Vectors

Definition of a vector

Mass, length, and time are examples of thinks, determined by their

magnitudes. Whereas, force, velocity, and displacement, determined by

their magnitudes and record their directions in
which they act. These quantities are called vectors.

A vector in the plane is a directed line segment

AB has initial point A and terminal point B.
The length is denoted by ﬁ

Two vectors are equal if they have the same
length and direction. For example, AB =CD =
OP = EF

The wvelocity vector of a
particle moving along a path

(@) in the plane (b) in space.

The arrowhead on the path

indicates the direction of o

motion of the particle.

(a) two dimensions

Component Form

If v is a two-dimensional vector in the
plane equal to the vector with initial
point P(x1y1) and terminal point

Q(X2 y2) then the component form of

VIS: V=1«V1, V. x
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If v is a three-dimensional vector equal to the vector with initial point

P(X1 Y1 z1) and terminal point Q(x2 Y2 z») then the component form of v

IS: V = «V1, V2, V3. ; The numbers vi, vz, vs are called the components of v orPQ.
v1: displacement in x — direction; (X1 + vi=X2)and vi = X2 — X3
vo: displacement in y — direction; (y1+ v2a=Yy2) and va=y2 — y1

va: displacement in z — direction; (z1 + va=2z2)and va= 2z, — 73

The magnitude or length of a vector.

The magnitude or length of the vector v =PQ is the nonnegative number:

M = Vi +vE 43 = Go — 3P+ 5z —yP T (5 — )

Example: Find the component form and the length of the vector with an
initial point P (-3 4 1) and terminal point Q (-5 2 2)?

Solution:

P (x1,y1,21) =P (-3,4 1) and Q (X2,y2,22) = Q (-5,2,2)
VI=Xp-X1=-5—-(-3)=-2;Vo=Vyo-y1=2-4=-2;,v3=22-21=2-1=1

—V=¢2, -2, D.

lv] = /(=2)2 + (—2)2 + 12 = 3 unit length.

Example: A small cart is pulled along a smooth horizontal

floor with a 20-Ib force F making a 45° angle to the floor. B
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What is the effective force moving the cart forward?

Solution:

The effective force is the horizontal component of F = <a, b> given by

a = |F| cos 45° = (20) (g) ~ 14.14 Ib
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Vector Addition, Subtraction and Multiplication of a VVector.

Let vectors u = < ug, Uy, Uz and V = «Vq, Va2, V3 ).
1. Vector Addition:

U+v=«wWi+Vi U2+ Vy U3+ V3 u v

{1y + viuy + vy)

n+v

x x
0

0

(a) Geometric interpretation of the vector sum, (b) The parallelogram law of vector addition.

2.  Multiplication of a Vector:

Ku = «kus, kuy, kus», k: scalar (number.)

ku| = v/ (kuy)? + (kuy)? + (kus)?

:\/kz(ulz + uZZ + u32) = \/kz\/ulz + u22 + U32 = |k||U|

Example: Letu=<«-1,3, b andv =<4,7, 0. Find

a) 2u+3v, b)u—v, and c) |u|?

Solution:

a)2u+3v=2<¢-1,3,1L+3<4,7,00 =¢2,6,2> + 12, 21, 0> =10, 27, 1>.
b)u-v=«¢-1,3, - «4,7,00=<-5,-4, 1.

-1 3 1
C)%uz l<_1;3)1>= (7; EtE)
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Properties of Vector Operations.

Let u, v, w be vectors and a, b be scalars.

1. u+v=v+u 6. lu=u

2. u+t(v+w)=(u+v)+w 7. a(bu)=abu

3. u+(-u) =0 (zero vector) 8. a(u+tv)=au+av
4. u+0=u 9. (a+b)u=au+bu
5 0u=0

3. Subtraction of vectors.

For any two vectors u and v, the difference u —v =u + (-v).

u-v

Example: For the following vectors, find u+v, u +v +w, u —w?

-

W

Solution:

u-w

u+v




Unit Vectors.

A vector v of length 1 is called a unit

. » OPy =x3i + 1) + 25k
vector. The standard unit vectors are: \

\ Py(xy. ¥3. 23)
i =(1,0,0), j=(0,1,0), k= (0,0,1) \

The vector from p1 to pz is:
Py Py= (X2-xo)i + (y2-y1)] + (z2-z1)k.

x / [~ Py(x1.¥1.21)

as a linear combination of the standard unit OPy =xi+ 3] + 25k

Any vector v =<Vj, V2, V3 > can be written

vectors as: v = vyl + vyj + v3k

Unit vector of v = I_ZI NZEX

Example: Find the unit vector of u from A (1,0, 1) to B (3, 2, 0)?

Solution:
u=0B-1D)i+Q2—-0)j+O0—-1Dk=2i+2j—k

lu| = /22 + 22 + (=1)2 = 3 unit length

Unitvectorofu=2=2i+ 2;—- 2k
lu| ~ 3 3 3

Example: Find the unit vector of v = 3i — 4j?

Solution:

lv| = \/32 + (—4)? = 5 unit length

; v 3. 4 .
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Midpoint of a Line Segment Py(xp. 0. 7))

The midpoint M of line segment joining

Pi(X1, Y1, Z1) and Pa(Xz, Y2, Z2) is the w(tm ntn ara

x1+x2 VitY2 Z1+2Z;
2 7 2

point:M
Example: Find the midpoint of the line
segment joining P1 (3 -2 0) and P»
(7,4,00?

—2+4 040
2 2

Solution: M (%7, ) > M, 1,0)

The Dot Product.

If a force F is applied to a particle moving

along a path, we need to know the

magnitude of the force in the direction of 9 1w

e

motion. If v is parallel to the tangent line Length = | F| cos 6
to the path at the point where F is applied, then we want the magnitude of
F in the direction of v. The dot product of

two vectors like force and displacement is:

u.v = |u||v| cos 6

Definition.

Dot products are called inner or scalar products because the product
results in a scalar, not a vector.

The dot product of vectors u =< Ug, Uz, U3 > and v =< V1, V2, V3 > 1s:

U.vV =u;Vvy; +U,v, + uzvsy




Ex: Find the dot product of the following vectors:
1)(1,-2,—-1).(—6,2,—3)

The dot product=(1) (-6) + (-2) 2) + (-1) (-3) =-6 + (-4) + 3 =-7
2)<ci+3j+k>. <4i-j+2k>

The dot product = (5) (4) + (3) (-1) + (1) ) =2-3+2=1

Angle between two vectors.

The angle between two nonzero vectors u =< Uy, Uz, U3 > and v = <Vjy, Va,
V3 > 1S:

_q U1Vy T Uuzvy; +ugvy

0 = cos
lul|v]

Ex: Find the angle between u = <i-2j—2k>and v = < 6i + 3] + 2k>?
Solution:
wv=(1)(6) +(=2)(3) + (=2)(2) = —4

lul = /12 + (=2)2 4+ (=2)2 = 3 unit length.

vl = V62 + 32 + 22=7 unit length.

0 = cos~?! = 1.762 rad.
(3)(7)

Ex: Find the angle of vertex C in the triangle y
ABC determined by the vertices A=(0,0), B=
(3,5), C=(5,2)?

Solution:

CA = -5i — 2

CB = —2i+ 3j




CA.CB = (—=5)(=2) + (=2)(3) = 4

|ﬁ| = J(=5)2 4+ (=2)2 = V29 unit length.

ICB| = \/(—2)2 + 32 = V13 unit length.

4 o

0 = cos‘lm ~ 78.1
Orthogonal vectors.
Vectors u and v are orthogonal (or perpendicular) if and only if: u.v =0
EXx: show that u and v are orthogonal if:
Au=<-3,2>v=<4,6>

uv=(-3)4)+(2)(6)=-12+12=0
PD)u=<3i-2j+k>v=<2]+4k>

uv=0Q3)0)+(-2)(2)+(1) (4 =0-4+4=0

Vector projection and scalar component.

-l-__ul'
The scalar component of u in the direction -
of vis: a S
u.v ’
|u| cos® = ﬁ S
\% . .
o - .;,f -.II.I.I proj, IL. .
The vector projection of u onto v is: - »
: v Length = |uf cos #
Proj,u = |ul cos0 .— ] ol
vl
u.v v
vl vl
u.v u
= —V

|lv|2
§ proju
N

v

Length = [u] cos § Length = —|ul cos 6
(@) (b)
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Ex: Find the vector projection of u=<6i + 3j+ 2k >ontov =<i-2j —
2k> and the scalar component of u in the direction of v?

Solution:

uv=(6)(1)+(@3)(-2) +(2)(-2)=-4

vl = V12 4+ (=2)2 + (=2)? = 3 unit length.

. u.v —4 _ —4 8 8
PFO]VU=W.V= 5 (i—2j—2k) = ?1+§]+§k
Scalar component of u in the dir.of v = % = _?4
Ex: Find the vector projection of F = 5i + 2jonto v =i — 3j?
Solution:

5(001)+2)(-3 —1 3
Proj,F = (5@ + 2)( 2) (i-3j) = EH_Ej
(V12 +(=3)?)

Properties of the Dot Product.

If u, v, and w are any vectors and c is a scalar, then:
1) u.v=v.u

2) (cu).v=u.(cv)=c(u.v)

3) uu(v+w)=u.v+u.w

4) u.u=|ul?

5 0.u=0




The Cross Product.

If u and v are two nonzero vectors, then . ju

] % h

. el [ —
the cross product u x v (U cross v) is: htn,
I:'Q':.?:E_ i
uxv=|ul|lvlsinOn
B

Where n is a unit vector perpendicular nh[*

on both u and v in the direction of u x v.
Unlike the dot product, the cross

product is a vector. Therefore, it is called the vector product of u and v,

and applies only to vectors in space.

Calculating the Cross Product as a Determinant

Ifu =uyi+ u,j+uzkand v =v;i+ v,j + v3k, then

i j k
u; Uz Us
Vi Vo V3

uxyv=

Properties of the Cross Product.

If u, v, and w are any vectors and r, s are scalars, then:
1) uxv=-vxu

2) ux0=0

3) (ru) x(sv)=(rs)(uxv)
AHux(V+w)=uxv+uxw

5 ux(vxw)=(uw)v-—(uv)w
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Ex:Finduxvandvxuifu=2i+j+k, v=-4i+3j+Kk?

Solution:
L L I T TR S TR S
= - - k
uxv _24 ; 1 |3 ik |—4 1|]+ |—4 3|

= -2i — 6] + 10k, and
vXu= 2i+6j—10k

Ex: Find a vector perpendicular to the plane through P(1,-1,0), Q(2,1,-1),
and R(-1,1,2) ?

Solution:
The vector PQ x PR is perpendicular to the

plane because it is perpendicular on both
P(1,-1,0)

vectors.
PR = —2i + 2j+ 2k x 0(2. 1.-1)
. |t j Kk 3 _
PQxPR=|1 2 -1 =|§ 21|i—|_12 21|j+|_12 §|k
—2 2 2
=6i+6k

Ex: Find a unit vector perpendicular to the plane of P (1, -1, 0), Q (2, 1, -
1),and R (-1, 1, 2)?
Solution: Since vector ﬁ X PRs perpendicular to the plane, its direction

N is a unit vector perpendicular to the plane.

PQxPR 6i+6k 1, 1
n=——= = —i+ —k
|PQxPR| 62 V2 V2
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Ex: Find a unit vector perpendicular to the plane ABC if A (2,-2, 1), B
(3,-1, 2), and C (3,-1, 1)?

Solution:

Since AB x AC is perpendicular to the plane, its direction n is a unit vector

perpendicular to the plane.

AB=i+j+k & AC=i+]

R L T R T R T y
AB x AC = _ _ o X
% 1‘ } é |1 ol ! |1 0 ’+|1 1| '+

|ﬁ X E| = /(=1)2 4+ 12 = V2 unitlength

ﬁ_ﬁxrc_—i+j e S
~ |ABxAC| vz vz 2

Parallel VVectors.

Two nonzero vectors u and v are parallel if and only if u x v =0.

Ex: Letu=>5i—] + k, w=-15i + 3j — 3k. Prove that the vector u and the

vector w are parallel vectors?

Sol.

i ]
-1 1. 5 1], 5 -1

s -1 o1|=[3 Al-15 AhelSs

1= 3 3 3 3 15 -3 15 3

=0i+0j+0k=0 (uandw are parallel).

lux w| =
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