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Complex Function

Complex analysis is concerned with complex functions that are differentiable in some
domain. Hence we should first say what we mean by a complex function and then
define the concepts of limit and derivative in complex. This discussion will be similar
to that in calculus.
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Derivative
The derivative of a differentiable complex function f at z, , and Az=z-z, ,

we have:
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The function f(z)= z* is differentiable for all z and has the derivative f'(z)=2z because

(z+ Az = 22 2+ 2zAz+ (A2 -2
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If Ay=0 this is +1. If Ax=0, this is -1,then the limit as Az —0 does not exist at any z.
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Analytic Function
Complex analysis is concerned with the theory and application of “analytic functions,”
that 1s, functions that are differentiable in some domain, so that we can do “calculus in

complex.” The definition is as follows.
&t Jasilly Jualall Cluat ol ja) WiSay duay ¢ Jualaill Alial) sl J)gall aadig oS el Jolail)
et LS iy il S )
A function is analytic in a domain D if f(z) is differentiable at all points of D.
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Example 1: Find the value of the derivative of the functions f(z)= (z — 4i)® at z=3+4i

f(2)==" at z=i

2. f(2)=(z — 4i)® at z=3+4i 3 f(z):Z_'i o e
zZ+i
solution _
solution
'(2) = 8(z — 4i)T
f(2) ( ) f'(~)=(ZH).1 (z—1)-1
z—4i=(3+4i)-4i=3 (z11)
/ 27
f1(3 -+ 40) = 8G3)° &)=
F(3 + 4i) = 8 x 2187 = 17496 o2
F) (14 1)?
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Cauchy—Riemann Equations ¢las - sS <Y alaa

Complex analysis require that function to be differentiable in that domain.
The Cauchy—Riemann equations are the most important equations, provide a criterion
(a test) for the analyticity of a complex function

(N alaall ol lay i 5S Y olae 2ad 5 Jlaall @lld 8 Jualaill ALE DAl () 65 G S all Jalal) sy
A el AN A (15080) 1 lma 358 3

w = f(z) = ulx,y) + iv(x, y).

Roughly, f is analytic in a domain D if and only if the first partial derivatives of u and
v satisfy the two Cauchy—-Riemann equations
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u _du _du or v _dv _dv
ax 'Y ay ax ' Y ady

Example 2: prove that z=x*-y*+2xyi satisfy the two Cauchy—Riemann equations
(Ux=vy and uy= -vy)

Solution : From the equation: z=x’-y*+2xyi — u=x>y’ , v=2xy

For ux=vy For uy,=-vy
du_dv du__dv

dx dy dy dx
2X=2X -2y=-2y
satisfy u,=vy satisfy uy=-vy

Then satisfy Cauchy—Riemann equations
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Example 3: if f(z) =z is analytic for all z and satisfy Cauchy—Riemann equations , is
Z=x-iy analytic forall z? (Note: is z=a — bi conjugate for z=a+bi )

Solution : u=x and v=-y

d d .
FOr Uy=vy: d—;‘=£—> 1=-1 then not analytic.

Example 4 : Is f(z)= u(x, y)+iv(x, y)= e*(cosy + i siny) analytic ?
Solution. We have u = ¢"cos y, v = ¢"sin y and by differentiation
Uy = e* cos y, vy = € cosy
Uy = —e” sin y, vy = € siny.
Then satisfy Cauchy—Riemann equations and conclude that f(z) is analytic for all z.
Laplace’s Equation («34¥ dlalaa

The great importance of complex analysis in engineering mathematics results mainly
from the fact that both real part and imaginary part of analytic function satisfy
Laplace’s equation.
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Laplace’s Equation
If f(z2) = u(x,y) + iv(x,y) is analytic in a domain D, then both u and v satisfy
Laplace’s equation

2
Vou = gy + tyy =0

(Vz read “nabla squared”) and

72 —
VU = Uge + Uyy = 0.
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Example 5: is the function f(z)=z* satisfy Laplace's equation ?
Solution :
Z=x+iy , substitute in function f(z):
f(2)=(x+iy)*=x3-y*+(2xy) — u=x%>y*, then u,=2x and Uy=2
uy=-2y and uy,=-2
and v=2xy ,then v,=2y and v,=0
vy=2X and v,=0
Check Laplace's equations:
V2U= Uyt Uyy=2+(-2)=0
V2V= Vit Vyy= 0+0=0 — both satisfy Laplace's equation
Example 6 : is the function f(z)=e* (cosy+i siny) satisfy Laplace's equation?
Solution : f(z)=€*cosy+i e”siny
u=e*cosy: Uc=e‘cosy and U= e cosy
u,=- €“siny and uy, = -€* cosy
v=e*siny: v,=e"siny and vy=e*siny
vy=e*cosy and vy,=-€*siny
Check Laplace's equations:
VZU= Uyt Uyy= €* cosy + (- €° cosy)=0 and VZv= vyt vy, = e” siny+(- e” siny)=0

Satisfy Laplace's equation
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Example 7: is the function f(z)=x*—y*+i(2xy+y) satisfy Cauchy—Riemann equations
and Laplace's equation?

Solution :
u=x*-y* and v=2xy+y

1. Check Cauchy—Riemann equations:

du du dv dv
=~ = - =- = = ——=/X+
Ux=— 2X , Uy & 2y or V= 2y , Vy 2 2X+1

Then u,#vy, — Cauchy-Riemann equations are NOT satisfied
2. Check Laplace's equation:
U=2x  and Uy=2
Uy=-2y and Uy =-2
V,=2y and v,=0
vy=2x+1 and vy,=0

Then V2U= Uget Uy=2 +-2=0 and V2v= vyt Vyy= 0+ 0=10
Satisfy Laplace's equation
HW find the derivative of the functions

1. (i2*+32%)° at 2i

2. Z°(z+i)® ati
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