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2 Inverse Laplace Transforms

If L{f(#)) = o(s), then L7'[¢(s)] = f(t), where L=! is called the inverse Laplace

transform operator.

Some basic Inverse Laplace Formulas

l. L—l[% =1 7. L—l[riu_: — Em‘ljun‘
2. L7 5] = I;::—II]' 8. L™'[=*=] = coshat
3. L_l[ﬁ] = ¢ 0 -1 [m[_q _ ”]: — (Mf__l[ﬂ"?[.*’-:}] {Hhiﬁ'.il]p"

4 Ll ] = e property )

s4a
5. L [grly] — sinet 10. LY=L L{f(t))] = tf(t)
6. L~ [725] = cosat 1. L[ L{f(t)) ds] = L8

2.1 Inverse Transformation Using Partial Fraction

Some times a rational function of s can be expressed as sum of simple rational
functions nsing partial fractions and then inverse transformed using shifting property.

S.No. | Form of the rational function | Form of the partial fraction
i A B
L. Eaey t 7P [z—a] ' [z-0)
a Pt A B
= {z—a)? [x—a) T+ ,:_1._,1':,'1
2
pr-t+qr+r A B o
3. [r—allz—h){r—r] [x—a] + [x—h) + [r—r]
4 “tgrr A , B , ©
: {z—a)*(z—b) [x—a) (m—a)® [z—b]
K pritgrtr A 4, _B 4, _€
= {z—a)?(z—h) [x—a) (x—n)t |z—F]
2
pr-+qr+r A B+
G' [J'—.'r:ll::l:3+|l|;r-|-r'} I:.."—rrfl + [:|:3+J|:1'+4"]-
where 75 + br + £ cannot he factorissd further

Email (e sill (A5 A 3 5ll)



Al-Mustaqbal University / College of Engineering & Technology
Department of Medical Instrumentation Techniques
3rd year
Signal and system
Dr. zeyad Taha Yaseen
1st term - Signals and system classification

1. Find the mverse Laplace transtorm of the following

[ 1 f ds+2
(a) = (d) ==
1y Ss42
() o2
. 5 . 25 —fs+5
I::C } 5243547 li(' :l 57 —0s2+11s—6

Ans
(a)
| ot 4
L =] == = —
&b (5 —1)! 24
()
3s 4 2 =5 2 3
L1 = 3.7 |— Lo —
|:.*~'2 —I—5-3:| [Hz—l—ﬂ'] 3 {HE —I—ﬂ']

9
= Jecosdt 4 ;i sin 3f
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(c)
5 §
L 1 : — J" 1 ; ;
Lz + 38 7] s+ 35+ T+ (3) = (3)°
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! Lk | -1]‘! P
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y e /o]
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V2 -1
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19 (52 4 l._,']]‘!
bb . ir . I‘}
4 e” 7 ~m[/ 51)
V1 -
(cd)
) 3542 A Bs+C
We have =
o (s = 1)(s* +1) 5—l+52+l
S 3s+2=(2+ 1A+ (Bs+C)(s—1)
Puts = 1then, 5 = A4(2) = A= —;
equating the term containing s2then0=A4+B = B=-A= —;

-1
Puts=0then2=A44+ = (-‘=2_"1=T

ds 42 2 —bg &
LHf——= ) = 1! : 2 2
(tn—ni-«fﬂ]) (.-— AT
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252 — Bs + 5 22 — s+ 5 B A b N (.
S 624 1ls—6 (s—1)(s—2)(s—-3) s—1 s-2 s—3

ie, 25° — 65+ 5 = Als =2)s =3+ B(s—1)is—3)1+Cls—1)(s—2)

we have

Puts=1.1=4(2) — A=
Puts=21=05H(-1) = B=

Puts=35=0C(2) = (=

252 — s+ 5 1 L 1 :
L_l i — —L_] _L—I
[H-i—ris'hrllh-—{i] 2 (.H-_ l) s—2 N
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2.2 Convolution

Given any two functions f(1) and g(7) defined for £ > 0, their convolution is defined
as the function h(t), where h(t) [l: flu)g(t — u) du and is denoted by f(t) * (1)

Laplace transform of convolution
If hit) = f(t) wq(t) then L{h(t)) = Lif*qg)= L{J(1))L{g(t))

Note:
If L-Y(e(s)) = f(t) and L='(v(s)) = g(t) then L= (a(s)e(s)) = f(t) * g(t)

1. Use convolution theorem to find the inverse Laplace transform of —

s—a)(sa—b)"

1 1 1
-1 — -1 -1
L (.(\-—u)(~—h)) £ (»—rl)*l‘ (.~—h)
f
= ‘m*'ln: / ’uurhlf—ul(/”
Jo

t (a—bjue?
- / (a—bjt bt 5 _ bt [’ ]
— ¢ L au =« (
Jo aa—20 )

bt
- [' la=b)t _ ]]
a — ’J
et p bt
a—b

g2

2. Use convolution theorem to find the inverse Laplace transform of ———5——-.
(32 a2) (2 45%)

I -1 ‘q.z - [_1 S " Id_l S
T (s (s + 12 ’ s?+a? s? + 12

¢
= cosatl *cosbt = / cos{au) cos(b(t — u)) du
0

— (cos(bt + (a — b)u) + cos((a + b)u — bt)) du

sin(bt + (a — b)u) i sinf{(a + byu — bt)]"
a—>b : a+b
sinat  sinat  sinht sin bl)

a—b  a+b a-b a—+h

U

N

o = b2 = | x
=)

=

1| -

e—_gs

sinaft — smbt  smaf + s bt
_+_
a—2b a+b
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1
(s2—8s+2)L(y)=—+2s—3
b

252 — 35+ 4
L(y) = (<~ 351 9)
252 — 35+ 4
Liy) =
( %I:H—]](H—'))
257 — 35+ 4
=L —— ——(1
Y [b{b—l][b‘—?] (1)

C . . 252 — 35 +4 A 54 &
We have by partial fraction s s s - —
2% —3s+ 4= A(s — 1)(s = 2) + Bs(s — 2) + Cs(s — 1)

Puts=04 = A(2) = A=2
Puts=13 = B(-1) = B =-3
puts =26 = C(2) = =3
. 2 3 3
(1) becomes y = L' | = — +
s s—1 s-=2

= 23 +3¢%
2. Using Laplace transform solve i + 5y + 6y = e Given y(0) = y'(0)=1
:i'l.ll.‘i.
Given diff. equation is " + 3y’ + 6y = e

Applying Laplace transform L[y"] + 5L[y'] + 6L[y] = L[e™

i ¥ - - 1
S Lly| = sy(0) — 4/(0) + 5sLly| — 5y(0) + 6L[y] = —
(s +5s+06)L(y)—s—1-5= :

- ) : s+ 2
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1 {2asmat — 2bsin bt
2 (a—b)ja+b)

asinat — hsin bt

rE—
3. Use convolution theorem to find the inverse Laplace transform of m.
[ [T Y (N A
(s+1)(s—1)2 .q+1 (s —1)2

—i —i

=te' ke

e
f e ey

2.3 Applications

Solution of Ordinary Differential Equations

Laplace transform couverts an ordinary differential equation in the dependent variable
v with a set of initial conditions into an algebraic equation in L{y). Being an algebraic
couation, the latter can be easily solved to get Liy) . Taking the inverse transform of
L{y). then vields the solution.

L. Using Laplace transform solve " — 3¢ + 2y =4, »(0) =2, {0} =3

Ans.
Given differential equation is " — 3y’ + 2y = 4
Applyving Laplace transform L[y"| — 3L[y/| + 2L[y] = 4L[1]
SL(y) — sy(0) — y'(0) —3sL{y) — 3y(0) + 2L(y) =

1
(s? =3s 4+ 2)L(y) =25 —34+6G=—

K]
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(s +Hs+ 6)L(y) = ll 5 s + 6

Puk=":2] = B{l}) ==
D w=x (1) ==
Puts=013 = 6A+3B+4C = 64=13-348 = A=3

(1) becomesy = L~ - s

3. Use Laplace transform solve y" + 2y + 5y = ¢~ cost, given that y(0) =0, ¢'(0) = 1

Given diff. equation is " + 2y’ + 5y = ™ cost

: : ‘ . s+1
Applying Laplace transform L(y") + 2L(y') + 5L(y) = ﬁ
s L(y) = sy(0) = o/ (0) + 2sL(y) + 2(0) + 5L{y) = .3+l

" AR coli\y) v 44\V) (s +1)2 41
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R s+ 1
5 25 — 7
(s +2s+5)L(y) — 1 (s+172+1
s+ 1
52 ). 3 =
(CH2HANLW) = et
| s+ 1 I
L =
(v) (s+1)24+1)(s2+2s+5)  s2+2s+5
L(y) = - - S N ' :
. lk(5_|_1:|2_|_1}(;2_|_)1;—|—1—|—-_l] {J: —|‘25—1—|——”

',r—’r_l 5"‘1 4 1
I G+ )+ 12 +2)  ((s+1)2+22)

71 . 1
y=rc 'L — s + 5w
(s24+1)(s2422) 52422
But we have f_.a-g + Q?_} — {qg +1)=

gy (¢ '24“3:2]' (s2+1)]
=t ( @ )T 7
P %L_l (qz L:|_ 1) - ( )] (sin 21

—t Ir_,—l L,—I
= —cost — 3 cos 2t + -5 sin 2f

_, [cost cos2t . s1m 21
— —_
3 3 2
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2.4 Exercise

1. Find the inverse Laplace transforms of the following

. 3s—2 i 2545
(a) 7 516 (d) (552)(s259)
25—3
(I)) s2+6s+13
(©) eesTe (&) 7%
(s+2)(s—1)2 s9+4+1

2. Use Convolution theorem find the inverse of the following

i 1
(a) e (d) oo
1
() o (©) mE

1
(©) Gz3ip

3. Using Laplace transform solve following differential equations

(a) v" =2y — 3y =sint . given y(0) = ¢'(0) =0

(b) y" = 3y + 2y = 4t + €%, given that y(0) =1, ¢'(0) = —1

(c) y" —3y" 4+ 3y —y =12, giveny(0) =1, ¢(0)=0, y"(0)=-2
(d) ¢" — 3y + 2y = 4. given that y(0) =2, /(0)=3

(e) y" + 2y + 6y = Gte™", given that y(0) =2 (0)=5
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