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-:Integration by partial fraction method.9 

       Using when partial fraction only formula 
𝒇(𝒙)

𝒈(𝒙)
 .  

When the degree of the numerator is less than the degree of 

the denominator. There are four states.   

-First state: 

     If the factors of g (x) are linear and not repeated.   

∫
𝒅𝒙

(𝒂𝒙 + 𝒃)(𝒂𝒙 − 𝒃)
= ∫

𝑨

(𝒂𝒙 + 𝒃)
𝒅𝒙 + ∫

𝑩

(𝒂𝒙 − 𝒃)
𝒅𝒙 

Example 1: Find∫
𝟓𝑿−𝟑

(𝑿+𝟏)(𝑿−𝟑)
𝒅𝒙 .  

Solution / 

∫
𝟓𝑿 − 𝟑

(𝑿 + 𝟏)(𝑿 − 𝟑)
𝒅𝒙 = ∫

𝑨

(𝑿 + 𝟏)
𝒅𝒙 + ∫

𝑩

(𝑿 − 𝟑)
𝒅𝒙 

𝟓𝑿 − 𝟑

(𝑿 + 𝟏)(𝑿 − 𝟑)
=

𝑨(𝑿 − 𝟑) + 𝑩(𝑿 + 𝟏)

(𝑿 + 𝟏)(𝑿 − 𝟑)
 

𝟓𝑿 − 𝟑 = 𝑨𝑿 − 𝟑𝑨 + 𝑩𝑿 + 𝑩 

A+B=5……….(1) 

B-3A=-3………(2) 

5-A-3A=-3→ 𝑨 = 𝟐 → 𝑩 = 𝟑 

∫
𝟓𝑿 − 𝟑

(𝑿 + 𝟏)(𝑿 − 𝟑)
𝒅𝒙 = ∫

𝟐

(𝑿 + 𝟏)
𝒅𝒙 + ∫

𝟑

(𝑿 − 𝟑)
𝒅𝒙 
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2 ln|𝒙 + 𝟏| + 𝟑𝒍𝒏|𝒙 − 𝟑| + 𝒄 = 

H.W. //𝟏. ∫
𝟓𝒙−𝟕

(𝒙−𝟏)(𝒙−𝟐)
𝒅𝒙  

-state: Second  

If the factors of g (x) are linear and repeated 

∫
𝒅𝒙

(𝒂𝒙 + 𝒃)𝟐
= ∫

𝑨

(𝒂𝒙 + 𝒃)𝟏
𝒅𝒙 + ∫

𝑩

(𝒂𝒙 − 𝒃)𝟐
𝒅𝒙 

Example 2: Find ∫
𝒙𝟐

(𝒙−𝟏)(𝒙+𝟏)𝟐
 𝒅𝒙. 

Solution / 

∫
𝒙𝟐

(𝒙−𝟏)(𝒙+𝟏)𝟐
 𝒅𝒙 = ∫

𝑨

(𝑿−𝟏)
𝒅𝒙 + ∫

𝑩

(𝑿+𝟏)
𝒅𝒙 + ∫

𝒄

(𝑿+𝟏)𝟐
𝒅𝒙 = 

𝒙𝟐

(𝒙 − 𝟏)(𝒙 + 𝟏)𝟐
=

𝑨(𝑿 + 𝟏)𝟐 + 𝑩(𝑿 − 𝟏)(𝑿 + 𝟏) + 𝑪(𝑿 − 𝟏)

(𝒙 − 𝟏)(𝒙 + 𝟏)𝟐
 

𝑿𝟐 = 𝑨𝑿𝟐 + 𝟐𝑨𝑿 + 𝑨 + 𝑩𝑿𝟐 − 𝑩 + 𝑪𝑿 − 𝑪 

A+B=1…….(1) 

2A+C=0...…(2) 

A-B-C=0......(3) 

From (2)&(3)  A-B+2A=0   → 𝟑𝐀 − 𝑩 = 𝟎  𝐒𝐔𝐁 𝐈𝐍 … (𝟏) 

∴A=
𝟏

𝟒
   . 𝑩 =

𝟑

𝟒
   . 𝑪 =

−𝟏

𝟐
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= ∫

𝟏
𝟒

(𝑿 − 𝟏)
𝒅𝒙 + ∫

𝟑
𝟒

(𝑿 + 𝟏)
𝒅𝒙 + ∫

−𝟏
𝟐

(𝑿 + 𝟏)𝟐
𝒅𝒙 

𝟏

𝟒
𝒍𝒏|𝒙 − 𝟏| +

𝟑

𝟒
𝒍𝒏|𝒙 + 𝟏| +

𝟏

𝟐(𝒙 + 𝟏)
+ 𝒄 

-Third state: 

         If the factors of g (x) are not linear and not repeated.     

∫
𝒅𝒙

(𝒂𝒙𝟐 + 𝒃)(𝒂𝒙𝟐 − 𝒃)
= ∫

𝑨𝒙 + 𝑩

(𝒂𝒙𝟐 + 𝒃)
𝒅𝒙 + ∫

𝑪𝒙 + 𝑫

(𝒂𝒙𝟐 − 𝒃)
𝒅𝒙 

Example 3: Find∫
𝟏

(𝒙𝟐+𝟏)(𝒙+𝟏)
𝒅𝒙  

Solution/ 

∫
𝟏

(𝒙𝟐 + 𝟏)(𝒙 + 𝟏)
𝒅𝒙 = ∫

𝑨𝒙 + 𝑩

(𝒙𝟐 + 𝟏)
𝒅𝒙 + ∫

𝑪

(𝒙 + 𝟏)
𝒅𝒙 

 

𝟏

(𝒙𝟐 + 𝟏)(𝒙 + 𝟏)
=

𝑨𝒙 + 𝑩(𝒙 + 𝟏) + 𝑪(𝒙𝟐 + 𝟏)

(𝒙𝟐 + 𝟏)(𝒙 + 𝟏)
 

𝟏 = 𝑨𝒙𝟐 + 𝑨𝒙 + 𝑩𝒙 + 𝑩 + 𝑪𝒙𝟐 + 𝑪 

A+C=0…….(1) 

A+B=0...…(2) 

B+C=1......(3) 

From (1) ,(2)&(3) 
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∴A=
−𝟏

𝟐
   . 𝑩 =

𝟏

𝟐
   . 𝑪 =

𝟏

𝟐
 

∫
𝟏

(𝒙𝟐 + 𝟏)(𝒙 + 𝟏)
𝒅𝒙 = ∫

−𝟏
𝟐

𝒙 +
𝟏
𝟐

(𝒙𝟐 + 𝟏)
𝒅𝒙 + ∫

𝟏
𝟐

(𝒙 + 𝟏)
𝒅𝒙 

=
−𝟏

𝟐
∫

𝒙

(𝒙𝟐+𝟏)
𝒅𝒙 +

𝟏

𝟐
∫

𝒅𝒙

(𝒙𝟐+𝟏)
𝒅𝒙 +

𝟏

𝟐
∫

𝒅𝒙

(𝒙+𝟏)
 

=
−𝟏

𝟒
𝐥𝐧|𝒙𝟐 + 𝟏| +

𝟏

𝟐
𝐭𝐚𝐧−𝟏 𝒙 +

𝟏

𝟐
𝒍𝒏|𝒙 + 𝟏| + 𝒄 

-state: Four  

      If the factors of g (x) are not linear and repeated.   

∫
𝒅𝒙

(𝒂𝒙𝟐 + 𝒃)𝟐
= ∫

𝑨𝒙 + 𝑩

(𝒂𝒙𝟐 + 𝒃)𝟏
𝒅𝒙 + ∫

𝑪𝒙 + 𝑫

(𝒂𝒙𝟐 + 𝒃)𝟐
𝒅𝒙 

Example 4: Find∫
(𝒙𝟐+𝟏)

(𝒙𝟐+𝟐𝒙+𝟑)𝟐
𝒅𝒙 

Solution/  

∫
(𝒙𝟐 + 𝟏)

(𝒙𝟐 + 𝟐𝒙 + 𝟑)𝟐
𝒅𝒙

= ∫
𝑨𝒙 + 𝑩

(𝒙𝟐 + 𝟐𝒙 + 𝟑)
𝒅𝒙 + ∫

𝑪𝒙 + 𝑫

(𝒙𝟐 + 𝟐𝒙 + 𝟑)𝟐
𝒅𝒙 

(𝒙𝟐 + 𝟏)

(𝒙𝟐 + 𝟐𝒙 + 𝟑)𝟐
=

𝑨𝒙 + 𝑩(𝒙𝟐 + 𝟐𝒙 + 𝟑) + 𝑪𝒙 + 𝑫

(𝒙𝟐 + 𝟐𝒙 + 𝟑)𝟐
 

𝒙𝟐 + 𝟏 = 𝑨𝒙𝟑 + 𝟐𝑨𝒙𝟐 + 𝟑𝑨𝒙 + 𝑩𝒙𝟐 + 𝟐𝑩𝒙 + 𝟑𝑩 + 𝑪𝒙 + 𝑫 

A=0    
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2A+B=1→B=1 

3A+2B+C=0→C=-2 

3B+D=1→ 𝑫 = −𝟐 

∫
(𝒙𝟐 + 𝟏)

(𝒙𝟐 + 𝟐𝒙 + 𝟑)𝟐
𝒅𝒙

= ∫
𝟏

(𝒙𝟐 + 𝟐𝒙 + 𝟑)
𝒅𝒙 + ∫

−𝟐𝒙 − 𝟐

(𝒙𝟐 + 𝟐𝒙 + 𝟑)𝟐
𝒅𝒙 

 

=∫
𝟏

(𝒙+𝟏)𝟐+(√𝟐)𝟐
𝒅𝒙 + ∫(−𝟐𝒙 − 𝟐)(𝒙𝟐 + 𝟐𝒙 + 𝟑)−𝟐 𝒅𝒙 

=
𝟏

√𝟐
𝐭𝐚𝐧−𝟏 (𝒙+𝟏)

√𝟐
+

(𝒙𝟐+𝟐𝒙+𝟑)−𝟏

𝟏
+ 𝒄 


