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Matrix

Linear equation is an equation that can be written in the form:
a\xy+axxy +---+a,x, =b
Where: b, ay, ...., a, =real or complex numbers, for example:

3x1 —=5x=-2 and 2x; 4+ x2—x3 = 276 1as ) Asbed

While: 4x; —5x =xx; and x, = 2/x; — 6 Ak el diadl
None linear because (X1X, /X7 )
System of linear equations (or a linear system):

A collection 4= s«a<0f one or more linear equations involving same variables, for
example:

X —2x,4+ x3= 0
2x2 — Bx3 = 8

5x — 5x3 =10

Matrix : The rectangular array contain information of a linear system.
bl sl Gl sles o (4 stiaall)dabeiall cag I (5 siag

For previous example , the coefficients ©3l=<0f each variable aligned in columns, as

below:
1 -2 1 — _ _
0 2 -8 Called the coefficient matrix (or matrix of
5 0 -5 coefficients) <Slladl 44 siins

0O 2 -8 ] Called the augmented matrixizw sall 43 siall
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Square Matrix: P . 7_|
Number of rows < ss== Number of columns 2=, Example : X = [2 5 GJ
Diagonal Matrix

A diagonal matrix is a square matrix have:

Elements a;; # 0 when i=j such as (a1, 8, as3) , (diagona

Diagonal matrix of order "3 x 3":

Elements a;; =0 when i # j , (212 8,1 , 13, a31). named on-diagonal entries C3laall)
Zero matrix: m x n matrix, all entries ©3a4ll JS(diagonal and non-diagonal) =0.
Other Example of a Diagonal Matrix

Diagonal Matrix of order (4 x 4) 2270 0 0]
012 0 o
0 017 0
0 0 0-34

Dg4=

Sum and product of two diagonal matrices also diagonal.

Akl 48 ghiae= 4y Hlal (i shias a5 pen

-3 0 8 0 —24 0
IfA = { ] and B = { 5 ] ,then AB = [ 0 15 J

¢ The determinant value can be determined only for square matrices.

% Rectangular matrix: m equations(rows)# n unknowns Jalssll (columns).


https://www.geeksforgeeks.org/engineering-mathematics/matrices/
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Examples of diagonal matrices:

< Scalar < axematrices: a;=0 fori#jand a; =k for i=j , when a;=k= scalar value.

5 00
A=10 5 0

0 0 51 Thescalar k=5

+ ldentity matrix(l or I,): square matrix has (1) on main diagonal and Os elsewhere.

1 0 0
: [0 1 0]
0 0 1

s A null matrix (or zero matrix), denoted by 0 with any size (m x n) where every
entry is zero.
0 0O
[O 0 O]

0O 0 0
< A symmetric matrix is a matrix A such that transpose A" = A. (necessary square).

Equal numbers on opposite sides of the main diagonal. ,hdll ulal =337
aFe-s non-symmetric?

oo
L0 =37 Solution : Symmetric

[1 -3 _ _ _
30/ 0 6 1 Solution : Non-symmetric

Transpose of a Matrixa siaall J siia

Given m x n matrix A, transpose of A is the n x m matrix, denoted by A" , columns
are formed from the corresponding rows of A. —ua zuay 3 gell 5 3 e sy Couall
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Let A and B denote matrices whose sizes are appropriate for the following sums
and products.

a. (AT =4

b. (A+ B) = A" + BT

c. Forany scalar r, (rA)? = rA”
d. (AB)T = BTAT

E le 2 : Find the transpose of the following matrix:

-5 2
4 p=| 13l e=[ 5, g
Solution :
1 =3
S S S I
1 7

Triangular

A triangular matrix is a square matrix (n x n) where all entries above or below the
main diagonal are zero.

N5 3
Upper triangular matrices have zeros below the diagonal. (0%)
0 0

0 0
Lower triangular matrices have zeros above the diagonal. (4 o>
2 6
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Matrix operation

Addition gal

If A and B are m x n matrices, then the sum A + B is the m x n matrix whose columns
are the sums of the corresponding columns in A and B. The sum A + B is defined only

when A and B are the same size. saee¥! 5 castiall dae (U sludia (U8 shiaall &5 ) o

Theorem: Let A, B, and C be matrices of the same size, and let » and s be scalars.

a. A+ B=B+ A4 d r(A+B)=rA+rB
b. (A+B)+C=A+(B+C) e. (r+s)A=rA+sA
c. A+0=4 f. r(sA) = (rs)A

Example3:Find A+B,and A+ Cif:

4 0 5 111 2 -3
A:|:—1 3 2]’ B:[3 5 7] C:[o 1]
Solution :
5 1 6
A+B_[2 8 9]

but A + C is not defined 4é =« necbecause A and C different sizes
Scalar multiplication
If ris a scalar and A is a matrix, then the scalar multiple rA.

4 0 5 1

Example 4 : If A :[ ] and B:[;: c ;] are the matrices , find 2B, A-2B

-1 3 2
Solution : 1 1 1 2 2 2
23:2[3 5 7]=[6 10 14}

4 0 51 [2 2 2 2 -2 3
’4‘23‘[-1 3 2]_[6 10 14]‘[—7 -7 -12]
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Multiplication «_ szl

2a 2 gl

Row-Column Rule for Computing AB l/
(AB);j = ainbij + aizbyj + - + aj,fby;

| 1o ]

40N 48 ghaall B g gant) Jabaicaal) Ja13 a8 YL oY) 4D ghiaall 88Y) Jalaiaiall JA13 AB W) Gy
(AL 4 ghunall)dailil) 48 ghuaall A jaa) g pall JA12 392 sal) B ) Jand
1 2

Example 5: if A:[O 6

| B:[g ‘;]findAB?

Solution:A:[(l) z] B:[g ‘;] ’AB:[E ?

C=1*2+2*7=16 , D=1*4+2*5=14 |, E=0*2+6*7=42 , F=0*4+6*5=30

16 14]

- A'3:[42 30

Example 6: Compute AB, where:
2 3 4 3 6
A= [1 —s]a“dB - [1 -2 3]
Solution :

12 3 4 3 6 IC D G
A_[1 —5] B_[l -2 3] ’AB_[E F H]

C=2*4+43*1=11 , D=2*3+3*(-2)=0 , G=2*6+3*3=21, E=1*4+(-5) *1=-1
11 0 21

F=1*3+(-5)*(-2)=13 , H=1*6+(-5)*3=9 — AB=|_ 1 13 o
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. 2 -5 0
Example 7: Find AB, where: 1 3 _4 {4 —6:|
= : , B=17 1
6 —8 —7 :
-3 0 9

Solution :

O (lagas Alllia g, ALl 48 ghuaal) A Cigha o)) Ary A9V Abghaall B Cighua ) Clllia
Al 4 ghuaall b la gas LA () sSam (ry Al 48 ghuaall B (Lage il allaw

Al 48 ghaal) (e Baas ) 23 g g¥) A ghuaall (e Cgial) 2ae JUAS ey

c g

d h
AB_e il

fJ

c=2(4)+(-5)(7)+0(3)=-27 , g=2(-6)+(-5)(1)+0(2)=-17 , d=(-1)(4)+3(7)+(-4)(3)=5
h=(-1)(-6)+3(1)+(-4)(2)=1 , e=6(4)+(-8)(7)+(-7)(3)=-53 , i=6(-6)+(-8)(1)+(-7)(2)=-58

27 -17
f=(-3)A)+0(7)+9(3)=15 , J=(-3)(-6)+0(1)+9(2)=36 ~ AB=| 3. i

15 36
Theorem

Let A be an m x n matrix, and let B and C have sizes for which the indicated
sums and products are defined.

a. A(BC) = (AB)C (associative law of multiplication)
b. A(B+C)= AB + AC (left distributive law)
c. (B+C)A=BA+CA (right distributive law)
d. r(AB) = (rA)B = A(rB)
for any scalar r
e. I,A=A4=AI, (identity for matrix multiplication)
HW / find A*B

5 1 2 0
LetA=|:3 _2:|andB=|:4 3]
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Determinant of Matrices <\ siaal) 33aa
Determinant of the matrix can be calculate by the following manner:

a alz]

For matrix2x 2 : A=[a21 Uy

Cbas sl i daals — 8 hall 0 jia Jiala= 2aadll

det A = ajdy — drds

Example 8: find the determinant of the matrix A:[i _35] ?

Solution : det A=2*(-5)-3*1=-13

tag,_ _—%, _tass
For matrix 3 x 3: A= : azq Az Q23 ,
asq asz; dzj
Az, Qzsz az1 Qzs a1 Qp;
det A=a det[ -a, det [ +a,5 det [ ]
1 as, azzl Y az; azzl B aszp Qas;

= a11(ax2*833-823%a32)-A12(821 *A33-823* 831 ) +813(21 *A30-822*831)

Example 9: Compute the determinant of the matrix 3x3:

1 5 0
A=[2 4 —1]
0 2 0
+ - 4+
1 5 0
Solution : A:IZ 4 —1]
0 -2 0

detA=1* det[_4 —1

, o lsraet[s roxdet[l 5] =1702-5%0-0)+0=2

detA =ayCy +apnCp+ -+ a,Cy, Byl altiiad tie (5 i) i

det A = ay;Cy; + az2; Cyj + -+ + ay; G Gisiall aladinl die s Al Aia
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HW: Compute the determinants:

3 0 4 0 4 1
1. |12 3 2 2.5 -3 0
0 5 -1 2 4 1
2 -2 3 1 2 4
3. |3 1 2 4.13 1 1
1 3 -1 2 4 2

If A'is a triangular matrixailic 48 s.as | then det A is the product of the entries on the
main diagonal of A.

pladiul die ¥ hadd ) gaall 833 g gall il 0 i Juals= Determinant of triangle matrix
Dball ae calin 3 gaall e I ld dpaliie V) 44 Hhal)

Example 10: find the determinant of upper triangle matrix

2 31 5 0 0
1. Upper triangle matrixAz[O 4 5] 2. Lower triangle matrixAz[Z 3 0]
0 0 6 4 7 1
7 0 0
3. Diagonal matrix&s kil 43 siaall A:IO 2 0
_ 0 0 9
Solution :
_ 4 5] 0 5 (0 27 _ oxppxn ok 2k (kA
L det A= 2 det|, 6]3det0 S|+t det | 0]—2(4650)3(06

5%0)+1(0%0-2%0)=2*4*6-0+0=2*4*6=48 g gill
2. det(A)=5*3*1=15 ila s
3. det(A)=7*2*9=126
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Inverse Matrices (Nonsingular) dswssl) cid siuaall

An n x n matrix A is said to be invertible 4xsS23 if there is an n x n matrix C such that:
CA=land AC=1

where | = I,= identity matrix. In this case, C is an inverse of A.

AlA =1 and AAT =
1 0 0
: [0 | 0]
0 0 1

Example 11: check if the C is inverse of A
a2 5lagc-[-7 -5
I I T B O

Solution :
2 5||-7 =5 1 0
e ] e B P
-7 =5 2 5 | 0
CA = =
[3 2][—3 —7} [0 1:|_)ThusC=A_l

Invertible matrix called nonsingular matrixs2 i e 43 gas
Not invertible matrix called singular matrix.s2 i 48 snq

salalidet dad o andi o3 Lagi Ll (et Gl gl Al 515 VAL (il W) o) e il acll
48 adly

Let A = [‘3 f;]. If ad — be # 0, then A is invertible and
1 d —b
AV =
ad — bc |:—C a}
If ad — bc = 0, then A is not invertible.

10
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Example 12: Find the inverse of : 4 — [; ﬂ

Solution : Since det A = 3(6)- 4(5) =- 2 #0, A is invertible, and
g L[ 6 =4]_[ 6/(=2 —4/(=n]_[-3 2
-5 3 —5/(=2)  3/(=2) 5/2 —3/2
Solve system of equations by using inverse matrix 4 siwaall G gSaa aladicly c¥aall Ja

If A is an invertible 4wS23 n x n matrix, then solve of the equation Ax = b has the
unique solution x = A*b , where x=x; , X, .

Ax=b —>x=A"
Example 13: solve the system of equations by using inverse matrix

3.?61 +4.?C2 =3
5)(?1 +6.7C2 =17

Solution :

B R

xi]=[7] —"Ax=b — x=A"b

Calculate A™ (inverse of A) P d —b
ad —bc|—c a

—4

det A= ad-bc=3*6-4*5=18-20=-2 — Al =i[ 6
Zles 3

]ﬁﬂmeeﬁw.—’ﬂ&ah
4 _[-3 2 a1 [—3 2 3 i s
A ‘[5/2 —3/2]  then x=A b‘[5/2 —3/2] [5] 2 e cim cpm gl
—3%34+2x7 5
s (27 L] xs e

2

11
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HW

Find the inverses of the matrices

8 3 5 4
L[S 2 [34]

8 3 3 =2
3. [_7 _3] 4 [7 _4]
Use the inverse matrix to solve the system

SX] + 4)62 = -3
9x1 + TXZ -5

12




