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Complex Numbers. 4S !l 3asY)

The transition from “real calculus” to “complex calculus” starts with a discussion of
complex numbers and their geometric representation in the complex plane
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Complex analysis has many applications in heat conduction, fluid flow, electrostatics,
and in other areas.
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It is important for three main reasons:

1. Two-dimensional potential problems can be solved by analytic functions

because satisfy Laplace’s equation in two real variables.
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2. Many difficult integrals can be solved by complex integration.
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3. Most functions in engineering mathematics are analytic functions, and their
study as functions of a complex variable leads to a deeper understanding of their
properties and to interrelations in complex
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Equations without real solutions, such as:
x’=—1 or x*-10x+40=0
Complex number z is a pair of real numbers x and y, written as :

Z=(xy)
x =real part  and y =imaginary part of z, written: x=Rez,y=Imz
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If Two complex numbers have:

If : equal real parts
equal imaginary parts —> Two complex numbers are equal

(0, 1) is called the imaginary unit and is denoted by i,
i (0,1)
Addition: of two complex numbers z;(X1,y1) and z,(x,,y») is defined by

71t 22 = (x1.y1) + (x2,y2) = (x1 + x93, y1 + y2)

Multiplication : is defined by:

2122 = (x1, ¥1)(x2, y2) = (X1x2 — y1¥e, X1y2 * X2y1).
These imply that: ) o) e s
(x1.0) + (x2,0) = (x1 + x3,0)
(x1, 0)(x2,0) = (x1x2,0)
(x,0) = x. Similarly, 0,y) =iy

And complex number is: x+iy sSuchas z=17+4i
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Note :

iZ=—1
Proof:
7122 = (X1, y1)(x2, ¥2) = (Xx1X2 — y1¥2, X1y2 + xay1).

i=(0,1) , <l Ciy i e i%=i*i=(0,1)(0,1)= (0*0-1*1, 0*1+0*1)=-1
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(x1 +iy1) + (x2 +iyg) = (x1 + x2) +i(y1 + yo2).
(x1 + iy)(xa + iyg) = x1xp + ixyyp + iyixs + i%y1ya
= (-tl-t2 - ."‘1."‘2)I + !'{Xl}‘z + IE}"l)-

Example 1: find z;+z, and z,*z, if z;=8+3i , and z,=9-2i
Solution:  z;+z,=(8+9)+(3-2)i=17+i
21*2,=(8*9-3*(-2))+ (8*-2+9*3)i=(72+6)+(-16+27)i=78+11i
Example 2: find z;+z, and z,*z, if z,=4+5Ii, and z,=2-3i
Solution : z;+z,=(4+2)+(5i+(—31))=6+2i
212,=(4+5i)(2-3i)= =8—12i+10i—15i*= =8—2i—15(—1)= =23-2i
Subtraction

z1 — 22 = (x1 — x2) ti(y1 — y2)

Example 3: if z;=8+3i and z,=9-2i , find z;-z,

Solution ;- ;=@ +3)—(9—2)=—1+5i
Division: ,—-1 = X101
-2 xg + iy
Iz"‘f}’z _.Ieu\jm.‘t._i‘)&.a
xp+tiyr (xp tiy)lxe —iys)  xyx2 tyiye Xayp — X1)2
<= . : - = 3 ) I 2 2
xg +iys  (x3 + iys)(xa — iya) x2 + y2 x3 + y3
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Example 4: if z;=8+3i and z,=9-2i , find z,/z,

Solution 21 843 (B+3NO+2) 66+ 43

66 , 43
22 9—2 (9-2)9+2) 8l+4 8 85

Polar Form of Complex Numbers
In complex plane:
The horizontal x-axis, called — real axis

The vertical y-axis, called — Imaginary axis.

(Imaginary 1
axis)
¥

P

Z=x+1iy

] (Real
1 x axis)

The complex plane The number 4-3i in the complex plane

In polar coordinates r,0 defined by  x = rcos 6. y =rsinf
z=x+iy ——> z=r(cosf + isinb).

r is called the absolute value or modulus of z and is denoted by |z| Hence:

ol = r= VaZ+)?
0 is called the argument of z and is denoted by Arg. z y

tan @ = =
x

—mT<Argz=T
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Example 5: if z=1+i , find absolute value and Arg. z (or 0)

Solution : (1) absolute value= |z| =r=\/x2 + y2=V12 + 12=y2 Y
_y _1_ Ol pE — T 1 141
(2) Arg.z, tan 9—; =1= 1 — Arg.z=0=tan"(1)=45= " 4
mld
& |
Example 6: if z=3+3+/3i , find absolute value and Arg. z (or ) '
Solution :
(1) absolute value= |z| :r:\/32 + (3V3)2=/9 + 27=V36 = 6
(2) Arg.z, tan 6=3T\/§ =3 — Arg. z=6=tan’/3=60 = %
Powers
z™ = r™ (cos nf + i sin nd)
Roots
w = {E/E z=r(cosf + isinf) and w = R(cos ¢ + isin ¢).
w"™ = R"(cos n + isinng) = z = r(cos § + i sin ).
Complex variables 4 sall & il
f is Real function , S = set of real numbers (usually an interval)
Every x (real number) in S, f(x) called the value of f at x.
Now in complex: S = set of complex numbers.
Every z in S complex number, w called the value of f at z:
w = f(2) z= complex variable
Domainduall of f=S Ranges<l) of f = Values of a function f

aseel.safi.hamzah@uomus.edu.iq , mohammed.maytham.obeid@uomus.edu.iq




Al-Mustaqgbal University / College of Engineering & Technology
Department Of Computer Engineering Techniques
Class Second stage
Subject Mathematic Ill/ Code UOMU022041
Lecturers Dr. Aseel S. Hamzah , Dr. mohammed.maytham.obeid
2*'term - Lecture No. 1

u=f(x,y) and v(x,y)
w=f(z) , and w=u+vi , z=Xx+yi
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Example 7: if w=f(z)=z?+3z , calculate u ,v and value of f(z) at z=1+3i
Solution :
Z=x+iy , w=(x+iy)*+3(x+iy)
w=(x*+2iy+i%y?)+3x+3iy
w=(x*+2ixy+(-1)y?)+ 3x+3iy

w= f-zﬁrzw&iy: X2-y?+2ixy+3x+3iy
but  w=U¥iv then u= x*y’+3x and v=2xy+3y
value of f(z) at z=1+3i ? from equation : x=1 and y=3

then w=f(2)=(1)*-(3)*+3 (1)+2(1)(3)i + 3(3) i =1-9+3+6i+9i=-5+15i
HW

. 1 . . .
Find z,+2, |, 21-2, ,j—zand 2,*2, if z,=7—i , Z,=3+6i
. 1 . . .
Find z,+z, |, 71-25 z—z and z,*z, if z;=5+2i, z,=5-2i

if z=2+2+/3i, find absolute value and Arg. z (or 0)

if z=3v/3+3i, find absolute value and Arg. z (or )
If w=f(z)=z*+3z , calculate u ,v and value of f(z) at z=2+i
If w=f(z)=2°+3z , calculate u ,v and value of f(z) at z=1-2i
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