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3- EXACT DIFFERENTIAL EQUATIONS

Theorem.:

The differential equation M(x,y)dx + N(x,y)dy = 0 is exact if and only if

oM N
dy ox

Proof:

Let f (x,y) = C be any function, then the total differentiation (exact differential) of f (x,y) is

given by;
of of
df—a'dX‘F@'dy—O -

of _ of _
Let Pl M(x,y) and 3y N(x,y), then=

M(x,y)dx + N(x,y)dy = 0



oM _ 9%f ON _ 0%f

92 02 oM _ ON
= and — = LT . =
oy dyox dx  0x0y

We have dydx  0xdy E ~ ax

— But

To solve an exact DE we use the following procedure;

0
%: M(x,y) = f(x,y) = fM(x,y) -dx + g(y)

since f(x,y)=C= [M(x,y) -dx+g(y)=C

To find g(y)
of @ 4
— % = @[f M(x,y) - dx| + g'(y), bUta_f] = N(x,y)

o 9,
gy MGy) - da] +9'0) = NGxoy) = g'(0) = NGoy) = 5o [ M y) - d]

d
“90) = [ |NGoy) = 5o [ MCy) - dx] | dy



Example 1: SoLve (3x%y + 2xy)dx + (x3 + x2 + 2y)dy = 0.
Solution:

M(x,y) = 3x2y+2xy=>2—1‘;= 3x%+ 2x ; N(x,y) =x3+x2+2y=>3—1;1= 3x2 4 2y

. oM ON . .
since — = ——, then the given DE is an exact DE
dy Ox
Solution I:

aof
M(x,y) = o = 3x2y + 2xy = f(x,y) = x3y + x%y + g(y)

9, 9,

% =x3>+x%+9'(y), BUT % = N(x,y)

2xP+x2+g' ) =Nxy) =x>+x°+2y=g'(y) =2y =2 g(y) = y?
“flxy) =x3y+x2y+y?, BuT f(x,y) =C

L3y +xty+yt=C



Solution II:

)
N(x,y) = % =x3+x2+2y = flx,y) =x3y +x2y + y2 + q(x)

of ., : of _
= 3x2y + 2xy + q'(x), but Fvl M(x,y)

S 3x2y+2xy+q'(x) = M(x,y) =3x%y+ 2xy > q'(x) = 0= qlx) = (4
s fly) =x3y +x2y +y2 4+ Cy, but f(x,y) =C,
Sx3y+x2y+y?2+C=C, =2 x3y+x2y+y2=C.[C =C, — (4]

Solution III:

of
M(x,y)=--= 3x%y +2xy = f(x,y) = x°y + x*y + g ()
)
N(x,y) = éz x3+x24+2y= f(x,y) =x3y +x%y + y2 + q(x)

Comparing the above two expressions of f(x,y) yields,
g(y)=y*and q(x) =0
w feoy) =x°y +x?y +y% but f(x,y) = C

“x3y+xty+y?t=C



Example 2: Solve (x2cosxy + e¥)dy + (xycos xy + sinxy)dx = 0

Solution :
oM
M(x,y) = xycos xy + sinxy = 3y = x[y(—sinxy)x + cos xy| + cos xy(x)
= —x?ysinxy + 2xcos xy
ON _
N(x,y) = x*cosxy + e¥ = Pl x2(—sinxy)y + cosxy(2x) + 0
= —x?ysinxy + 2x cos xy
M AN | |
since = —, then the given DE is an exact DE.
dy 0x
daf .
N = 3y = x%cosxy +eY = f =xsinxy + e + g(x)
0 0
% = x(cosxy)y + sinxy + 0 + g'(x), but % =M

s xycos xy + sinxy + g'(x) = M = xycos xy + sinxy =

gx)=0=>gkx) =C,
s~ xsinxy +eY +C; =C, = xsinxy+eY =C.[C=C,— (]



REDUCIBLE TO EXACT DIFFERENTIAL EQUATIONS

The differential equation M (x, y)dx + N(x, y)dy = 0 which is not exact

(i.e.g—ﬂj * Z—Z) can be reduced to exact DE by multiplying it by a suitable function

u(x,y) which is called integrating factor (1.F)
UM (x,y)dx + pN(x,y)dy = 0

: 0 _ 9
The above new DE is exact if % (uM) = — (,uN)

oM du V= dN N du N
dy dy  Ox a 0x
The integrating factor u(x, J) may be a function of xonly, function of yonly, or a

function of both xand y.

There are two methods to find the integrating factor:



- If (GM CN] 1s a function of x only (x(x,y) 1s a function of x only),

A %=0 and %—@ , then Eq.(1) becomes
oy ox  dx
lu%:/uﬂ.}.]vd'u — U OM_ON = %,
oy Ox dx oy Ox dx
N dp 1 cM N i N ln,uj oM oN %
u N\ oy oOx N\ oy e
L
IN 0 ex !
U=e




Example 1: Solve (x+3y7)dx+2xydy =0.

Solution :

M(x,y)=x+3y° — — =0y,

N(x,y)=2xy — —=2y.

(Fiw &V
- # -~
oy oOx

Since , then the given DE 1s not exact.

_ (oM oN) 1 2 NN
Check, (A — (,_ = (6y—2y)== (function of x only)
N\ oy ox) 2xy X

1|éM &énN
(L2,
. N év ex
LH=e ’

Multiplying the given DE by the above integrating factor (I.F) gives

lelnx2 2

2
.[_dx 2Inx
=  u=e ¥ =e M= =x".

xz(x+3-};z)dx+xz(2l};)dy=O p— (x3 +3x2_}’2)d’f+2x3_}’d}’=0.

~ 3 2 2 oM 2
Check, M(x,y)=x" +3x"y — — =06x"y,
Cy
3 54'}\; 2
N(x,y)=2x"y — —=06x"y.

cX



Since —— =-——_, then the given DE is reduced to exact one.

oy  ox
~ f 1‘4
) 3 22 : 3.2
M=—=x"+3x"y == f=—+x"y
ox

of

o
——= 2x°y + g'(y), but S _ N,

-~

& o
S22y +g' () =N=2x"y = g'(1=0
4
X 3.2 ~ ~

L f = +x "y  +C, but f=C,

1 2
4 4
X X

+x7y° + C, =, =

4 3.2
or xT+4x"ym =C.

+ g(y

—

)?

[C5 =C, =]
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Example 2: Solve

Solution :

. 2
(siny + x~ + 2x)dx =cos ydy.

. pd
(sny+x~ +2x)dx —cosydy =0.

. 2
(siny + x~ + 2x)dx = cos ydy —
. R cM
M((x,y)=smy+x~ +2x — — =cCcosYy,
oy
N(x,y)=—cosy — —=0.
ox
. Cl cN . .
Since —— # ——, then the given DE 1s not exact.
oy ox
: 1 (oM &N 1 o
Check, | ————|= (cosy—0)=-1 (function of x only)
N\ oy cx ) —cosy

(aM  an

L o
WSS e'fN S —

I(—])rh‘ _
H=¢€ =e .

Multiplying the given DE by the above integrating factor (I.F) gives

— % . » — oy
e "(siny+x" +2x)dx—e “cosydy=0.

11



“=e Tsiny+g'(x),
e “smy+g'(x)=M=e “(sny+x’+2x) = g'(x)=x’e ¥ +2xe 7,
3 X

— f=—e “smy+g(x),

but =
ox

R . . . -
Lg(x)=—x"e " —2xe " —2e T —2xe T —2e

— . 2 —x e - X
f=—e "smy—x"e " —4dxe " —4de ",

—x . > —x - —-x
—e ‘smy—x'e " —4dxe T —4de

X’ +4x+4+smy=Ce"

or

Note,

but f=C,

—xi(—e Y)—2xe T +2(—e )

o . L
=——x"e " —2xe Y —2e "

= g(x)=—x"e " —4dxe " —4de *

12




.e - 1 51’{ 51'
n- It — =
M cy C.,T_
oL cu  du |
T_O and ——=-——then Eq.(1) becomes
cX oy dy
oM diu  éN M N d
= o = oy - =R
C} dy ox oy ox dy
diu -1{éM &N ~-1(éM oN
P . P
u M\ oy  ox M\ oy ox
1 (e av)
—f— P 4
M| cv cx )
U=e ' /

] 1s a function of y only ( (x, y) 1s a function of y only)
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Example 1: Solve (y +2x)dx +x(v+x+1dy=0.

Solution :

M(x,v)=y+2x = =1,

AAT

Cl

-

CX

Ny =w+x"+x = =y+2x+1.

cM éN

Since —— # ——, then the given DE i1s not exact.
ay  ox
_ (oM &N 1-(y+2x+1) —(y+2x . N .
Check, —| ———|= C ) =C ) (1s not function of x only)
Nl oy ox PRSI T x(y+x+1)
: 1(éM &N\ 1-(y+2x+D) —(y+2x N
Check, ———|= $ ) . =C ) _ —1 (function of y only)
M\ oy ox v+ 2x y+2x
plfem en ‘dr
. .‘.}M L v éx ) 7'[(71)(1"‘- v
Sp=e T = lu=e =e .

Multiplying the given DE by the above integrating factor (L.F) gives

e’ (y+2x)dx +xe’ (y +x+1)dy=0.

M= Hf‘ — _1"'6" + 2xe’ — f — .1}’(3‘1 + xle‘l + g(y)1
ox

T oo’ exe’ wxie wg(). b Loy,

CJ} C};

saye’ +xet +x7e’ +g'(y)=N=xye’ +x%e’ +x¢' = g'(13)=0 = g(»)=C
s f=xye’ +xte” +C but f=C,
: ) | ‘

2

4 2 ’ 1 \l 2 - — ¥ \l 1 1
sxvel +x7et +C=C, >  xyv+x =Ce’t.  [C=C,-(C]

E
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Example 2: Solve cosy.dx + (2xsiny —cos® y).dy=0.

Solution :
cM .
M =cosy — —=-sm}y,
oy
ANT
. 3 cN .
N=2xsmy—-cos’y = —=2smy.
ox

. cM ON : :
Since — , then the given DE is not exact.

oy ox
: 1(éM &N\ _ —siny-2siny —3siny .o
Check, —| —-—|= - — = - (1s not function of x only)
/ paki Y : 3 1 3
MLy &Y 2ysiny—cos’y  2xsmy—cos’y

"\ —siny—2siny —3siny S i
Smy—zssmy —JSm) (function of y only)

_ 1 (Fi‘/[ 61'
Check, —|——-——1|= .
M\ oy ox cosy cosy
1 (e en — 3siny
L [, 1
M\ &  éx) SO —3lncosy -3
O — /U —e cos 1 —e ncosy _ cos y —
cos’ )
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Multiplying the given DE by the above integrating factor (I.F) gives
. 1
(2xsm y — cos’ y)dy=0= dx + (————
cos” y

1
(cosy).dx +

cos” ) cos’ )
%) 1 X
M= = /= +g(»)
X cos’y cos” y
2xsmy
- —l_g’(.}")a

0
A =—2xco0s " .(—siny)+ g'(v) =
cos’ y

)LS]II}

3
cos” y

but

oy
2xsin y 2xsimy
L+ g (M =N="—"-1 = gO=-
cos’ y cos’ Yy
X -
" .f: _.}?9 but nf:(_ ?
2
Cos™ ¥
X ~ . b
—y=C, or x=(y+C)cos y.
cos )

—1).dy=0
o _
oy S
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111- If the above two integrating factors doesn’t exists, suppose that the
integrating factors in the form u(x,y) = x™y™ and we find the valves of

m and n that make the differential equation M (x, y)dx + N(x,y)dy = 0 which is
exact.
Example :solve the differential equation (x2 + xy2)y — 3xy + 2y% ... cc ... (1)

Solution

\

= —3 2 aM_
M = —3xy + 2y = E——3x+6y oM N
R >~
dN dy 0x
N = (x% + xy?) = a=2x+y2
J

(is not function of y only)

1 <aN 0M> _2x+y*—(=3x+6y) 5(x-y?)

M\ox ay —3xy + 2y? ~ y(2y? — 3x)

1 /oM ON —3x+6y—(2x+vy?) 5@O%*—x
_<___>: y—Qx+y?) 5@ )(iSTlOtfunCtionofxonly "

N\ody o0x x?% + xy? ~ x(x + y?)



Suppose that u(x,y) = x™y" is an integrating factor for differential equation
M(x,y)dx + N(x,y)dy = 0 we get =

2xMynH3 — xMHlyntl 4 (miZyn 4 ymtlyn+2)y = (0 . (2) (the DE is exact)

oM
3y =2(n+ 3)x™y"*2 — 3(n + Dx™+1y" = x™y"[(2n + 6)y? — 3n + 3)x]

oN
Pl (m + 2)x™tym + (m + 1)x™My"+2 = xmy"[(m +2)x + (m + 1)y2]

: : : oM _ dN
Since equation (2) is exact we have oy =

2n+6)y?—Bn+3)x=(m+2)x+ (m+ 1)y?

m+2=-3n—3

m+1=2n+6 } = m=1, n=-2

The integrating factor is u(x,y) = xy 2
(2xy = 3x2y 1) + (x3y 2+ x2)y =0
18



(2xy —3x2y 1) + (x3y 2+ x2)y =0

2.,—-1 oM 2 —2\
M = 2xy — 3x“y = E:2x+3xy > oM N
= =
oN dy 0x
N=x3y"2+x* > - = 3x%y~2% + ZxJ

The DE 1s exact





