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Complex Function 

Complex analysis is concerned with complex functions that are differentiable in some 

domain. Hence we should first say what we mean by a complex function and then 

define the concepts of limit and derivative in complex. This discussion will be similar 

to that in calculus.  

 :يُثغي . نزايهرى انرحهيم انًشكة تانذوال انًشكثح انماتهح نهرفاضم

 .ذحذيذ يفهىو انذانح انًشكثح 

S = set of complex numbers   ,  f (z)= function = value of  f at z on S  

 .نًا هى عهيه في حساب انرفاضم وانركايم يشاته, تشكم ايح وانًشرمح في انذوال انًشكثحذعشيف يفهىيي انُه

Derivative    

The derivative of a differentiable complex function f at zo , and Δz=z-zo , 

we have: 

 

The function f(z)= z
2
 is differentiable for all z and has the derivative f ‵(z)=2z because 

 

       المرافق المركّب

 

If Δy=0 this is +1. If Δx=0 , this is -1,then the limit as Δz →0 does not exist at any z. 
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Analytic Function   

Complex analysis is concerned with the theory and application of “analytic functions,” 

that is, functions that are differentiable in some domain, so that we can do “calculus in 

complex.” The definition is as follows. 

اضم وانركايم في انماتهح نهرفاضم ، تحيث يًكُُا إجشاء "حساب انرف حانذوال انرحهيهييسرخذو انرحهيم انًشكة 

 :انًشكة". انرعشيف كًا يهي

A function is analytic in a domain D if f(z) is differentiable at all points of D. 

 . Dلاتهح نلاشرماق عُذ جًيع َماط   f(z)إرا كاَد  Dذسًُى انذانح ذحهيهيح في يجال 

Example 1: Find the value of the derivative of the functions f(z)=          at z=3+4i 

,    

f(z)=
   

   
  at  z=i   

 

   

 

 

 

 

  

    

    

 

 

 

1. f(z)=
𝑧 𝑖

𝑧 𝑖
 at   z=i   

solution  

 

 

 

 

 

2. f(z)=  𝑧   𝑖    at z=3+4i   

solution  
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Cauchy–Riemann Equations ريمان-معادلات كوشي   

Complex analysis require that function to be differentiable in that domain. 

The Cauchy–Riemann equations are the most important equations, provide a criterion 

(a test) for the analyticity of a complex function 

سيًاٌ أهى انًعادلاخ، -ًشكة أٌ ذكىٌ انذانح لاتهح نهرفاضم في رنك انًجال. وذعُذ يعادلاخ كىشييرطهة انرحهيم ان

 .إر ذىُفش يعياسًا )اخرثاسًا( نرحهيهيح انذانح انًشكثح

 

 

Roughly, f is analytic in a domain D if and only if the first partial derivatives of u and 

v satisfy the two Cauchy–Riemann equations 

 .سيًاٌ-ذحمك يعادنري كىشي v و u إرا كاَد انًشرماخ انجزئيح الأونى نـ  D ذحهيهيح في انًجال f ذكىٌ انذانح

 

ux=
  

  
   , uy=

  

  
        or          vx=

  

  
    ,   vy=

  

  
 

Example 2: prove that  z=x
2
-y

2
+2xyi   satisfy the two Cauchy–Riemann equations 

(ux=vy  and uy= -vx) 

Solution :  From the equation:   z=x
2
-y

2
+2xyi     →   u=x

2
-y

2
   ,  v=2xy  

 

 

 

 

 

 

Then  satisfy  Cauchy–Riemann equations 

For  ux=vy 

  
𝑑𝑢

𝑑𝑥
=
𝑑𝑣

𝑑𝑦
 

2x=2x 

satisfy  ux=vy   

For  uy=-vx 

  
𝑑𝑢

𝑑𝑦
= 

𝑑𝑣

𝑑𝑥
 

-2y=-2y 

satisfy  uy=-vx 
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Example 3: if f(z) =z
2
 is analytic for all z and satisfy Cauchy–Riemann equations , is 

 ¯=x-iy  analytic for all z?   (Note:   is  conjugate for      ) 

Solution : u=x  and v=-y 

For  ux=vy:  
  

  
=
  

  
 → 1=-1   then not analytic. 

Example 4 : Is f(z)= u(x, y)+iv(x, y)= e
x
(cosy + i siny) analytic ?  

 

Then satisfy Cauchy–Riemann equations and conclude that f(z) is analytic for all z.  

Laplace’s Equation معادلة لابلاس 

The great importance of complex analysis in engineering mathematics results mainly 

from the fact that both real part and imaginary part of analytic function satisfy 

Laplace’s equation. 

نهذانح  انخيانيانجزء انحميمي وانجزء  ذحميكيكىٌ يٍ خلال نرحهيم انًشكة في انشياضياخ انهُذسيح اأهًيح 

 .لاتلاسًعادنح نانرحهيهيح 

 وذحمك يعادنح لاتلاس يسرًشجيشرماخ جزئيح يٍ انشذثح انثاَيح  ذًرهك : Harmonic Functionانذانح انرىافميح

 

 

 

 

z 
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Example 5: is the function f(z)=z
2
 satisfy Laplace's equation ? 

Solution :  

Z=x+iy   , substitute in function f(z): 

 f(z)=(x+iy)
2
=x

2
-y

2
+i(2xy)   → u= x

2
-y

2
 , then   ux=2x   and uxx=2 

                                                                             uy=-2y   and uyy=-2 

                                           and  v=2xy   , then    vx=2y  and  vxx=0 

                                                                             vy=2x    and  vyy=0 

Check Laplace's equations: 

  u= uxx+ uyy=2+(-2)=0 

  v= vxx+ vyy= 0+0=0  → both satisfy Laplace's equation  

Example 6 : is the function f(z)=e
x
 (cosy+i siny) satisfy Laplace's equation? 

Solution : f(z)=e
x
cosy+i e

x
siny 

u= e
x
 cosy :     ux=e

x
 cosy     and  uxx= e

x
 cosy   

                        uy=- e
x
 siny   and  uyy = -e

x
 cosy       

v= e
x
 siny :      vx= e

x
 siny    and  vxx= e

x
 siny    

                        vy= e
x
 cosy   and  vyy=- e

x
 siny   

Check Laplace's equations: 

  u= uxx+ uyy= e
x
 cosy + (- e

x
 cosy)=0  and   v= vxx+ vyy= e

x
 siny+(- e

x
 siny)=0   

    Satisfy Laplace's equation 
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Example 7: is the function f(z)=x
2
−y

2
+i(2xy+y) satisfy Cauchy–Riemann equations 

and Laplace's equation? 

Solution : 

u= x
2
−y

2
   and v=2xy+y 

1. Check Cauchy–Riemann equations: 

 

ux=
  

  
 =2x  , uy=

  

  
  =-2y      or          vx=

  

  
  =2y  ,   vy=

  

  
=2x+1 

 

Then ux≠ vy    →  Cauchy–Riemann equations are NOT satisfied 

      

2. Check Laplace's equation: 

 

ux=2x      and  uxx= 2   

uy=- 2y    and  uyy = -2       

vx= 2y     and  vxx= 0    

vy= 2x+1   and  vyy= 0 

 

Then    u= uxx+ uyy= 2 + -2=0  and    v= vxx+ vyy=  0+ 0= 0 

 

    Satisfy Laplace's equation 

 

 

HW  find the derivative of the functions  

1. (iz
3
+3z

2
)

3
  at 2i 

2. z
3
/(z+i)

3
  at i 

 

 

 


