𝟎

 

V=? (H.W.)   un𝒊𝒕𝟑 


