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Polar Coordinates

In the Cartesian system the coordinates are perpendicular to one another with the
same unit length on both axes.
A Polar coordinate system is determined by a fixed point, an origin, and a zero
direction or axis. Each point is determined by an angle and a distance relative to the
zero axis and the origin.
The distance from the origin is called the radial coordinate or radius, and the angle is
called the polar angle.
The radial coordinate is often denoted by r and the polar angle by 6.
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Converting between polar and Cartesian coordinates
The polar coordinates r and 8 can be converted to the Cartesian coordinates x and
y by using the trigonometric functions sine and cosine:
x=rcosf@ and y=rsinf

The Cartesian coordinates x and y can be converted to polar coordinates r and 6 by:

y
r=VxrF yZ and 6 =tan"1__
X
P(r, &)
i §~.~y=rsin5
e .
o : polar axis
x=rcosd
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https://en.wikipedia.org/wiki/Cartesian_coordinate_system
https://en.wikipedia.org/wiki/Trigonometric_function
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Example 1: Convert each of the following points into the given coordinate system.

21
(a) (—4, ?) into Cartesian coordinates.

(b) (-1,—V §) into polar coordinates.

Solution
21 1
(a) x=rcosf o= x=—4cos? = x=—4x(—?)=2
21 V3

=rsinf = x=-—4sin — — _ — = 94/
y T =2 x=—4x(7) 2V/3

21 _
(—4,3) = (2,-2V3)

(b)) r=vVx2+y2 = r=\/(—1)2+(—\/§)2 = r=2

6:tan—1i = 9=tan—1£ = 9=n+£
-1 3
_ 41
(—1,—V3) = 23

Example 2: Convert each of the following into an equation in the given coordinate system.
(a) r=—8cos O into Cartesian coordinates.
(b) x2+ y? — 2y = 2xy into polar coordinates.
Solution
(a) r=—-8cosf® = rz=—8rcosb
x>+ y?=—-8x
(b) x2+yz—2y =2xy
r2 —2rsin@ = 212 sin 6 cos 0
r2 — 2rsin@ = 12 sin 260
r2 — 12 sin 260 = 2rsinf

r2(1 — sin20) = 2rsinf
2sin@

r=1_ sin 26
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Double Integrals in Polar Coordinates

Let’s suppose we wanted to do the following integral,

ff f(x,y) dA,where D is a disk of radius a
D

To this we would have to determine a set of inequalities for x and y that describe this
region. These would be

—a<sx<a

—Vaz — x? SyS\/az — x?
With these limits the integral would become,
a Va?—x?
I | fxy)dydx

—a _\[g2_x2

Now, if we’re going to be converting an integral in Cartesian coordinates into an

integral in polar coordinates we are going to have to make sure that we’ve also
converted all the x’s and y’s into polar coordinates as well. To do this we’ll need to

remember the following conversion formulas,

X =1rcosf
y =r71sinf
r=Vx2 4 y2

However, a disk of radius a can be defined in polar coordinates by the following
inequalities, 0 < 6 < 2m and0 <r < a.

We can say that dA = rdrdf

a Va?—x2 2T a
So [ [ floydydx=[ [f(r,6)rdrdd
—a —\[g2—x2 0 0

Let’s look at a couple of examples of these kinds of integrals.
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Example 3: Evaluate the integral by converting it into polar coordinates.

[f 2xy dA D={(r,0): 1<r<2, 0<6<m/2}

D
Solution:
/2 2
[[2xy dA= [ [2(rcos®@)(rsinB)rdrd6
D 0 1
/2 2
= [ [ 2sin6 cos B r3drdo
0 1
/2 r4 2
=f Sil’lZ@Tl ae
0 1
/2
16 1

ZE{ (T—T)smzede

15 /2 15( 0) 15
= —— =—__(cosmt—cos0) = —
3 c0329|0 3 1

Example 4: Evaluate [f e’ dA ,D={(r,0):0<r<1, 0<6<2m}

D
2 1 2r q
2442 2 B 21
e ga=f ferardo=J R
D 0 0 0
21

2n

1 1
=f7(6—1)d9=7(6—1)9| =mnle—1)

0
0
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1V2—y?
Example 5:Evaluate | [ (x + y)dxdy , by converting it into polar coordinates.
0 vy

x=y = rcosf=rsinf = r=0 or cosf=sinf = 6=mu/4

x=\/2—y2 =2 x2=2-y2 =2 x2+y?=2 = r=\/5
y=0 = rsin6=0 = 6=0

1\/2—7 /4 \2
[ [ (+y)dxdy= [ [ (rcos6 +rsin@)rdrdd
y 0 0
/4 2 /4 3 V2
= [ [ (cos@ +sinB)rz2drdd = [ (cosO + sin6) _| do
0 0 0 0
/4 T
22 22
—f —(cos@+sm9)d9=—(sm0—cos€)| = —

0 3

Exercises
1. Convert each of the following into an equation in the given coordinate system.
(a) r=4cos@ into Cartesian coordinates.

(b) r=sin 26 into Cartesian coordinates.
(c) x?2—4x+ y? =0 into polar coordinates.

(d) 3x+ 2y =4 into polar coordinates.

2. Evaluate [f(x2 + y2) dxdy ,D={(,0): 0<r< \/E, 0<6<m/2}
D

3.Evaluate [[(x + 3y) d4, D ={(r,68): 0<r <2, 0<0<m/4}
D
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