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Line Integral in the Complex Plane.
Complex definite integrals are called (complex) line integrals written as:

{ f(2)dz

Integrated over a portion of curve C . The function z(t)=4cost + 4i sint (-n<t<m)
represents the circle.

Basic Properties

1. J[klﬁ(z) + kafa(2)] dz = k1j fiR)dz + sz fa(2) dz.
; c

c C
Z 2o
2. J f(@dz = —J f(2) dz.
Zo Z
¢,
O/?\rﬁ_/ﬁz
3. Jf(z) dz = J f@)dz + J f@) dz. 4
c Cy Cy

Example 1: find the integrals :
J«1+i 2 4y = £|1+i _ (40303 _ A+ @A+D? _ (A+D(A+2i+i2)  (A+D)(20) _ —2+2i
o Z T3l T 3 B 3 - 3 -3 3

™ cosz=sinz|" = (sinni)- (sin —mi) = (sin 7i) + (sin 7i)=2sin 7i
=TTI

But (sinx = %(eix- e™)  take x=mi

sinh *f:

Then : = 2sin mi=2 %(ei m_gl ) = %(e"t - g")=- %(e"— e™)= -2
21 sinh m=2i * 11.5487=23.0974 i

—

,takey=n — sinha=

4 4

(but sinhy= M

(e™—e™™)
2

)
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Cauchy’s Integral Formula.

Line integral of a function generally depends not only on the endpoints but also on the
choice of the path.

< Asimple closed path: No intersect or touch itself
L
S\mplé.
% A simply connected domain D : Every simple closed path in D encloses only
points of D o

Theorem 1 (Cauchy’s Integral Formula) 7=

Simply
connected

If it is analytic in a simply connected domain D, then for every simple
closed path:

jgf(z) dz = 0.
C

A simple closed path is sometimes called a contour and an integral over such a path a
contour integral.

Example 2 : Entire Functions

jgeza':.=0. jgcos:cf:=0
C C
Points Outside the Contour — f(x) Not Analytic

jﬁ sec -d- = 0. S€c z=1/cos z is not analytic at z= +n/2 , +£37/2
o

jg dz o hotanalytic at z=+2i , outside C
C ;2 + 4
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Independence of Path

The integral of f(z) is independent of path in D

z, (-" ~
f
J fdz + J fdz =0, thus J fdz = —J fdz | \\
c, c3 (o c3 \\ )
- ~ _7_/'2:

Sign on the right disappears if we integrate in the reverse direction T “\
(o} Cs R

Note : The unit circle mean |z|=1
|z|=1G583 (Al 7 4S ) Jac Yy aa o Baa gl 3yl
Example 3 :

Integrate f (z) = exp(-z°) counterclockwise around the unit circle. Indicate whether
satisfy Cauchy's integral theorem. Show in details

Solution: exp (-z%) is entire 4 (analytic everywhere) inside and on the unit circle.

243y JlaeY) asead Adald Jay Entire function 4wl A
plie s inIY o
(Singularities)sili Ll s Y o
S el g gtall (B lSe IS AT
(s S A ki
2 (8 C el jlsall e g Aals Allas A1l il 1)
j{ e “dz=0 satisfy Cauchy’s Integral Theorem
C
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Example 4 : Find singularities for the function 1‘(z)=71_1 and Check Cauchy’s
Theorem? 0 = aliall Jany (s 22all (e Eaad

Solution :
1
22 - 1=0= 2= - _ }‘:1
2 |2 2 =" inside the unit circle.
— Not analytic inside C —Cannot apply Cauchy’s Theoremalae¥) Jlas (e (3 222ll Y
Example 5: Find singularities for the function f(z):z4_11 - and Check Cauchy’s
Theorem?
Solution : z* — 1.1=0 0=plaall Jaay (52 20al) alal

Z*=1.1 — [z=(1.)"* =1.024 > 1 outside the unit circle.
— No singularities 33l 8 inside the unit circle — analytic function

— Satisfy Cauchy’s Integral Theorem

1
j{;zfl 11 =0

Cauchy’s integral formula

jI; .,f_L).dZ = 2mif(zo)
CA. <0

S Aapa (385 JalSill dagd Aoy dalal) dxpuall

Example 6 : find integrals by using Cauchy’s integral formula?

eZ
1. - ﬁ E dZ
Solution :

= 2rie® = 46.4268i
=2

o

E{: -
——dz = 2Trie”
)

i
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z3-6 e E R
2. ¢22—i dz , solution: gﬁ;dz = ¢ Z—%i dZ—ZTEl[EZ — 3]£=i/2
== — 6mi
8

3. f € d»
l2|=2 #

Solution : f(z)=e* (analytic everywhere) using Cauchy’s Integral Formula, o=0
e . e’ .

gﬁ;dz=2mf(0) ,f(0)=e?=e’=1 - §—dz = 2mi

Derivatives of Analytic Functions

flzo) = mjg (f_(‘"fo)zdz allall d5ide YA e JalSill sV dalall gl
C A e

a5 Rl S 13 Y1 ) 380

20 @)
o= jgc L a5 ALl S 130 A i) 34
-32%+6
Example 7 : Evaluate 45(:;;2 dz and 95 246 4z by Cauchy’s integral formula?
Solution :1. gﬁ o 7dz = 2mi(cos z% = —2i sinni = 2mi sinhw

(note: — sinm = sinhr) &L &) paladl (e
z*-3z%+6 | _7mi o
2 s 5 10,
f(z) =z* — 322+ 6 , f'(2) =426z and f"(2)=122%6 Aadls jm s

Ef)-z"—3z2+6
(z+i)3

dz=ni(z* — 322 + 6)"| o (122°-6) =i (12(-1)*-6)=-18 mi
=-] =-1
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Example 8 : Evaluate ¢ dz by Cauchy’s integral formula?
72

Solution :

eZ e” . “ “. “ g
$—dz =¢ oy dz=2ni f'(0) A4alad) ddpally Lgiilis

f(z)=e* , f'(2)=e’—> '(0)=e’=1

6 (zf;)z dz=2ni £'(0) = 2mi (1)= 2ni

HW :

1. Find the integral by using Cauchy’s integral formula:

1
j{ z dz
z|=1 z 3

2. Evaluate the integrals by using the derivative (Cauchy’s integral formula) ?

z3 In (1+z) z3+1
gﬁ(z_z)zdz , -—dz ﬁ(z_l)sdz
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