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4- Linear Ordinary Differential Equations with Constant CoefTicients

The general form:

Y+ Py + Q(x)y = R(x)

if R(x)=0 ». Homogenous Equations 4suilaie 4lilas
if R(x)=0 ». Non-Homogenous Equations 4usilaia i 4lilas
where:

P(x): The function adjacent to () when the coefficient of ¥ is equal to 1.

1 st Y dabas Lasie 1) slaall A 4o :P(x)
Q(x): The function adjacent to (y) when the coefficient of ¥ is equal to 1.

1 e P delas Ladic y 15 slaall A1a1 52 :Q (x)
R(x): The right side function is free from () and its derivatives when the coefficient
iji’ is equal to 1.

1 s P Jabae Ledic aliida sy aiall (e AA) 5 iadll dgall 3 4011 48 R (x)

4.1- Homogeneous Second Order Linear Differential Equations

Theorem: if y, andy, are two solutions to the homogenous equation, then
Y, = €, Y1 + 3 ¥, is general solution for Homogenous Equations, where ¢, and ¢,

are constant.
Alslaall s3gd aladl Jall g8y = ¢ Y1 + €3 Yo M Aadlaiall Alalidll Aalaall fpla gy 59y SIS 1A
s ot aladl Jall ddolas

Ye=CY1+C Y2
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Aldlaall o3a YA (e () S Jall e Jeanss () aadaiaas () Jsladl aal) i dlla 3

J-E—_[P‘[x)dx 4
Y2 =W | —— = — ax
2 1 }'12

b LS Al 530 Jid plall Jadl oS5 s
e—fP(x]dx

Ve :f1J’1+fzJ’1]T dx

Example (1): Find the general solution if y, = x? is a solution of the equation:

y+xy—4y=0

The general equation: ¥ + P(x)y + Q(x)y = 0

v P(x) = J"lzxz

1

I
e jF[x}dx

YY:2=0N f

E—Jgdx e-Inx elnx™?

2 2 2

V, =X — dx = x — dx = x — dx
X X X
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2 -1, -4 2 -5 2 x! 2. 1
y, =X f:r xtdx=x fx dx = x -_—4=x T
_ -1
”yz_-'-lxz
Ye =C1 Y1 T C2)2
_ 2 —1
V. =€, X +CZ4I2
. _ 2 C2
- Ve =60 X T 4.2

aal clilaas o1 (second order) 408 41 G ddladall ALl Aaleall Ja Jad) & il 1)
sl 4000 phadll adisd ARl A5y Hall 8 LaS Jglal)
ol LS 5 aaall Alslaall dapeas Al Aslaall Jygas ]

ay+by+cy =0

: 2

Lety=e™, ~y=me™, y=m"e™

sub. in above equation
amie™ +bme™ +ce™ =0

e™(am*+bm+c) =0

~am?+bm+c=0 iscalled characteristic equation 3 sl dlslasll

my, = a
055 lly i o8 0 Siee ) ) o (fn g o) il o ST a Coni B3l Ca3S 1Y

roe ke Jall
y =c, e™* 4+ ¢, g™2*
where:

_ —b++b?* —4ac —b —vb? — 4ac
a 2a '

my
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y=c,e™ +c,xem*
where:

—b

m=o0

Gy ALA a0 S m ) g (Al 43aS) iall (e jheal aall Caad Sl S5 i @

o b ke Jall S
—b +vVb?—4ac —-b Vb*—4ac
my, = =t —, i =y-1
' 2a 2a 2a
~my, =P tqi

y = e"*(A cos qx + B sin gx)
where:

b VBT —aac

P=— =
2a 1 2a

Example (2): Find the general solution for following differential equation:

1) y+79y+12y =0
2) y—-65+9y=0
3) y4+29+5y=0
4)y-4y=0

Solve:
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1) y+7y+12y=0

m+7m+12=0

—b ++vb2 —4ac
2a

—7#V7F—4x1x12 -7%1
2x1 2

myz =

my, =

y=c e™* 4+, eMm*

y=c,e ¥ +c,e "
Problems:

H.W: Find the general solution for following differential equation:

1) y—-3y+2y=0
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. Applications of First Order Differential Equations
bl JAd) Cpa o pedd) biaa
D3m0 Om ) A el Ta el Gl i e (g simn o 301 13 5 eladly ¢ slas ol 3 Liad (S 13)
a5 (e 3 ae ity o gl () A0 JAls elall g L 1 ok ol SUA ¢ ladilly elall Gae Tag (4 310
Aldlaall A e

d
A(}'J d_}t? = Qin — Qout
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Qoue =T sz

HEETEN
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9.81 m/sec? & suss oY) Lol g

() e olall Ad5 ) i jlaia) il (e g ) ms 1y
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Example (2): A cylindrical tank with radius (2m) and height of (4m) has initially
filled with water. In the bottom of the tank, there is a hole of diameter (2 cm)
through which the water drains under the influence of gravity. Find:

1. The depth of the water in the tank at any time t.
2. The time to reach the height of water 1 m.
3. The time to empty the tank.

Solve:
F T Y
R - -
L == _
u
dy _L h=4m
A()’) E = Qin T Qout dy— v\/
A(y) =71m" 22 :\:‘-‘G x-“:.’)“m daliw | : -.:.'_'.."2';:':--., ¥
B ) 5
Qin =0
Qoue = TT%\2gy
_d_ZXIU_z_Uﬂl
rE=RT T g Thm

d
a2 -d—f: 0—170.01%/2 X 981y

4dy =—4427 x 10‘4ﬁ ~dt  re — arrengement

— 4427 x 107* - dt

d
y
’J—

4y Y2y = f — 4427 x 107* - dt

=

},1;’2

_ -4
41’!2— 4427 x 107 t+ ¢

8,/y=—4427x10"*t+c



Al-Mustagbal University
Department (<lelia¥) g oLl culud Auia)
Class (Al
Subject (deaiiall iluzaly )

Lecturer (dass st p.p + 0 2 s oY 00)
2" term — Lect. (linear equation)

Apply boundary condition:att =0 y=h=4
8V4=—-4427%x10"* x0+c - c=16
S8y =—4427x10"*t+ 16 at any time

2. The time to reach the height of water 1 m.
aty=1m -  8/1=—-4427x10"*t+16 -
t = 18070.9 sec

3. The time to empty the tank.

The time to empty the tank at y = 0:

8V0 = —4427x10"%*t + 16 —  t=36141.8sec

H.W: A conical tank with diameter (3 m) from top and (5 m) depth, initially
filled with water. At the bottom of the tank, there is a hole of radius (0.02 m).
Find the depth of the water in the tank at any time t, and how long it will take
the tank to empty.



