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3- EXACT DIFFERENTIAL EQUATIONS 

Theorem:  

The differential equation 𝑴 𝒙,𝒚 𝒅𝒙 + 𝑵 𝒙,𝒚 𝒅𝒚 = 𝟎  is exact if and only if 

𝝏𝑴

𝝏𝒚
=

𝝏𝑵

𝝏𝒙
 

Proof:  

Let 𝒇 𝒙, 𝒚 = 𝑪 be any function, then the total differentiation (exact differential) of 𝒇 (𝒙,𝒚) 𝒊s 

given by; 

𝑑𝑓 =
𝜕𝑓

𝜕𝑥
⋅ 𝑑𝑥 +

𝜕𝑓

𝜕𝑦
⋅ 𝑑𝑦 = 0 ⟹ 

Let 
𝜕𝑓

𝜕𝑥
= 𝑀(𝑥, 𝑦) and 

𝜕𝑓

𝜕𝑦
= 𝑁(𝑥, 𝑦),  then ⟹ 

 

𝐌(𝐱, 𝐲)𝐝𝐱 + 𝐍(𝐱, 𝐲)𝐝𝐲 = 𝟎 

 

 

 



We have 
𝜕𝑀

𝜕𝑦
=

𝜕2𝑓

𝜕𝑦𝜕𝑥
 and 

𝜕𝑁

𝜕𝑥
=

𝜕2𝑓

𝜕𝑥𝜕𝑦
 ⟹ But 

𝜕2𝑓

𝜕𝑦𝜕𝑥
=

𝜕2𝑓

𝜕𝑥𝜕𝑦
⇒∴

𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
 

 To solve an exact DE we use the following procedure; 

𝜕𝑓

𝜕𝑥
= 𝑀 𝑥, 𝑦 ⇒ 𝑓 𝑥, 𝑦 = ∫ 𝑀 𝑥, 𝑦 ⋅ 𝑑𝑥 + 𝑔 𝑦  

since     𝑓 𝑥, 𝑦 = 𝐶 ⇒ ∫ 𝑀 𝑥, 𝑦 ⋅ 𝑑𝑥 + 𝑔 𝑦 = 𝐶 

To find 𝒈(𝒚)  

⟹
𝜕𝑓

𝜕𝑦
=

𝜕

𝜕𝑦
∫ 𝑀 𝑥, 𝑦 ⋅ 𝑑𝑥 + 𝑔′ 𝑦 ,  but 

𝜕𝑓

𝜕𝑦
= 𝑁 𝑥, 𝑦  

∴
𝜕

𝜕𝑦
∫ 𝑀 𝑥, 𝑦 ⋅ 𝑑𝑥 + 𝑔′ 𝑦 = 𝑁 𝑥, 𝑦 ⇒ 𝑔′ 𝑦 = 𝑁(𝑥, 𝑦) −

𝜕

𝜕𝑦
∫ 𝑀(𝑥, 𝑦) ⋅ 𝑑𝑥  

∴ 𝑔(𝑦) = ∫ 𝑁(𝑥, 𝑦) −
𝜕

𝜕𝑦
∫ 𝑀(𝑥, 𝑦) ⋅ 𝑑𝑥 𝑑𝑦 

 

 

 



Example 1: SOLVE  3𝑥2𝑦 + 2𝑥𝑦 𝑑𝑥 + 𝑥3 + 𝑥2 + 2𝑦 𝑑𝑦 = 0 .  

Solution: 

𝑀 𝑥, 𝑦 = 3𝑥2𝑦 + 2𝑥𝑦 ⇒
𝜕𝑀

𝜕𝑦
= 3𝑥2 + 2𝑥  ;  𝑁 𝑥, 𝑦 = 𝑥3 + 𝑥2 + 2𝑦 ⇒

𝜕𝑁

𝜕𝑥
= 3𝑥2 + 2𝑥 

since 
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
,  then the given DE is an exact DE 

Solution Ι: 

𝑀 𝑥, 𝑦 =
𝜕𝑓

𝜕𝑥
= 3𝑥2𝑦 + 2𝑥𝑦 ⇒ 𝑓 𝑥, 𝑦 = 𝑥3𝑦 + 𝑥2𝑦 + 𝑔 𝑦  

𝜕𝑓

𝜕𝑦
= 𝑥3 + 𝑥2 + 𝑔′ 𝑦 ,  BUT  

𝜕𝑓

𝜕𝑦
= 𝑁 𝑥, 𝑦  

∴ 𝑥3 + 𝑥2 + 𝑔′ 𝑦 = 𝑁 𝑥, 𝑦 = 𝑥3 + 𝑥2 + 2𝑦 ⇒ 𝑔′ 𝑦 = 2𝑦 ⇒ 𝑔 𝑦 = 𝑦2 

∴ 𝑓 𝑥, 𝑦 = 𝑥3𝑦 + 𝑥2𝑦 + 𝑦2,  BUT  𝑓 𝑥, 𝑦 = 𝐶 

∴ 𝑥3𝑦 + 𝑥2𝑦 + 𝑦2 = 𝐶 



Solution ΙΙ: 

𝑁 𝑥, 𝑦 =
𝜕𝑓

𝜕𝑦
= 𝑥3 + 𝑥2 + 2𝑦 ⇒ 𝑓 𝑥, 𝑦 = 𝑥3𝑦 + 𝑥2𝑦 + 𝑦2 + 𝑞 𝑥  

𝜕𝑓

𝜕𝑥
= 3𝑥2𝑦 + 2𝑥𝑦 + 𝑞′ 𝑥 ,  but 

𝜕𝑓

𝜕𝑥
= 𝑀 𝑥, 𝑦  

∴ 3𝑥2𝑦 + 2𝑥𝑦 + 𝑞′ 𝑥 = 𝑀 𝑥, 𝑦 = 3𝑥2𝑦 + 2𝑥𝑦 ⇒ 𝑞′ 𝑥 = 0 ⇒ 𝑞 𝑥 = 𝐶1 

∴ 𝑓 𝑥, 𝑦 = 𝑥3𝑦 + 𝑥2𝑦 + 𝑦2 + 𝐶1,  but 𝑓 𝑥, 𝑦 = 𝐶2 

∴ 𝑥3𝑦 + 𝑥2𝑦 + 𝑦2 + 𝐶1 = 𝐶2 ⇒ 𝑥3𝑦 + 𝑥2𝑦 + 𝑦2 = 𝐶. 𝐶 = 𝐶2 − 𝐶1  

Solution ΙΙΙ: 

𝑀(𝑥, 𝑦) =
𝜕𝑓

𝜕𝑥
= 3𝑥2𝑦 + 2𝑥𝑦 ⇒ 𝑓(𝑥, 𝑦) = 𝑥3𝑦 + 𝑥2𝑦 + 𝑔(𝑦) 

𝑁(𝑥, 𝑦) =
𝜕𝑓

𝜕𝑦
= 𝑥3 + 𝑥2 + 2𝑦 ⇒ 𝑓(𝑥, 𝑦) = 𝑥3𝑦 + 𝑥2𝑦 + 𝑦2 + 𝑞(𝑥) 

Comparing the above two expressions of 𝒇(𝒙, 𝒚) yields, 

𝑔(𝑦) = 𝑦2 and 𝑞(𝑥) = 0 

∴ 𝑓(𝑥, 𝑦) = 𝑥3𝑦 + 𝑥2𝑦 + 𝑦2,  but 𝑓(𝑥, 𝑦) = 𝐶 

∴ 𝒙𝟑𝒚 + 𝒙𝟐𝒚 + 𝒚𝟐 = 𝑪 



Example 2:   Solve x2cos xy + ey dy + (xycos xy + sin xy)dx = 0 

Solution :  

𝑀 𝑥, 𝑦 = 𝑥𝑦𝑐𝑜𝑠 𝑥𝑦 + 𝑠𝑖𝑛 𝑥𝑦 ⇒
𝜕𝑀

𝜕𝑦
= 𝑥 𝑦 − 𝑠𝑖𝑛 𝑥𝑦 𝑥 + 𝑐𝑜𝑠 𝑥𝑦 + 𝑐𝑜𝑠 𝑥𝑦 𝑥

= −𝑥2𝑦𝑠𝑖𝑛 𝑥𝑦 + 2𝑥𝑐𝑜𝑠 𝑥𝑦 

𝑁 𝑥, 𝑦 = 𝑥2 cos 𝑥𝑦 + 𝑒𝑦 ⇒
𝜕𝑁

𝜕𝑥
= 𝑥2 −sin 𝑥𝑦 𝑦 + cos 𝑥𝑦 2𝑥 + 0 

= −𝑥2 ysin 𝑥𝑦 + 2𝑥 cos 𝑥𝑦 

since 
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
,  then the given DE is an exact DE . 

𝑁 =
𝜕𝑓

𝜕𝑦
= 𝑥2 cos 𝑥𝑦 + 𝑒𝑦 ⇒ 𝑓 = xsin 𝑥𝑦 + 𝑒𝑦 + 𝑔 𝑥  

𝜕𝑓

𝜕𝑥
= 𝑥 cos 𝑥𝑦 𝑦 + sin 𝑥𝑦 + 0 + 𝑔′ 𝑥 ,  but 

𝜕𝑓

𝜕𝑥
= 𝑀 

∴ xycos 𝑥𝑦 + sin 𝑥𝑦 + 𝑔′ 𝑥 = 𝑀 = xycos 𝑥𝑦 + sin 𝑥𝑦 ⇒ 

𝑔′ 𝑥 = 0 ⇒ 𝑔 𝑥 = 𝐶1 

∴ xsin 𝑥𝑦 + 𝑒𝑦 + 𝐶1 = 𝐶2 ⇒ xsin 𝑥𝑦 + 𝑒𝑦 = 𝐶. 𝐶 = 𝐶2 − 𝐶1  



REDUCIBLE TO EXACT DIFFERENTIAL EQUATIONS 

 The differential equation 𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0 which is not exact 

(i.e.
𝜕𝑀

𝜕𝑦
≠

𝜕𝑁

𝜕𝑥
) can be reduced to exact DE by multiplying it by a suitable function 

𝜇(𝑥, 𝑦) which is called integrating factor (I.F)  

𝜇𝑀(𝑥, 𝑦)𝑑𝑥 + 𝜇𝑁(𝑥, 𝑦)𝑑𝑦 = 0 

The above new DE is exact if 
𝜕

𝜕𝑦
𝜇𝑀 =

𝜕

𝜕𝑥
𝜇𝑁  

 

The integrating factor (x, y) may be a function of x only, function of y only , or a 

function of both x and y. 

There are two methods to find the integrating factor: 

𝜕𝑀

𝜕𝑦
𝜇 +

𝜕𝜇

𝜕𝑦
𝑀 =

𝜕𝑁

𝜕𝑥
𝜇 +

𝜕𝜇

𝜕𝑥
𝑁 





















iii- If the above two integrating factors doesn’t exists, suppose that the 

integrating factors in the form 𝜇 𝑥, 𝑦 = 𝑥𝑚𝑦𝑛 and we find the valves of 

𝑚 𝑎𝑛𝑑 𝑛  that make the differential equation 𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0 which is 

.exact 

 Example :solve the differential equation 𝑥2 + 𝑥𝑦2 𝑦 − 3𝑥𝑦 + 2𝑦3 ……… . . 1  

Solution 

𝑀 = −3𝑥𝑦 + 2𝑦2      ⇒      
𝜕𝑀

𝜕𝑦
= −3𝑥 + 6𝑦 

𝑁 = 𝑥2 + 𝑥𝑦2         ⇒           
𝜕𝑁

𝜕𝑥
= 2𝑥 + 𝑦2 

   ⇒    
𝜕𝑀

𝜕𝑦
≠

𝜕𝑁

𝜕𝑥
 

1

𝑀

𝜕𝑁

𝜕𝑥
−

𝜕𝑀

𝜕𝑦
=

2𝑥 + 𝑦2 − (−3𝑥 + 6𝑦)

−3𝑥𝑦 + 2𝑦2 =
5(𝑥 − 𝑦2)

𝑦(2𝑦2 − 3𝑥)
  (𝑖𝑠 𝑛𝑜𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑦 𝑜𝑛𝑙𝑦) 

1

𝑁

𝜕𝑀

𝜕𝑦
−

𝜕𝑁

𝜕𝑥
=

−3𝑥 + 6𝑦 − (2𝑥 + 𝑦2)

𝑥2 + 𝑥𝑦2 =
5(𝑦2 − 𝑥)

𝑥(𝑥 + 𝑦2)
  (𝑖𝑠 𝑛𝑜𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑥 𝑜𝑛𝑙𝑦 

 



  Suppose that 𝜇 𝑥, 𝑦 = 𝑥𝑚𝑦𝑛 is an integrating factor for differential equation 

𝑀(𝑥, 𝑦)𝑑𝑥 + 𝑁(𝑥, 𝑦)𝑑𝑦 = 0 we get  ⇒ 

2𝑥𝑚𝑦𝑛+3 − 3𝑥𝑚+1𝑦𝑛+1 + 𝑥𝑚+2𝑦𝑛 + 𝑥𝑚+1𝑦𝑛+2 𝑦 = 0 … (2)    𝑡𝑕𝑒 𝐷𝐸 𝑖𝑠 𝑒𝑥𝑎𝑐𝑡  

𝜕𝑀

𝜕𝑦
= 2 𝑛 + 3 𝑥𝑚𝑦𝑛+2 − 3 𝑛 + 1 𝑥𝑚+1𝑦𝑛 = 𝑥𝑚𝑦𝑛 2𝑛 + 6 𝑦2 − 3𝑛 + 3 𝑥  

𝜕𝑁

𝜕𝑥
= 𝑚 + 2 𝑥𝑚+1𝑦𝑛 + 𝑚 + 1 𝑥𝑚𝑦𝑛+2 = 𝑥𝑚𝑦𝑛 𝑚 + 2 𝑥 + (𝑚 + 1)𝑦2  

Since equation (2) is exact we have  
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
⇒ 

2𝑛 + 6 𝑦2 − 3𝑛 + 3 𝑥 = 𝑚 + 2 𝑥 + (𝑚 + 1)𝑦2 

𝑚 + 2 = −3𝑛 − 3  
𝑚 + 1 = 2𝑛 + 6 

    ⇒    𝑚 = 1       ,  𝑛 = −2 

The integrating factor is 𝜇 𝑥, 𝑦 = 𝑥𝑦−2 

2𝑥𝑦 − 3𝑥2𝑦−1 + 𝑥3𝑦−2 + 𝑥2 𝑦 = 0 

 



2𝑥𝑦 − 3𝑥2𝑦−1 + 𝑥3𝑦−2 + 𝑥2 𝑦 = 0 

𝑀 = 2𝑥𝑦 − 3𝑥2𝑦−1   ⇒      
𝜕𝑀

𝜕𝑦
= 2𝑥 + 3𝑥2𝑦−2

𝑁 = 𝑥3𝑦−2 + 𝑥2        ⇒       
𝜕𝑁

𝜕𝑥
= 3𝑥2𝑦−2 + 2𝑥

   ⇒    
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
 

The DE is exact 

. 

. 

. 

. 

 




