Assist. lec. Eman yasir Engineering analysis

chapter one
1.1 Fourier series

Fourier series: is trigonometric function series of the form

f(x) = ag + Yn=1(a, cosnx + b, sinnx) Fourier series Formula:

where the Fourier coefficients ag, a, and b, are called constant the Euler
coefficients

to find coefficients: -

1)Aap=we integrate equation

f f(x) dx =j ao dx+J (Z(an cosnx + b, sinnx)) dx
bt [ w b [ 4 n=1

1 3
ao =— d
= ) dx
2) an =multiply equation (1) by cos mx
fnf(x) cosmxdx = f"ao cos mx dx + jn (Z (a, cosnx + b, sinnx) cos mx) dx
1 T
an = ﬁf f(x)cosnx dx
3) bn. multiply equation (1) by sin mx

T T T had
f f(x)sinmxdx = f ao sinmx dx + J (Z (a, cosnx + b, sinnx) sinmx) dx
- - T T

1 T
bn = ﬁf_"f(x)sin nx dx
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Example 1: Find the Fourier series representation peroidc
function f(x) =x and —w<x<m7

Solution//

fx)=ay+ Z (a, cosnx + b, sinnx)

n=1

2
)ao=—[" fx)ydx=—_["xdx=—CG)I"

1 w? —o
W="w\2 "2/

1 1 m 1,1 ,
2) an =_ [ f(x)cosnx dx = _ [_ xcosnx dx = _ (Hxsm nx +

1

T . 1
5 COS nn:) - (—sm NI + — COoS nn’)) =
n n n

1 T — 1 T .
Fcosnx)|_n = E((zsmnn+

an=0

1 (" 1 ("
3)bn :—f f(x)sinnx dx = bn :—f x sinnx dx
w)_, /4

[

1 —x 1 . 4
= —(——xcos nx + — sinnx )|
T n n -

1(/—m 1 .

=— (—cosm‘t+—251nn1t)

m\\n n
& +zsinn(-m)
ncos n(—m) ) sinn(—mn)

1/-2m 2 -2 2 )
= — —cosm‘t+—zsmn1t =—cosn1t+—zsmn1't
T\ n n n mn

f(x) =ay+ Z(an cosnx + b, sinnx) = 0+ 0 cosnx + Z(b" sin nx)
n=1 n=1
= blsinx + b2sin2x + -+ = 2sin x — sin 2

2
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1.2 Dirichlet’s Theorem.
If f(x) is aperiodic function at which at any period has finite
number.

Example 1: Find the Fourier series representation peroidc

function
f(x) = {;k Tex=Y where k is constant
Solution//

fx)=ay+ Z (a, cosnx + b, sinnx)

n=1

1) ao=—[" f(x) dx==[f° —k dx+ [] k dx)] =
—[(—kx)| %, + (k)| ]
- %(—kn+ k) = 0
2)

an = %f_"nf(x)cos nx dx =

%[ffn—k cosnx dx+ [k cosnx dx)] == [(_ksfl" 8+

(ksi: nx)|15] =%[(O _ ksiznn) + (ksiz nx __ 0)] - an =
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1 T
3)bn = Ef f(x)sinnx dx

1 (0 . T i
= [f_n—k sinnx dx + f k sinnx dx)]
_ 1. kcosnx_ 0 kCOS nx, m
= 2[5 o+ )l
1k kcos nm kcos nm_ —k

G- 4 ]

2k 2kcosn1t 2k
“mn mn T mn

(1 —cos nmn)

f(x) =aqy+ Z(an cosnx + b, sinnx) = 0+ 0 cosnx + Z(bnsinnx)
n=1 n=1

4k _
=~ Sinx +0+5—sin3x+ -

3T

1.3 Even and Odd Functions ""Half-Range Expansions

A half range Fourier sine or cosine series is a series in which only sine terms or
only cosine terms are present, respectively. When a half range series
corresponding to a given function is desired, the function is generally defined in
the interval (0O,L) which is half of the interval(-L,L) thus accounting for the name
half range] and then the function is specified as odd or even, so that it is clearly

defined in the other half of the interval, namely,(-L,0).
Note:-

1. An odd function is a function with the property f (- x) = - f (x). For example :
1.f(x)= x3 letx= -1, then —13-.13
2. (x) =sin (x). let x = - /2, then sin (-n/2) = - sin (7/2).
Let us calculate the Fourier coefficients of an odd function: aO=an =0 but bn #0
1 m
= ﬁf_nf(x)sin nx dx
4
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flx) = Z(bn sinnx)
n=1

2. An even function is a function with the property f (—x) = f (x). The sine

coefficients of a Fourier series will be zero for an even function, For example :
1.f(x)= xz .let x =-1, then —12 = 12

2. f(x) = cos (x). let x = - &, then cos (-wt) = cos (7).

Let us calculate the Fourier coefficients of an even function: bn =0, but ao,an #0
1 71'
ao = —j f(x) dx
2T ) _

p— 1 "
an = ﬁj_nf(x)cosnx dx
f(x) =ay+ ) (a,cosnx)

1.4 Complex Fourier series
The complex exponential of Fourier series is obtained by
equivalent of the Cosine and Sine substitution the exponential

into the original form of Series

ei® 4 —i0 et — o—i0
.c0Ss0 = ——— and sinf = ———
2 2i
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fx)=ag+ Z(an cosnx + b, sinnx) = f(x)

n=1
oo
einx+e—inx einx _ e—inx
= an + a + b .
0 < n 2 n 2i )

n=1

o)

g an, —byi z n + bpi _. - .
=ag + (%emx) + ( n 2 n e—lnx) =a, + Z (Cnelnx)
n=-oo

n=1

If we define

an — byl an + byi
Co =0Qp, , Cp = 2 ’ Cn = 2

The coefficients, c, are called complex Fourier coefficients.

They are defined by the formulas

¢ = — nf(x) e nxdx
"Wy

f(x)=Co+ z (c, e¥)

n=-—oco

Example 1: Using complex form, find the Fourier series of the

function feoy={7" T

Solution//

1)co = ao = iffnf(x) dx

1 0 T
— [0l __+ @I

1 0 14
=—[j —1dx+f1dx)]=
2Tt - 0

1
ao 271( T+ )
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2)en = [T f(x) em"*dx

1 (0 . LA
= — [f —1 e7"™dx + J 1e "™ dx)]
21 -1 0

1 0 e inx T ]
= — [j -1 ——dx+ f 1le ™" dx)]
T 0

2T —in
1 —inx —inx T
= —[(-1 +(1
—[(-1 =) __+ (A=)l ]
1 1 elnﬂ' e —inm 1
=G~ S0+ i~ =)
—L 1_einn_e_inn+1_i
27T in i
n=1,e™ =cosm+isinmt=-1, (e =-1M)=
— inx\ _ i ix
f(x)=c¢c, + E (cn € )_O+z<m’e )
H.W. Example 1: Using complex form, find the Fourier series
) 0 —m<x<
of the function fx) = { " Ozx’;no



