- LAPLACE TRANSFORM ~ Engineering Hnafysis  Dr. Abdullah Jabar Hussain

LAPLACE TRANSFORMATION

Laplace Transform: The laplace transform (L.T) is a powerful method for
solving differential equations and corresponding initial and boundary
value problems. Let f(t) be a time function which is zero for t<0, and
which is defined for t>0. Then, the direct L.T of f(t) denoted L|f(t)| =

F(s) = [, f(©).e™st dt is defined by:

LIF(O)] = F(s) = [, f(£).e7s¢ dt

Thus, the operation L[ ] transforms f(t), which is in the time domain, into
F(s), which is in the complex frequency domain, or simply (S-domain)
where S is the complex variable (o + jw).

Ex.1: The laplace transform of the unit step function u(t):
0o Note:

Llu(t)] = F(s) = f 1.eStdt e® =0

000
-1
= T [e—St]BO = j 1 .e_St dt
0
1

So, [L[1] =

1
S

Ex.2: f(t)=3
L[3]=F(s)=[,"3.e~stdt

-3 3

=— e‘“°°=j1.e‘“dt =—

= [e)3 -
0

constant

So, [L[constant] =

S
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Ex.3: f(t)=t
LIf®)] =F(s) = [, t.e~stdt
By using part method (f udv = uv — [ vdu),

Letu=t dv = e st dt
du = dt vz_is e st
1 r1 —t © 1
=t—[e Sty — f —e Stdt = [—.e‘“] +—f e St dt
—s —s s o S
0 0
-t .11 _17
= L[ e,
1
So, L[t] = s_z
Ex.4: f(t) =t*

LIf®)] =F(s) = [ t? . et dt
Again by using part method (f udv = uv — [ vdu),
Let u = t? dv = e St dt
du = 2t dt v=-"L et

-S

oo

1 2

— 42 T [p—St]x™ ~ p—st

=t ._S[e lo +f Se .tdt
0

The first term is zero, and using the above result of (Ex.3) L[t] = 512 , the

integral reduces to:

L[t?] =

93

® In general, if the transforms are worked out for higher power of t, it will

found that: [(t) =t" = L[t] = % , for s-a>0
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Theorem 1: Linearity of the Laplace transformation

For any function f(t) and g(t) whose laplace transform exist and any constant a
&b, we have:

Llaf(t) + bg(t)] = aL[f(t)] + bL[g(D)]

Proof: Llaf (t) Fbg(O)]=],” e 5t [af (t) F bg(D)]dt
=af” et f(O)dt +b [~ et g(Ddt
=aL[f(®)] + bL[g(t)]

Shift theorem for the Laplace transform

There are two shift theorems, which simplify the task of working with the L.T.
The first involves a shift of the variable S to S-a, and the second a shift of the
variable t to t-a, where a>0 is arbitrary constant.

Theorem 2: afirst shifting theorem
Let L[f(t)]=F(s), then L[e* f(t)] = F(s — a)

Proof: F(s) = f0°° e st f(t)dt

So, Lle® fD)]= [, f(®) e .e~stdt=[" f(t) e~V dt =F(s-a)

i.e. the multiplication of f(t) by (e*) shifts the variable (s) in the L.T. to (s-
a).

Ex.6: let f(t)= cosh at:@. Find £[f(?)].

Sol. From theorem 1,
1 1 _ 1[ 1 1
L[cosh at] = EL[e“t] + EL[e at] = - [— + E] ,wheres >a (= 0).

21ls—a

So, |[L[cosh at]

2_g2
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Ex.7: f(t) =e/Vt. L[f(E)].
Sol. L[] = [ /Wt et dt=[" e~ gt

1 s+jw S jw

Ts—jw 7 s+jw s2+w?2 = s24w2
We know that e/"t = coswt + jsinwt
Let] = L[coswt] + j L[sinwt]

Applying linearity theorem,

L[cos wt] = ﬁ and L[sinwt] = oyl

Ex.8: f(t)= t.e% . Find L[f(£)].

L(t) == , applying the 1% shifting theorem:

s2

L(cos wt) = ﬁ apply 1° shifting theorem:

s+a

L(e ™ coswt) =
( ) (s +a)? + w?

If L[f(t)] = F(s) and g(t) = {f(t _“) ------

i.elL[g(t)] = e * F(s)

Proof: L[g(t)] = f0°° f(t —a) e~stdt changing the variable in the
integral to (t-a)=t, dt=dt




Engincering Analysis

G(s)=J, f(r) e Ddr =e™ (" e f(r)dt =€ F(s)

Ex.10: The L.T of f(t-g) when f(t)=t sin 2t.

Sol. L[f(t)] = L[t sin 2t] = is 5 Laplace of [T sin at]
(52+4) _ 2as
- —EH " (s2+a?)2
naw, . Lf(t—5)|=es" L

Theorem 4: Change of scale
If F(s) = LIf(®)]
» LIf(at)]=; FC)
Proof: Llf(at)] = [ f(at) e~stdt

Let at=u = a.dt = du
Lif(@)] = [ fw ee 2.du=t [ fw) e o.du

=~ F(s/a).

Ex. 11: f(t)=sin 2t

Sol. L[sint] =

s2+1

2

5244

Exercise: f(t)=cos 3t
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Table 1 of Laplace transform:

# F(t) F(s)
1 1 1/s
2 t 1/s°
3 e—at 1
s+a
4 t ™ 1
(s + a)?
5 Sin wt w
s + w?
6 Cos wt S
- _ s + w?
7 e sin wt -
: (s+a)2+w? .- S>a
8 e® cos wt __sta
(s+a)2+w? .--$>a
9 t sin at 2as
(s2 1 a2)? ..§>0
10 t cos at s2 — a?
(s% + a?)?
11 Sinh wt w
SZ _ WZ
12 Cosh wt w
SZ _ WZ

Awg WLoYe, .. ?

The Inverse Laplace Transform

If L[f(t)] = F(s) then = f(t) = L71[F(s)], which is called Inverse
Laplace Transform (I.L.T). Usually the table of Laplace transform
pairs (page 6) are used.
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Ex. 13: Given F(s) =—. Find f(t).

Sol. F(t)=£7YF(s)]=L [i]ze” (see table 1, #3)

s—2

Ex. 14: If F(s) =—. Find f(t).

Sol. F(t)=£71[F(s)]=L7? [ﬁ] =2.e7%t (see table 1, #3)

3

Ex. 15: If F(S) == — . Find f(t).

s2+16 1 1 4
Sol. F _10 1 / ST+42 452442
Ol. (S)_ . 22 -3 s2442
_ 14 _ 3.
F(t)=L£~1[10. e 22 — 3.5,z = 10 cos 2t - ~sin4t (see table 1, #5&6)
" — 1 1
Ex. 16: If F(s) = Eary. Find f(t)
_ 1 _ 1 |
Sol. F(s) T s2-25+5  s2-2s+1+4 (s—1)2+22
2
F(S)_ " (s—1)2 +22
L‘l[% .(5_1)22+22 = 5 et sin2t (See table 1, #7)

Ex. 17: If F(s)=

Sol. F(t)= £~ [F(s)]:L—1 [S—z ]_4L tg| 7

s2+1 2+1]

o~ f(t) =4t + 7sint ...(entries 2&5)

75%2+18
s(s%+49)

Ex. 18: Find f(t) given that F(s)=

Sol. Using the partial fractions, re-express F(s) as:
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7s*+18  As +B
s(s24+9) (s2+9)

7s*+18 As*+B(s*+9)
s(s24+9) s(s2+9)

752+18=As2+Bs2+9B
7=(A+B)................. (1)=A=5 and
18=9B.....ccccoooo... .. (2) =>B=18/9=2

Therefore,

752+18 5s 2

F(S)= = + 5

s(s2+49) (s2+49)

F(t)=L7[F(s)]=2L71 +5L" .. Entries 1&6

(2+9)
~ f(t) =2+ 5cos3t

Ex. 19: If F(s)=52+;+5. Find f(t)

_ s+1-1 ((s+1)—1
2+25+5 S2+2s+1+4 “s?+1)+22

Sol. F(s)=

FO) =1 —2— -2 _—2__  entries 7&8

(s+1)2+22 2 (s+1)%2+22

F(t)= e cos 2t - % e”t sin 2t

Ex. 20: If F(s)=

+1 s+1

Sol. F(S)_ 52+s 6 (s—2)(s+3)

s+1 A n B _A(s+3)+B(s-2)
(s=2)(s+3) s—2  s+3 B (5s—2)(s+3)
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~S+1=As+ A3+ Bs— 2B
s+1=(A+B)s+34A-2B

Coefficient of “s” 1=A+B .......c..c........ (1) ~A=3/5
Coefficient of “s0” 1=3A-2B ........ccc...... (2) ~B=2/5
1¢ 3 2
o F = — + }
() 5 {s -2 s+3
S0 = LT ] = f(0) = S (3e? + 2673
5 s—2 s+3 5

Laplace Transformations of Derivatives and integrals

Suppose that f(t) is continuous for all t= 0, and has derivative f* (t)
which is continues on every finite interval in the range t= 0. Then, the
L.T. of the derivative f‘ (t) exists:

IfF(s) = L[f ()]
Then L[f'(t)] = sF(s) — f(0)
Proof: L[f' ()] f f'(t). est dt

Integrating by parts ([ udv = uv — [ vdu)

dv=f(Hdt &  u=est

v=f(t) & du=-s.est dt

LIf' O] = [ [F®I7 +s [, e™ f(O)dt
LIf'(t)] = sF(s) — f(0)

For high order derivative:

L[f" ()] = s*F(s) — s F(0) — f'(0)

And,

LIf" ()] = s3F(s) — s* F(0) — sf'(0) — "(0)
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Ex.21: F(t)=(sint)? . Find F(s), if f(0)=0
Sol. F’(t)=2 sin t. cos t= sin 2t
f'(t)=sF(s) -f(0)

2
LIf'(t)] = L[sin 2t] = 2
SZ+4=SF(S)—0 or = F(s)=m=,ﬁ(sint)2

Ex.22: let f(t)=t. sin wt. Fond F(s), where f(0)=0
Sol. F‘(t)=sinwt.1+w.t.coswt= f'(0) =0
f ”(t) =coswt. W+[wt(-sin wt. w)+cos wt.w]
f“(t)=2w cos wt-w? t sin wt
s~ f1'(t) = 2wcoswt — w?f(t)
LIf" ()] = s*F(s) — sF(0) — £ '(0)
LIf" ()] = 2w L[cos wt] — w2L[f(D)]
= 2wL[coswt] —w2L[f(t)] = s?F(s)—0—0

2W. 5 — — w?F(s) = s*F(s)
2WS 2WS
) 2 _
P s“F(s) + w?F(s) = F(s) = GZ 1 w2

Ex.23: Find L[Y"], given that Y(t)=sin 2t
Sol. Y(t)=sin 2t =y(0)=0

Y ‘(t)=2cos 2t =y’(0)=2
Y’(t)=-4sin 2t =y “ (0)=0

Thus,
LIY"] = s LIy®)] — s*y(0) — sy'(0) — y" (0)

10
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s3 L[sin2t] —0L—2s—0
By using table 1 (#5),

2

L[sin 2t] = S for s>0
So that,
) 253 2s3 —2s(s?+4) —8s
s2+4 s2+4 s?+4

~ LIY"'] = —8cos 2t (using table 1 #6)

Ex.24: solve Y’-3 Y’ +2Y=etusing L.T. Given that y(0)=1, y ‘(0)=0
Sol. Take the L.T. of both sides of the equation to obtain:
LIY"]=3L[Y'] + 2L[Y] = L[e™!]

Transforming the derivatives, and transforming e-‘tby means of entry
“3” of table 1, we obtain:

[s2Y(s) — y'(0) — sy(0)] — 3[sY(s) — y(0)] + 2Y(s) = —

[s2Y(s) — 0 — s] — 3[sY(s) — 1] + 2Y(s) = 1

s+1
~Y(s)[s?—3s+2]—-s+3= .
s+1
1 1+s(s+1)—3(s+1)
Y(S)[SZ—3S+2]=Y(S)S+1+S—3= 1
s?—2s—2
- s+1
s?—2s—2 s?—2s—2

Y T D =372 GrDG-DG=D

Using partial fractions,

11
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1 2( 1 1,1
)= () -5(5) + e 6
Taking the inverse L.T using entry “3” of table 1:
Y(t)= %et — geZt + %e‘t

s2-2s-2 A B c

Hint: (s+1)(s—-1)(s-2) - s—1 T s—2 t s+1

_A[(s—=2)(s+1)+B[(s—1)(s+1)]+c[(s—2)(s—1)]
- (s—1)(s—2)(s-3)

A[s?+s—25-2]+B[s?*+s—s—1]+c[s?—s—2s+2] A[s*—s-2]+B[s*—1]+c[s*—35+2]

(s—1)(s—2)(s-3) B (s—1)(s—2)(s-3)
s2—2s—2 _ As?+ As —2A + Bs® — B + cs® — 3cs + 2c]

(s+D(s—-—1)(s—2) B (s—1D(s—=2)(s—3)
Coeff. of s2 1=A4B4+C..creeeeenn. ()= A=3/2
Coeff. of s -2=-A-3C.cccciiieer e, (2)=> B =-2/3
Coeff. of s9 -2=-2A-B+2c..cccccennnee. 3)=C=1/6

3 2 1
Y(s)= et e

(s 1) (5—2) (s—1)

Laplace transform of integration

If F(s)= L[f(t)]

then, L[ f f(©) dt] = f [f(t) dt]. e~St dt
letu= f(t) dt dv = e Stdt
du=f(t) dt p=—2lest

S

Llfy £ at] = {Uf; fyae] [-2e= e — [ —2e~tf (et

12
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1 _of ot o . 1
=—-e tf, £(®) dt]g +=.F(s)

Sincee ™St = 0 ast = o

& t= 0, the integral in this term vanishes

F(s)

S

s [ fo tf(t) dt

Multiplication by power of t

IfF(s)= LIf(D],

L[ (O] = (~D" == F(s), wheren=1,2,3,..

Proof:

Forn=1, F(s)= L[fooof(t) dt]

dF

d o - cod _
e afo f(t) e Stdt =f0 e e Stf(t)dt

=["—t e~Stf()dt = [ —e [t f()]dt = — L[tf(D)]

Or L[ tf(D)] = - = —F ' (s)

Ex. 25: f(t)=t cos 3t. Find L[f(t)]

s
s249

Proof: L[cos 3t] =

d S

L[tcos3t] = (—1) 755219

13




Engincering Analysis

_ (s?49).1-s.2s (—1) = s2-9
T (s249)2 T (s249)?

Ex.26: Given fot t cos 2t dt. find L of the function

s2—4

Sol. L[t cos 2t] = VY HW
r Jt 1 s%>—4
| ) t cos2t] = —.F(s) G214
(5] = ! i 1/wh2(1- t
Ex.27: Given F(s) Fer i) Find f(t) /w”2(1-coswt)

1
s2+w?

Sol. We have L‘l[é.( ) = %fot sinwt dt =

Applying the integration theorem once more, we obtain the
desired answer:

sinwt

s2\s2 + w?

1.1 1 1t 1
L [—(—)=WJO(1—coswt)dt=m(t— "

Note: you can also resolve it by partial fraction method ...etc

14


1/w^2(1-coswt)
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