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Derivatives

The derivative of a function represents the rate of change of one variable with respect to another variable.

DEFINITION The derivative of a function f at a point x,. denoted f'(x;), is

o o S0+ ) — fxo)
) = i ==

provided this limit exists.

Differentiation Rules:

1- Derivative of a Constant Function
If f has the constant value f(X) = c, then,

dy d

E=E(C)=O

EXAMPLE: Find the derivative of (a) f(x)=7 b) f(x)=-32  (c) f(x)=4/7

Solution:

(@)= (7)=0

(b) 37 (~=32) = 0

(c) == (4/7) =0
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2- Derivative of a Positive Integer Power
If n is a positive integer, then,
—x" =nx" 1t
dx
EXAMPLE Differentiate the following powers of x.
@ ¥ m P @ @ @XM VT
Solution
(a) i{)c3) = 3371 = 32
e 3 3

d 2/3y — 2 2/3H-1 — 2 —-1/3
(b]dx(x )—3x =5

d i _
© ¢ (xV2) = V2x V2
d (1 d , _ o _ 4
d) =[=—) == 4:_4 41:_4 5 — &
@ x4) &) = * IS
d o apy A amer 4 s
(@ () =—3x 3*
() —;X(\/x““) = —;X (x1@/2) = (l + %)x”(”/z)‘ = %(2 + TV

3- Derivative Constant Multiple Rule

If u is a differentiable function of x, and c is a constant, then,

d( )= du
dxcu _Cdx
EXAMPLE:

d a0 ao,

dx(3x}—32x 6x

d _d . _ _..d _du

E(_”)_dx{ | -u) = ldx(”)_ I
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4- Derivative Sum Rule

If u and y are differentiable functions of x, then their sum u + y is differentiable at every point where u and y are both
differentiable. At such points,

d _dudv
_(u+v)_dx+dx

EXAMPLE: If y=x*+12x, find dy/dx

Solution:

dy 4 d 3

- = — — = - 2

It dx[ﬁ)+dx(l2x) 403 + 12

EXAMPLE Find the derivative of the polynomial y = x° + %xz — 5x + 1.

Solution dy = iJL?'?’ + d iJ!C2 — i(ﬁx} + i(]} Sum and Difference Rules
dx dx dx \3 dx dx . )

=32+ T -5+0=32+51-5

5- Derivative of the Natural Exponential Function

Ly =er
dx

6- Derivative of the Natural Log Function
d (nx) = 1
dx = x
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7- Derivative Product Rule

If u and v are differentiable at x, then so is their product uv, and,

d( )= dv+ du
dx w _udx vdx

EXAMPLE Find the derivative of (a) y = %(x2 + e‘), (b)

=
I
Y

Solution
(a) We apply the Product Rule with 4 = 1/x and v = x? + e©

d duv du

%[%(Iz i e‘,)i| _ %[2:[ n (’A) " (x2 i e‘,)(i%) I V) = w g v and
- X

d (1‘) _ 1
e’ e’ dx \ X, x2
e\’
=1+x—-1D=
X

i 2x _i X, — \'.i X \'.i Ty — C . X — 2x
(b) d.r(e }fdx(e e) = e dx(e}Jre dx(e} 2e¥-¢* = 2e

EXAMPLE Find the derivative of y = (x> + D(x? + 3).

Solution

(a) From the Product Rule with u = x2 + | and v = x> + 3. we find
d R . . R . . )
L@+ DE+)D] =@+ DG + (P +3)Q) L uf2 2

= 3x* + 3x% + 2x* + 6x
= 5x* + 3x? + ox.

8- Derivative Quotient Rule

If uand v are differentiable at x and if u(x) # 0, then the quotient u/v is differentiable at x, and,

du dv

d lu ”E_”dx
w\r) "
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EXAMPLE Find the derivative of (a) y = i3 " i (b) y =¢"

Solution
(a) We apply the Quotient Rule withu = > — land v = £ + 1:

gineering

Subject: Differential Mathematics/Code: UOMUO024013

1/ dt)

dy £+ 1)-2t— (> — 1)-3 d{u\ vidu/dD) — u(dr
dr ~ £ + 1) E(?J N V2
2t + 2t — 3t + 372
B (13 + 1)
P+ 32+
(B +1)?

9- Derivatives of Trigonometric Functions

d, .
A — =
» (sinx)=cosx

d .
B. — =—
i (cosx)=—sinx

C. i(tan X) =sec’ x
dx

D. i(cotx) =—csc? X
dx

E. i(sec X) =secx tan x
dx

F. i(cscx) = —CSCX cot X
dx
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10- Derivatives of Inverse Trigonometric Functions, Hyperbolic Functions, and Inverse Hyperbolic
Functions

Inverse Trigonometric Functions

A int x) = I Aoy — I

I (sin ' x) = e x (cos 'x) = —

d 1 | d 1 1

—(t = — (s =

dr( an ' x) I+ 2 dx(%ec X) |r| v T

d 1 1 d 1 1

—_ t —_ — —_ @ -
ax TV T T Y T T AT
Hyperbolic Functions

%(sinh x) = coshx ;r(cosh x) — sinh x

d — 2 d _
a(tanh x) = sech=x E(sech x) = —sech x tanh x

d _ 2 d _
E(corh x) = —csch®x a(csch x) = —csch x coth x
Inverse Hyperbolic Functions

d . . _ | d _ |
—(sinh ' x) = ———= ——(cosh’lx) =

dx V1 +x2 dx x2 =1

d _ | d _ 1

— (tanh ' x) = —(sech'x) = ————
d . d . I
——(coth™' x) = = ——f(csch™x) = ———————
dx | —x* dx x| V1 + x2

11. The Chain Rule

A. Definition: Suppose that fog is the composite of two differentiable function y=f{u) and u=g(x).
Then fog is a differentiable function of x whose derivative at each value of x is:

dy dydu

B~ dux (F02) (0 = £g)] -2

B. Generalized Formulas: Let u be a differentiable function of x,

1. i(ur) — I'ur—l i’l
dx dx
d d

2. —(sinu)=cosu—u
dx d
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du
3. —(cosu) =—sinu—
X dx
d d
4. —(tanu) = sec?u—
dx dx

5. i(cotu) = —csczuil
dx dx

6. d (secu) = secutanud—u1
dx dx

7. 4 (cscu) = —cscucotud—u
dx dx

EXAMPLE The function
y= 32+ 1)?

is the composite of y = f(u) = u* and u = g(x) = 3x> + 1. Calculating derivatives, we
see that

dy du

du dx
=203x*+ 1)-6x Substitute for u
= 36x° + 12x.

= 2u-06x

Calculating the derivative from the expanded formula (3x*> + 1)*> = Ox* + 6x? + 1 gives
the same result:

=

Y

(Ox* + 6x% + 1)

&l
S~

= 36x7 + 12x.

The derivative of the composite function f(g(x)) at x is the derivative of f at g(x)
times the derivative of g at x. This is known as the Chain Rule -
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EXAMPLE Differentiate sin (x2 + e*) with respect to x.
Solution We apply the Chain Rule directly and find

%sin(‘r2 + &%) = cos(x? + &%) - (2x + e¥).

inside inside derivative of
left alone the inside

EXAMPLE DifTerentiale y = 5%,

Solution Here the inside function is u = g(x) = cos x and the outside function is the
exponential function f(x) = e*. Applying the Chain Rule, we get

d".‘ — d COS X — COs X d p— 08 X 1 p— 08 X o3
ac a(e ) = e E(cos X) = € (—sin x) = —e“**sin x.
we see that the Chain Rule gives the formula
d ,_ ,du
Ee = € E
EXAMPLE
d i e 2 >
—(e") = e -=-(x}) = 2xe".
() (
EXAMPLE Find the derivative of g(f) = tan(5 — sin 21).

Solution Notice here that the tangent is a function of 5 — sin 2f, whereas the sine is a
function of 2¢, which is itself a function of . Therefore, by the Chain Rule,

ey — A o
g'(t) = I (tan(5 — sin 21))

Derivative of tan u with

= sec’(5 — sin 2t)-%{5 — sin 21) W=5— sin2t
5 . d Derivative of 5 — sin u
= sec (5 — sin26)-{ 0 — cos 2:-E(Zt) with & = 2
= sec3(5 — sin 2f) - (—cos 26) - 2
= —2(cos 21 sec’(5 — sin 21).

EXAMPLE

Power Chain Rule with

o d
5[5_13 - -ﬁ)? = ?(5-’53 - xﬂﬁaisxj - x4) w=5¢—xn=7

= 7(5x% — x*)8(5-3x% — 4x°)
= 7(5x% — x*)o(15x% — 4x%)
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EXAMPLE
df_ 1 Y _d. 5
d_r(h = 2) &2
Power Chain Rule witl
— _1(3_1. _ 2)_2%{3}5 o 2} ., 1“ “1_1.”,5“ l.|| 1
= —1(3x — 2y %3)
-3
(3x — 2)

EXAMPLE
d . . d . Power Chain Rule with sin X, n 5.
E (smj .r] = Ssin‘x- asm X because sin” x means (sin x)", 10 #
= Ssin*xcosx

EXAMPLE

d | d | 2x
_]nx2+3: °—.l‘2+_: . =

dx ( ) x2+3dx( ) X2+ 3 xt+3

12. Implicit Differentiation

A. Procedure: Given an equation involving x and y, and assuming y is a differentiable function of x, we can find

follows:
1. Differentiate both sides of the equation with respect to x.

: . d : : o
2. Collect all terms involving d_y on the left side of the equation, and move all other terms to the right side of
X

the equation.
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d
3. Factor d_y out of the left side of the equation.
X

d d
4. Solve for d—y by dividing both sides of the equation by the left-hand factor that does not contain d—y :
X X

EXAMPLE: Find dy/dx if y>=x
Solution:

dy_

dy 1

dx 2y

EXAMPLE

X+ vy -0y =0

d a3 dis_d o d
@)+ (7)) = o Oxy) = 22 (0)

dy dy dx Differentiate both sides
2 »2_’ — N y— =3 .
3x” + 3." dx 9 xa‘x + }'dx =0 with respect to x.
5 dy - Treat xy as a product and y
(3y* — gx)a +3x— 9 =0 as a function of x.

dy
3(y? — Sx)a' = 9y — 3x?

dy 3y —x?

dx  y? — 3x°

Solve for dy/dx.
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Derivatives of Higher Order

EXAMPLE: If y=3x*+15x-3, find d%/dx’
Solution:

dy
—- = +1
I 6x 5

d?y

a2 8

EXAMPLE: If y=2/x? find d?y/dx?
i W o 9.3\ _ _ 2.3
Solution: = 2(—2x7°) = —4x

d?y ~ 12
W = —4(—3X 4) =12x 4= F

EXAMPLE: If y = sin?2x, find d%/dx?

Solution:

d
% = 2sin2x(cos2x).(2) = 4sin2xcos2x

dZ
d_x}zl = 4[sin2x(—2sin2x) + cos2x(2cos2x)] = —8sin? 2x cos2x + 8 cos? 2x

EXAMPLE: If y = Inx?2, find d?y/dx?

Solution:
dy 1 2x 2
—=-2x= — =
X X X X
d?y -2
_ —1-1y — -2 _
w = 2(—1 X ) 2x = F
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