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Differentiation

Definition of derivative:

The derivative is the rate of change of a function with respect to its variable, or the

slope of the tangent line to the curve at a given point.
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is the function f' whose value at x i

fx +h) — f(0)

fieo = Jim =

provided the limit exists.

Alternative Formula for the Derivative
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Example 1: Find the slope of the curve y = 1/x at any point x = a # 0. What is the

slope at the point x =-1?

Solution:
L1
pofet = f@ _oarh @ ja—(@rh
hl—% h N III—IRJ h B hl—% h a(a + h)
S P S O S
h—0 ha(a + h) h—0 a(a + h) a2'

x
Example 2 : Applying the Definition, differentiate f(x) = 1

Solution We use the definition of derivative, which requires us to calculate f(x + h)
and then subtract f(x) to obtain the numerator in the difference quotient. We have

. x , (x + h)
fx) = Y —1 and f(x + h) = m, SO
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Example 3:

(a) Find the derivative of f(x) = Vx for x > 0.
(b) Find the tangent line to the curve y = Vxatx = 4.

Solution

(a) We use the alternative formula to calculate f”:

P = tm @ = 1
i VI v
z—x & X
= lim Vz - VX L _ 1
(Vi — Vi) (Vi 4+ Va) @B @-Dh@=b)
1 1

Cancel and evaluate.

(b) The slope of the curve at x = 4 is
1

. 1
1) = :
2V4 4
The tangent is the line through the point (4, 2) with slope 1/4 (Figure 3.5):

y=2+i(x—4)
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Differentiation Rules:

If f(x) or y is differentiable function of X and C is constant then:

d
]-E(C)_O
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Example 4:

Differentiate the following powers of x:

@ b @ @

Solution
d 3y _ 431 _ 3.2
(a) a(x)—Bx = 3x
d o ony 2 opy-1 2 g
(b) g () = 371 = 3
d _
(¢) a(x\@) = V2V

d(1\N_d ay_ 441 _ _4.5__4
(d) I (x4) = (x™) = —dx 4x "
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Example 5: Find the derivative of the functions :

I- y:X3+£x2—5x+l

3

dy _d ;. d(4,)_d d
- at Ta3y ) TG0+ M
:3x2+%'2x—5+o=3x2+§x—5

2- fix) = x7(xX+x7)
S0 = X5 a0 20) 4 Ta0(x0+ 2

5
SRACY R o =5x , f'(x)=-5x7=-—

3x2—5x

#f0-E== fl) == (6x = 5)
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Second- and Higher-Order Derivatives

If y = f(x) 1s a differentiable function, then its derivative f’ (x) is also a function. If
f'is also differentiable, then we can differentiate f’ to get a new function of x
denoted by f". So f""= (f')". The function f" is called the second derivative of f
because it is the derivative of the first derivative.
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It is written in several ways:

oAy g fdy\ _dy
I(J‘)_dﬁ_%ﬁ = =V = DAH) = DE ).

If y = x5, then y' = 6x° and we have

H_dy’ — d 5y — 4
y' = dx_dx(&)_‘%m'

If y" is differentiable, its derivative, y'"" = dy"/dx = d*y/dx’, is the third derivative
of y with respect to x.

My,
i (n—1) — d-} = D'y
dx} dx" )

The names continue as you imagine, with ~ y" =
denoting t

he nth derivative of y with respect to x for any positive integer .
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Example 6:

The first four derivatives of y = x* — 3x> + 2 are

First derivative: y = 3x* — 6x
Second derivative: y'=6x —6
Third derivative: y' =6

Fourth derivative:  y* = 0.

Derivatives of Trigonometric Functions

Because sin x and cos x are differentiable functions of x, the related functions

tan x = SN X cotx = cos X sec x = 1 and cscx =
: Cos x” . sin x’ . cos x” . sin x
du
- —(sinu) = cos u —
dx ( ) dx
du
2- —(cosu)=-sinu.—
dx dx
d du
3- — (tanu )= sec> u.—
dx ( ) dx
d du
4- —(cotu)=-csc’u. —
dx ( ) dx
d du
5- —(secu)=secutan u. —
dx dx
d du
6- —(cscu)=-cscucotu. —
dx dx
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Example 7 :

a)

b)

c)

dy d
R _2 . . R _2_ . - . . .
Yy = X“sin.x: - Y ar (sin x) + 2x sin x
= x?cosx + 2x sin x.
__cosx |
Y71 —sinx’
(I — sinx)i(cosx) — cosxi(l — sin Xx)
dy _ dx dx
dx (1 — sinx)?
_ (I = sinx)(=sinx) — cos x(0 — cos x)
(1 — sin x)?
_ 1 —sinx
(1 — sin x)?
-
I — sinx
Find y" if y = sec x.
y = secx
y' = secxtan.x

"

d | |
i (sec x tan x)

d o
Sec X i (tan x) + tan x i (sec x)

sec x (sec? x) + tan x (sec x tan x)

sec’ x + sec x tan? x

Quotient Rule

. »] 2
SIN“X + cos“x

1
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d y=sin(x’—x)

y' =[cos (x> x)]. (5x* 1)

e  y=cos (L)

x+2
J/’ —-sin (xiz) ( (?:4-2;)_:) - ( (x-|-22)2) sin (ﬁ)

n  y=sin’x=(sinx)’

4

y'= 5(sinx)?.cosx =35 cosxsin’x
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EXERCISES:

Q1/ Using the definition, calculate the derivatives of the functions. Then find
the values of the derivatives as specified.

L f)=4-% ; f(-3), £(0)
2. f(x) == 1 -1, /(1)

Q2/ Find the derivatives of the functions
l.y=(x-1) (x+2)

__ 5x+1

=5

2.y

3.y=%+55inx

x+3 cotx
4,y ="——=

~ 5-2cscx
5. y = tan(5 — sin 2x)

6. y = tan® x*

Q3/
: "o 4x3
1. Findy" if y=——X
2 Findﬂ if y= x®—2x*+3cosx
' dx*

10



