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Line Integral in the Complex Plane.  

Complex definite integrals are called (complex) line integrals written as: 

∫ ( )   

Integrated over a portion of curve C . The function z(t)=4cost + 4i sint   ( -π≤ t ≤ π ) 

represents the circle. 

Basic Properties 
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  Example 1: find the integrals : 
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Cauchy’s Integral Formula.  

Line integral of a function generally depends not only on the endpoints but also on the 

choice of the path.  

 A simple closed path: No intersect or touch itself  

 

 

 A simply connected domain D : Every simple closed path in D encloses only 

points of D  

 

 

Theorem 1 (Cauchy’s Integral Formula) 

If it is analytic in a simply connected domain D, then for every simple 

closed path: 

 

A simple closed path is sometimes called a contour and an integral over such a path a 

contour integral. 

Example 2 : Entire Functions   

 

Points Outside the Contour      →  f(x) Not Analytic 

 sec z=1/cos z is not analytic at z= ±π/2 , ±3π/2   

not analytic at z =±2i   , outside C 
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Independence of Path 

The  integral of f(z) is independent of path in D 

 

 

Sign on the right disappears if we integrate in the reverse direction 

  

Note : The unit circle mean  |z|=1  

 z|=1|انخٌ ححقق z دائسة انوحدة هٌ جًَع الأعداد انًسكبت

Example 3 : 

Integrate f (z) = exp(-z
2
) counterclockwise around the unit circle. Indicate whether 

satisfy Cauchy's integral theorem. Show in details 

Solution:  exp (-z
2
) is entire تامة (analytic everywhere) inside and on the unit circle. 

لانه:يعني شاملة لجميع الاعداد   Entire function الدالة تامة    
 لا ححخوً يقاو 

 لا ٍوجد َقاط شاذة (Singularities) 

  ٌانًسخوى انًسكبححهَهَت فٌ كم يكاٌ ف. 

 :َظسٍت كوشٌ حقول

 :فإٌ C وعهي انًساز انًغهق  حايتإذا كاَج اندانت ححهَهَت 

satisfy Cauchy’s Integral Theorem  
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Example 4 : Find singularities for the function f(z)=
 

    
 and Check Cauchy’s 

Theorem?   = 0َبحث عٍ انعدد انرً ٍجعم انًقاو          

Solution : 

                                                                              inside the unit circle. 

 

→ Not analytic inside C →Cannot apply Cauchy’s Theoremلاٌ انعدد يٍ ضًٍ يجال الاعداد 

Example 5: Find singularities for the function f(z)=
 

      
 and Check Cauchy’s 

Theorem? 

Solution :       =0    0جعم انًقاو=انرً ٍ انعدداٍجاد         

Z
4
=1.1    →  |z|=(1.1)

1/4       
≈1.024 ˃ 1 outside the unit circle. 

→ No singularities قَى شاذة inside the unit circle  → analytic function 

→ Satisfy Cauchy’s Integral Theorem 

 
  Cauchy’s integral formula 
 

.......وفق صَغت كوشٌ لاٍجاد قًَت انخكايم انصَغت انعايت  

Example 6 : find integrals by using Cauchy’s integral formula? 

1.  ∮
  

   
     

Solution : 
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2.   ∮
    

    
     ,   solution : ∮

    

    
   ∮

 

 
    

  
 

 
 

  =2πi[
 

 
       

=
 

 
     

 
3.          

 

Solution :  f(z)=e
z
 (analytic everywhere)  using Cauchy’s Integral Formula, z0=0 

∮
  

 
  = 2π i f(0)   ,  f(0) =    =   =1  →  ∮

  

 
          

Derivatives of Analytic Functions 

   

Example 7 : Evaluate  ∮
     

(    ) 
   and ∮

        

(   ) 
    by Cauchy’s integral formula? 

Solution :1.   ∮
     

(    ) 
      (     )                                        

 (                 )      يٍ انًحاضساث انسابقت 

2.  ∮
        

(   ) 
  =

   

  
 f ‶(z)|  

f(z) =           ,   f ‵(z) =4z
3
-6z     and  f ‶(z)=12z

2
 حعوض بانًعادنت     6-

∮
        

(   ) 
  =π i (        )‶|      = π i (12z

2
-6) |      = π i (12(-i)

2
-6)=-18 πi 

 

 

Z=i/2 

Z=πi 

Z=-i 

Z=-i Z=-i 

يم يٍ خلال يشخقت اندانتلاٍجاد انخكا انصَغ انعايت  

اذا كاٌ انًقاو حسبَع الاوني انًشخقتَاخر   

حكعَباذا كاٌ انًقاو انثاََت انًشخقت َاخر و  
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Example 8 : Evaluate    ∮
  

  
    by Cauchy’s integral formula? 

Solution : 

∮
  

  
    =∮

  

(   ) 
  = 2πi f  (0)   كتابتها بالصيغة العامة 

f (z) =e
z
  ,  f  (z)= e

z
 →   f  (0)= e

0
 =1    

∮
  

(   ) 
  = 2πi f  (0)  = 2πi (1)= 2πi    

 

HW : 

1. Find the integral by using Cauchy’s integral formula: 

        

2. Evaluate the integrals by using the derivative (Cauchy’s integral formula) ? 

∮
  

(   ) 
         ,    ∮

   (   )

  
     ,   ∮

    

(   ) 
          

 

  


