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Trigonometric Integrals 4fitiall J) gall cdlalss

Trigonometric integrals involve algebraic combinations of the six basic trigonometric
functions. o) Y Alial) J)sall 4 yaa clidle AL KA ot

/secz_x dy = tanx + C.

. 1—cos2 ..

2., -2 2. .2
Cos™x+sin"x=1 , cos2x=cos X-sin'X , >

/sin3 x cos? x dx.

Example 1 Evaluate:

Solution :

/ sin’ x cos? x dx = / sin x cos® x sin x dx

= f (1 — cos?x)cos?x sinx dx = j(coszx — cos*x)sinx dx = J(coszx —cos*x)sinx dx

-1 , -1 . cos®x cos®x
=—1 cossmxdx——1 cos*x sinx dx = — 3 + z +c

/ cos’ x dx.

Example 2 Evaluate

Solution :
= f cos*x cos x dx
= f(coszx)z cosx dx
= f(l — sin®x)%cosx dx = .[(1 — 2sin®x + sin*x)cosx dx
= [ cosx dx — [ 2 sin®x cosx dx + [ sin*x cosx dx = sinx — 2@ + % +c
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Trigonometric Substitutions 4ial) J) gall cubiay gas

Trigonometric substitutions occur when we replace the variable of integration by a
trigonometric function.  JelSill JS& s Aipae 4000 Al JalSill (8 paaiall (e iy gl S
Example 3 : Eval
ample 3 aluate / ”
V4 + x?
Solution: substitute x =2 tan u

dx= 2 sec?u du
1+ tanu = sec’>u oY V1 + tan?u &L /4 + |2 JSG B Jal e daa )
secu = Vsec?u S

2sec’u du 3 2sec’u du B 2sec’u du j 2sec’u du
J4 + 2tan u)? V4 + 4 tan?u V41 + tan2w) ) 2,/(1 + tan?u)
f 2sec’u du B sec’u du

2Vsec?u secu

Example 4: Evaluate

=fsecudu= In |secu + tanul + C

j dx
1+ x2
Solution :
sec?0 do _secZ0 do
Letx=tand  dx=sec’0df — [—— =] Pl [do =06

But x= tané — @ =tan"x then

j dx tan-1
=tan 'x
1+ x2
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Example 5: calculate [ —=
1-x2
. . . . . dx cos@  r~cosfdo
Solution : substitute x= sinf dx=cos0 = [ === == =5 =

cos6 do . . a1
J— 5 =Jd9 =0 butx=sind — 0=sin""x
Then [ 1dx = = sin~'x
—X

Integration of Rational Functions by Partial Fractions
A el ) suIL A sl U1 gal) JalSs

Express a rational function (a quotient of polynomials) as sum of simpler fractions,
called partial fractions

, _B
r— 3
A, B (-;:\3 b
5x-3 A B N 5x—-3 __ A(x-3)+B(x+1) _ Ax-3A+Bx+B
(x+1)(x-3)  (x+1)  (x-3) x+1)(x-3)  (x+1)(x-3) (x+1)(x-3)

Then 5x—3 =Ax—3A+Bx+B=Ax+Bx—3A+8B

4 shusie a0l SIS bl il 5 5x = AX 4 Bx oine 5 5il) il ¢ g pall puiall 4 glasia <O lal)
—3=-3A+B

A+B=5 —3A+B=-3 A=ZandB =3
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The Definite integral 2aaall Jalsil)

iy

flx)dx.

ol

Example 6 : find the integrals

1. f317dx Solution : =7x|;)l, =7%x(1-3)=7+(-2)=—-14

3 3 3 —
2. f123u2 du Solution: =3 u? |i =3*[2?—1?] =3*83—1=7

The basis for formulating definite integrals is the construction of approximations by
finite sums. Three examples of this process:

raloal) 03] Alia) i 6 sanal) gaalaall aladiiudly by jE i aasal) Sl

>

% Finding the area under a graph.es_,ll s (Fsiall Gl daluall Clua
> The distance traveled by a moving object. awall S sty Al ddlll

% The average value of a function 1Al ed Jaea

(AR

D)

L)

Definite Integral applications asal) Jalsil) eyl
Area under the curve aiell Cias dali

Included find the area of the shaded region R that lies above the x-axis, below the
graph of y = 1 - x*, and between the vertical lines x =0 and x = 1

Lh
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Example 7 : Compute the area between the graph and the x-axis over [-2, 2] , the
function is f(x) = x° - 4

. . 2 3 2
SOIUtlon . I{j"[.t}dx = [% - 4.;]_1 = (% o R) — (—% + 8) = —3_72

=aliaal) g s Al 5 05 (s i sally 0555 Al

Example 8: Find the total area of the region between the x-axis and the graph of

fx)=x*-x*-2x , -1<x<2

¥

An:a=% y=at —x—2x
R f :
/ An:a=|—§
! _8
3
Solution :
0 A 3 0 . - .
/._I[.r': —x = 20)de = [IE — lj —_r:]_l =0 - [-IE_F _!5_ - 1:| = % JJY\ ;‘-):j‘ %L»AQ_LMA.\
2 A 3 2 t\.“ e ) \:t;Lum [N
-/-{_r.‘u_xz__x.]ar_r_|t%_‘%__r3j|_[4_%_4]_0__% §5" )L‘ 3
0 - 0 - -
iﬂl;j\ Al aladinls doa go L) 2l Jaa @2_)&5&\ Aaliudl GL:;:J il e
5 3 37
Total enclosed area = B - -3 =13
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Areas Between Curves <bisiall ¢yule dablull

Example 9 :

Find the area of the region enclosed by the parabola 8Sall &l y, = 2 - x? and the line
Y2 =-X

Solution :

*

2 -t = x| el Lall e ol LS ded ol g

P—x-2=0 A Tl o) A e ) (0 il
x+ Nix—2)=10
x=-1, x=72

Area=[" (y1 —yp) dx = [[2 = *) = (=x)] dx

3 2 3 2 _1)3 —_1)2
Area=[*[2 — 2 + x]dx= (x-S + D) | _21:[2*(2)-%+%] — 2+ -EF+ £
8 4 -
=|4-3+3] - 2= +3]

_24-16+12 -12—(-2)+3
T 6 6
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