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Vectors

Important properties of linear systems can be described with the concept and notation
of vectors. a ) ga s Sleaiall a sda aladiuly Aokl Al dagall (ailiadll Caa g (Sa

A vector: quantity has magnitude and direction.  sladl s dad lliai 4us
Scalar : is a quantity that has magnitude alone (mass, time, or speed) 4«d cllia 4us

Zero vector: Vector has entries = 0, no length and no direction.
_[0
Zero vector —[ 0]
The concept is connects vectors to ordinary systems of equations.
Lalae VI Y aladl Aadaily cilgaial) Loy

The term vector appears in variety of mathematical and physical contexts, "vector
spaces”. anial) oL e gita iy 385 5 il (3 "aniall” rllanme el

Vectorsin R (R?, R%, R")

A matrix with only one column is called a column vector. For example of vectors are
(u ,v, w) with two entries(Xy, Xp) A&

u:[§;]= [_31] ,v:[g] ,wz[;] columnvector , [1 4 2] raw vector

Where: x and y= real numbers, R*=vector contains 2 entries,

Two vectors in R” are equal if and only if their corresponding entries are equal.
41_14 4 7
[7] - [7] ! _7] 7 [4]
2

R3=vector contains 3 entries. u= 3]
L4

[ Ui
R"=vector contains n entries. “2-‘
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Geometric Descriptions of R?

Consider a rectangular coordinate sxlidl CUilaaY) system in the plane, each point
determined by pair of numbers (a , b) with the column vector [Z] , and regard R? as
set of all points.

[

.(2,2) .(2,2)

.1(] =

(=2,-1) [EE) (=2.-1) -1

FIGURE 1 Vectors as points. FIGURE 2 Vectors with arrows.

Operations on vectors (addition, subtraction, scalar multiplication)
Algebraic Properties of R"

For all u; v; win R" and scalars 4:2xc ~d ¢ and d:

(i)u+v=v+u (v) clu+v)=cu+cv u-v=yv-u
(i) u4v)+w=u+(v+w) i) c+du=cutdu @+V)W=uw+vw
(i) u+0=04+u=u (vii) ¢(du) = (cd)u (cu)+v = c(u-v) = u-(cv)
(i) u+(-u)=-u+u=0, (viii) lu=u u-u>0, andu-u=0ifandonlyifu=0

Parallelogram Rule for Addition
If uand v in R? are represented as points in the plane, then u + v as shown in figure.

X,

sU+V

LA
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—6

Example 1 : Two vectors u = [g] and v = [ 1

Solution : _4
ool

] , find u+v and display it in the plane ?
u+

Example 2: Let u =[_31] , display the vectors u, 2u, and —%u on a graph?

Solution : u :[_31], 2u :[_62] , _%u :[_22]

3

Figure 3 Typical multiples of u

1

_2] and v = [g] in R?, find the subtraction (u-v) ?

Example 3 : Two vectors u = [

Solution :

O 500 5 Coamy i shacan (0 330 o ings (3, 1) JSL [_31] axiall S laY) Giany b e de
[3 -1]

The Length of a Vector

If visinR", with entries v, , ...., vy, then Length of v =+/v. v is the nonnegative
scalar and equal to :

M=Vo D= \/vi F VR4t DR (])
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Unit Vector has a magnitude of 1 i.e. ||u||=1

Can be creating u from v by: u=v. 1|V

Example 4: Letv = (1, - 2, 2, 0) , Find a unit vector u in the same direction as v?

Solution : First, compute the length of v:

V][> = vev = (1) + (=2 + (2> + (0)* =9

vl =+v9=3 ! 1/3

_ _ 1 11 [_2 ~2/3

Then, multiply v by 1/||v|| to obtain u: AT A gL 2171 273
0 0

To check that |jul|=1: ||u||:\/(1/3)2 + (=2 + ()2 +0? =\/§ +24240=1

Dot product and Cross product

Dot product

The equation is : Dot product = u.v = u" v=|u| ||| cos 0 ....... (2)
= scalar value without brackets

Where :

u and v are vectors in R"
Dot product is inner product of u and v

u' called the transpose of u , transpose column vector (u) to row vector.

For example :
Uuy 41 41
E g

u=l . Jand v=l . J — u v=uv=[u; u; - - un][ : J: U1Vi+UoVot....tupVy
un vn vn
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2 3
Example 5: Compute u.vandv . u for u=[_5] and v= [ 2 ] ?

-1 -3
Solution : . [ 3]
wv=u'v=[2 =5 —1]| 2|=@0@) + (=5 + (~1)(=3) = —1
_3
27

viu=viu=[3 2 =3]| =5 | = 3)(2) + (2)(=5) + (=3)(=1) = —1

2 pby Ol (e Cgaia Gaba B guanall 450 3 Gl
Example 6 : Find the angle betweenu=(1,0,1)andv=(1, 1, 0)?
Solution : u - v =1*1+0*1+1*0=1

Iull=y/ (12 + (0)2 + (12 =V2 , [VIIF/ (12 + (1)% + (0)2 =v2 —

. _ 1 _l _r
From equation 2 , cos 0= s 0 >

Cross product

Cross product of two vectors u and v is perpendicular to both the vectors and the plane
that contains both the vectors. It is represented by:

uxv=|ul|v|sin0

Example 7: Find the Cross product for vectorsu = (2, -4, 4) and v = (4, 0,3), if the
angle between them was 48°? uxv

Solution :

Cross product =u x v =[u| |v| sin O

u=2i-4j+4k , v=4i+0j+3k

luEN(2%+4%+4%) =36 = 6

IV[=V(4%40°43% ) =\25=5 — uxv=6*5%*0.743~22.29

5
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Orthogonal vectors
Two vectors u and v in R" are orthogonal ¢jlxlxis (0=90°) if :
u.v=0

Note: u.v = |[ul| |[v|| cos ©

Example 8: Determine which pairs of vectors are orthogonal?

L us _85] and v= [:g] Solution :  wv=(8)(—2)+(~5)(~3)=-16+15=-1 — w.v#0

The vectors are NOT orthogonal.

3 —4
2. u:l _25‘ and v= _12 Solution : u.v=(3)(—4)*+(2)(1)*+(—=5)(—2)+(0)(6)=-12+2+10=0
0 6
The vectors are orthogonal
Orthonormal vectors (1. unit vector , 2. orthogonal )k
A set of vectors (uy, ...... , Up) iIs orthonormal set if it is orthogonal set of unit vectors.

Example 9:  Show that (vi, vy, V3) is an orthonormal basis of R®, where:

3//11 —1/4/6 —1/+/66
vi=|1//11 |, v2=| 2/J6|. Vvi=| —4//66
1/+/11 1//6 7/~/66

Solution 1) Now compute if there is unit vector or not(from equation 1) :

B2y lyz Lty [0 1 111
||V1||—J(m) tER Y@ T atataTya L

-1 2 1 1 4 1_ |6
vl [ D7 + G2+ (= [Ertal= [omn

[Ivall \/(ﬁ) + (@ + (@ J66+66+66 =1 - V1, Vo, and vz are unit vectors
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V3
2) Now check if vy ,v, , vz are orthogonal:

Vi-va = —3//66 +2/v66 + 1//66 = 0
vievs = —3/4/726 — 4/726 + 7/v726 = 0 Vi
vaevs = 1/+4/396 — 8/+/396 4+ 7/+/396 = 0

Thus {vy, V,, v3} is orthogonal set — { vy, v, and vs} is an orthonormal set
HW 1

1

A. Two vectors u = [_2

|and v = [_25] in R, find 4 u, (-3v) , 4u+(-3)v ?

B. Find the angle between u=1i+j+kandv=2i+j-kby using dot product (u.v) ?

C. Determine which the vectors are orthogonal or not?

4 11
1. uzl_zl and v= [_1 2. u=| 70| and v=
5 —
17 0 -
3. u=[=2 andv:H 4. u= [ ,v—[_gl,w—[1]
L1 2 —1 9 -1
[ 2] 0 4
ol e[l
|3 0 6
D. Determine which the following vectors are orthonormal or not?
1 -1
NG N 0
ol ol o] [l
NG V2 1
0 0
7
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