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LEARNING OBJECTIVES

After completing this lecture, students should be able to:

1. Understand the historical development and significance of Maxwell’s

contribution to electromagnetic theory.
2. Define electric potential and explain its role in electromagnetic fields.
3. State Maxwell’s equations in their final integral and differential forms.

4. Interpret the physical meaning of each Maxwell equation in electric and

magnetic fields.

5. Apply the constitutive relations for linear, homogeneous, and isotropic media

to time-varying fields.

6. Explain the concept of continuity equation and its relation to Maxwell’s

equations.

7. Describe time-harmonic (sinusoidal) fields and their advantages in

electromagnetic analysis.
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8. Convert time-domain field expressions to phasor form and vice versa.

9. Use phasors to simplify Maxwell’s equations for sinusoidal steady-state

conditions.

10.Solve basic problems involving time-harmonic electric and magnetic fields

using Maxwell’s equations

1 INTRODUCTION

Electromagnetic theory forms the foundation of many modern engineering
applications, including communication systems, medical instruments, and electronic
devices. The most comprehensive and elegant formulation of this theory was developed by
the Scottish physicist James Clerk Maxwell (1831-1879), whose work unified electricity

and magnetism into a single coherent framework.

Maxwell extended previous experimental results by introducing the concept of
displacement current, which led to the theoretical prediction of electromagnetic waves.
His four famous equations describe how electric and magnetic fields are generated and
altered by charges, currents, and each other. Although initially met with skepticism,
Maxwell’s predictions were experimentally confirmed in 1888 by Heinrich Hertz, marking

a major milestone in physics and engineering.

In this lecture, we explore Maxwell’s equations in detail, beginning with electric
potential and culminating in their time-harmonic (phasor) forms, which are essential for
analyzing AC circuits, wave propagation, and electromagnetic behavior in real-world

engineering systems.
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2 MAXWELL’S EQUATIONS IN FINAL FORMS

The Scottish physicist James Clerk Maxwell (1831-1879) is regarded as the founder
of electromagnetic theory in its present form. Maxwell’s celebrated work led to the
discovery of electromagnetic waves.4 Through his theoretical efforts when he was between
35 and 40 years old, Maxwell published the first unified theory of electricity and magnetism.
The theory comprised all previously known results, both experimental and theoretical, on
electricity and magnetism. It further introduced displacement current and predicted the
existence of electromagnetic waves. Maxwell’s equations were not fully accepted by many
scientists until 1888, when they were confirmed by Heinrich Rudolf Hertz (1857-1894).

The German physicist was successful in generating and detecting radio waves.
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Figure 1: Generalized Forms of Maxwell’s Equations.

Is associated with Maxwell's equations. Also, the equation of continuity:

v-]=—a£” (1)

Is implicit in Maxwell's equations. The concepts of linearity, isotropy, and
homogeneity of a material medium still apply for time-varying fields; in a linear,

homogeneous, and isotropic medium characterized by o, €, and p, the constitutive relations
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D=cE=¢E+P
B=uH = u,(H+ M) 3)
J=0E+p,u

Hold for time-varying fields. Consequently, the boundary conditions remain valid for
time-varying fields, where a,, is the unit normal vector to the boundary.
Elt_E2t=0 or (El_Ez)Xan=O
Hlt_HZt =K or (Hl_HZ) Xan =K

Dip — Dyy = ps OF (Dl_DZ)'an = Ps 3)
Bin =By =0 or (B,—By)-a,=0

3 TIME-HARMONIC FIELDS

A time-harmonic field is one that varies periodically or sinusoidally with time.

Not only is sinusoidal analysis of practical value, but also it can be extended to most
waveforms by Fourier analysis. Sinusoids are easily expressed in phasors, which are more
convenient to work with. Before applying phasors to EM fields, it is worthwhile to have a

brief review of the concept of phasor:

A phasor is a complex number that contains the amplitude and the phase of a sinusoidal
oscillation

As a complex number, a phasor z can be represented as:

Zz=x+jy=rsd
Or . (2)
z=rel® =r(cos ¢ + jsin ¢)
Where j = V—1, x is the real part of z, y is the imaginary part of z, r is the magnitude
of z, and ¢ the phase of z, are given by:

r=|z| = Jx? +y?

N 3
¢=tan‘1§ ®)
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To introduce the time element, we let:
b=wt+6 4)
Where 6 may be a function of time or space coordinates or a constant.
rel® = re/(@t+0) = yeifojwt (5)
The real (Re) and imaginary (Im) parts are represented as following:
Re(re’?) = rcos (wt + 6)
and (0)
Im(re’?) = rsin (wt + 6)
Thus, a sinusoidal current I(t) = I,cos (wt + 8), for example, equals the real part of
I,e/%e/9t The current I'(t) = I,sin (wt + 8), which is the imaginary part of I,e/%e/®t,

can be represented as the real part of I,e/%e/®te /%" because sin a = cos (@ — 90°).

The complex term I,e/?, which results from dropping the time factor e/“t in I(t), is

called the phasor current, denoted by Ig; that is,

I, =1,e® (7)

Where the subscript s denotes the phasor form of I(t). Thus I(t) = I,cos (wt + 0),

the instantaneous form, can be expressed as:
I(t) = Re(I;e/*t) (8)
3.1 TIME DIFFERENTIATION AND INTEGRATION OF PHASOR FORM
In general, a phasor is a complex quantity and could be a scalar or a vector. If a vector

A(x, y,z,t) is a time-harmonic field, the phasor form of A is A¢(x, y, z); the two quantities

are related as:
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A(x,y,7,t) = Re[Ay(x,y,2)e/*t] 9)

Note that the phasor is a function of position, not a function of time. For example, if

A = Aycos (wt — Bx)a,, we can write A as:

A = Re(4,e77P*a,e/ot) (10)

The phasor form of A is:

A, = Age Pra, (11)

Time derivative of the instantaneous quantity is equivalent to multiplying its phasor

form by jw.

OA_ 0 o i it
ot =~ arRe(Ase™) (12)

= Re(jwAge/®?)

That is in general:

JA
T - jwAg
(13)
Ag
J Adt — -—
Jjw
3.2 TIME-HARMONIC MAXWELL'S EQUATIONS

We shall now apply the phasor concept to time-varying EM fields. The field quantities
E(x,y,2,t),D(x,y,2zt),H(x,y,2,t),B(x,y,2,t),)(x,y,2t), and p,(x,y,zt) and their

derivatives can be expressed in phasor form:

Let,
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E(x,y,2,t) = Re(Es(x,y,2)e/")

(14)
B(x,y,2,t) = Re(Bg(x,y,2)e/*")
Let us see how we can write Maxwell's equations in phasor form.
d
VXE(x,y,zt) = —EB(x, y,Z,t) (15)
Substituting (14) in (15) gives:
: 0 ,
V x {Re[Ege/“*]} = — = {Re| Bye "]} (16)

We consider the left-hand side. The curl operation operates only on (x,y, z),

V x {Re[Ege/t|} = Re{[V x Eg]e/t} (17)

We similarly consider the right-hand side of (17). keeping in mind that B, does not

depend on time:

0 . d .
—a{Re[Bsem]} = —Re {Bsae”"t} = —Ref{jwBse/*t} (18)
We obtain,
VXEs =—jw B (19)

Other Maxwell’s equations can be treated in a similar manner, and we obtain the

following figure.
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Point Form Integral Form

V:D, = p, JF D,-dS = J P,s dv
V-B,=0 JFBS-ds:o

V X E, = —jwB, JFES-dl=—ij‘BS'dS

V X H; =], + joD, JF H,-dl = I (J, + jwD,) - dS

Figure 2: Time-Harmonic Maxwell’s Equations Assuming Time Factor.

EXAMPLE 1 : Given that A = 10cos (108t — 10x + 60°)a, and B, = (20/))a, +

10e/2mx/ 3a,,, express A in phasor form and By in instantaneous form.

Solution
A= Re[loej(wt—10x+60°)az]
where w = 108. Hence

A = Re[10e/(6°~100)3 ¢j®t] = Re(A /@)
or
A, = 10e/(60°-10x)5
If
20 . .
B; = —a, + 10e/2™/3a, = —j20a, + 10e/2™/3a,

= ZOe_jﬂ/Zax + 1oej2ﬂx/3ay
B = Re(Be/*?)
= Re[zoej(wt—n/z)ax + 1Oej(wt+2nx/3)ay]

2mx
= 20cos (wt — m/2)a, + 10cos (a)t + T) a,

] 21X
= 20sin wta, + 10cos (wt + T) a,
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EXAMPLE 2 : In free space, Find E and g if

H = 10sin (10%t + Bx)a, A/m

Solution
Let w = 108

oD 0E 1
VXH=]+E=0+€E—>E=EJ V X Hdt
0 9] 0
VxH=|dx dy 9z| = 40Bcos (wt + Bx)a,
0 40sin(wt+px) O

E—lf Vdet—4Oﬁ' t+
=7 = sin (wt + fx)a,

o
UxE = 0B OH
Tt Mo
a 0 d
ax dy az 40p2
VXE = d9x Oy 408 0z = — f cos (wt + fx)a,,
- 0
0 0 wgosm(wt+[5’x)

J0H
“Ho 5 = —40p,wcos (wt + px)a,

then
2

408
40u,w = WE - B% = pog,w?

o

-9

10 1
B = w./&olho = 108j4ﬂ X 1077 X T 0.333rad/m

EXAMPLE 3 : The electric field and the magnetic field in free space are given by
50 6
E= 7cos (10°t + Bz)agV/m
H, 6
H= ?cos (10°t + pz)a,A/m
Express these in phasor form and determine the constants H, and 8 such that

the fields satisfy Maxwell's equations.

Solution

The instantaneous forms of E and H are written as
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E = Re(Ee/“?), H = Re(Hge/¢?)
where @ = 10° and phasors E¢ and H; are given by
50 . H, .
ES = ?efﬁzad,,Hs = joefﬁzap
For free space, p, = 0,0 = 0, & = &y, and u = py, so Maxwell's equations
become
V- D=¢g,V-E=0 >V-E;=0
V- B=yyV-H=0-V-Hy; =0
0E ]
VxH=0E+eoa—>Vst = jwegEg
JH ]
VXE= —,uoa > VXEg = —jouoHg
10
V- Eg=——=—(E4ps) =0
s p6¢( ¢S)
VoH =22 (pHys) =0
S_pap pHps) =
Now
H, . JHoB .
VxH, =Vx (— efﬁzap> = efza,
p p
H, . .
IHoP elfray = joe,—e/F?ay
p p
or
H,p = 50we,
Similarly,
_jﬁs_ejﬁza — _]w’u _oejﬁza
o
p P p P
or
H, 50
B wu,
2 2 %o
H{ = (50)°—
o
or
H, = 50 =+ >0 = +0.1326
o~ — 80/‘“0__12077:__.
we get
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ﬁz = wz.uogo
or
) 106
B=toyis =t =235 75
=+3.33x1073
Hy = 0.1326, 8 = 3.33 x 1073

or Hy = —0.1326,8 = —3.33 X 1073,
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