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Iriple scalar or box product:
The product (1 xv).w 1s called the triple scalar product of . v and w.

As you can see from the formula:

|{H X v}.1¢1 = |u X 'r'IHﬂCE‘IS (JI
The absolute value of this product is the volume of the parallelepiped
(parallelogram — side box) determined by u. v and w. the number |u X v| 18

the area of the base parallelogram. The number |111|ccrs €| 1s the

parallelepiped's height. Because this geometry, (uxv).w 1s called the box
product of w,v and w.

Area of base
= |ux

height=|wfcos8 | |7/  f-mmmaf-—z

volume=area of base . height
=l x v|wfcos )

=[x vfw
To calculate the triple scalar product:
Let u=aji+bj+ck
w=ayi+byj+cik
Then
a b ¢l

(uxviw=la, b, ¢,
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Example: Find volume of box (parallelepiped) determined by
w=i+2j—k ,v==2i+3k and w=T7; -4k

Solution:
| -1
(H=v)w=|-2 0 3
o 7 -
3 -2 -2 0
=‘? P70~ 0 ?‘[_I}

=[(0)(=4) = GYDID = [(-2)(=4) = D) O)]2) + [(=2XT) = (OO |-1)
=(0=-2D(LH —=(B8-M(2)+(—14-O)(-1)

= (=21)(1) = (8)(2) + (~14)(~1)

= (—21)(1) = (8)(2) + (~14)(~1)

=-21—-16+14= 23

The volume is |{H % v).wl = 23 units cubed

H.W: Find volume of box (parallelepiped) determined by =i+ j— 2k ,
v=—i—k and w=2i +4; -2k

Equation lines in space:
Suppose that L 1s a line in space through a point P,(x, , ¥s . 25) Parallel
to avector v=ai+bhj+ck .then L is the set of all points p (x ,»,3)

for which ﬁ is parallel to v, thus m’? tv for some scalar parameter 7.
the value of 7 depend on the location of the point P along the line,
the expanded from of the equation:
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PP=tv

(x=x,)i+(y=y,)j+(z—2z,)k = t(ai + bj + ck)
x=x,=ta

From equation above:

The parametric equation for the line through P,(x, . y, . z,) parallel to
v=ai+bj+ck:

X=X, +la
y=y,+th
z=2z,+1c

Example: Find parametric equations for the line through the point (-2.0.4)
parallel to the vector v=2i+4; -2k

Solution:
With Py(x, ., Vo » 2o) = (=2,0,4)
x,==2 ,¥.:=0 ; 2, =4

(4 [

andv=ai+bj+ck=2i+4j-2k
a=2 ,b=4 ,c=-2
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Example: find parametric equation for the line through the points
P(-3.2.-3) and Q(1.—-1.4)

Solution: the vector

PQ=(1-(-3))i+(~1-2)j + (4~ (-3)k
P_Q‘: 4i -3+ 7k

[l
i N
'au
[l
(]
~
!
~J

a

The vector 1s parallel to the line with chose P as the (base point):
Po(xo -Vo » zo) = P(“SZ-B)

e ) =
Y= . P& =l

==3

xX=x,tat —> x=-3+4
Y, +bt —> y=2-3t
z=zZ,+ct c——> Zz=-34+Tt
HW:
1. Find parametric equation for the line through the point P(3.—4.-1)
parallel to the vector v=7+ j+ £k

2. Find parametric equation for the line through the ponts P(1.2.—1)
and O(-1,0.1)

The distance from a point to a line in space:

To find the distance from a point S to a line that passes through a point P
parallel to a vector v : S

|PS xv|

\ |PS|sing
\
vl

d =
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Example: Find the distance from the point S(1.1.5) to the line
Ex=t¥t ., y=3—=t .,Z2=2U

Solution: from the equations for L
L:x=1+t ,y=3-t ,z=2

x=x,+at ,y,+bt z=z,+ct

x,=1,y,=3 ,z,=0 ——>| P(13.0)

and v=ai+bj+ck ——> v=i-j+2k

PS=(1-Di+(1-3)j+(5-0)k

PS=-2j+5k
. £l W 50 105 o -2
and PSXv=l0 -2 5|= " i
Lo LA

=[(-2)2) - G)=D} - [(02) - G)D)]j + [0} - (=2)D)]k
=(—4+5)i—(0-5)j +(0+2)k
=i+5j+2k

g Bl JOP+6) +Q@F 1+25+4 430 -
p—ry — ; — - - = — \I'-
vl \:‘(1)3 +(-—l): +(2)-‘ v1i+1+4 VO

H.W: Find the distance from the point S(0.0.12) to the line
L:x=4& ,y=-2t ,z=2
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Eguation for plane in space:
Suppose that plane M passes through a point P,(x, . v, . z,) and 1s normal
to the nonzero vector n = 4i+ Bj + Ck , then M is the set of all points

P(x.y.z) for which @ 15 orthogonal to n. Thus the dot product

e

J I Plane M
nl plane Plx.y. 3
PolX. Yo. Z)
n. HF; =10
This equation 1s equivalent to:

(Ai + Bj + Ch)[(x —x,)i+ (v —v,)j+(z—2,)k]=0

Alx—x,)+B(y—y,)+C(z-z,)=0 | ——> Component equation

This becomes:
Ax+ By +Cz = Ax, + By, + Cz,

When rearranged or more simply:

Ax+By+Cz =D | ——=> Component equation simplified

Where D= 4dx, + By, +Cz,

a

Example: Find an equation for the plane through £, (—3.,0.7) perpendicular
ton=5+2j—Fk
Solution:
A=5 , B=2 LC=-1
x,=—3 ,y,=0 ,z, =7
Ax+By+Cz=D
Where D= Adx, + By, +Cz,
=(5N-3)+ 2N+ (-7 =-15+0-7 =-22

Sx+2y—2z=-22
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Example: Find an equation for the plane through .4(0.0.1). B(2.0.0) and
C(0,3.0)

Solution: we find a vector normal to the plane and use 1t with one of the
points (it does not matter which) to write an equation for the plane:

AB=2i-k
AC=3j—k
PRl e ko< 2o
ABxAC=[2 0 -1=| Ji-| "jJ' k
B -1 o -1" |0 3
0 3 -1

= [OD - D)) - [2)D - D))+ [(2)3) - (0)0) |k

=(0+3)i—(-2-0)j+(6-0)k
=3i+2j+6k
A=3 , B=2 ,C=6

P, = A(0.0.1)

e - 0

| Ax+ By+Cz=

Where D= Ax,+By,+(Cz,

=(3)(0) +(2)(0) + (6)(1)
=0+0+6=6

3x+2y+4+6z=6

As an equation for the plane
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Example: Find the point where the line

8 .
x=—+2t ,y=-2t ,z=1+t intersects the plane

~
3

3x+2y+62=6
Solution:

The point (- + 27, —2r , 1+1) hies 1n the plane 1f 1ts coordinates satisfy the
> )
equation of the plane, that 1s 1if:

3(% +20)+2(-20)+6(1+1)=6

R+6f -4t +6+61=6

8t+14=6
Sr=6-14
8t=-8 (ot t=-1

The point intersection is:

8 2
(X 0.2)uy = (-; -221-1)=(3.2,0)

HW:
1. Find an equation for the plane through P, (0,2,—1) perpendicular to
n=3i-2j-k

2. Find an equation for the plane through P(1.1.-1), 0(2.0.2) and
S(0.-2.1)

The distance from a point to a plane:

If P 1s a point on a plane with normal ». then the distance from any point §
to the plane is the length of the vector projection of PS onto n. that is, the
distance from § to the plane:

d= |p—5,1
inl

Where n = 4i + Bj + Ck  1s the normal to the plane
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Example: Find the distance from S(1.1.3) to the plane 3x + 2y + 62 =

Solution: the distance from S to the plane 1s:

d = |;Ts'.i

1]

From equation of plane Ax+ By +Cz=D

Ix+2y+62z=6
B=2 .(C=64=3

n=Ai+Bj+Ck ——=> o n=3i+2j+06k

The points on the plane easiest to find from the plane's equation are the
mtercepts. [f take P to the y-mtercept (0,3,0), then:

PS=(1-0)+(1-3)j+(3-00k ——=| PS=i-2j+3k

| =(3)* +(2)° +(6)* =O+4+36 =49 =| 7

Note: take P (0, 3. 0)

(3i+ 2 +6k)

od =|(i—2j +3k).

3 2 6
=2 +3k)zi+ o j+ ok
(-2j+30).Cito i+ )‘

S +ca3+3E
-‘m{Tm 25 +C))

i 4 18 17
= -4+ =
77 7 7

HW:

1. Find the distance from the point §(2,-3.4) to the plane x + 2y + 2z =13
Take P (1.2.1).

2. Find the distance from the point §(0,—1,0) to the plane 2x+ y+ 2z =13
Take P (0. -1, 0).
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Angle between planes
The angle between two intersecting planes i1s defined to be the acute angle
between their normal vectors.,

0= cos”![ 212
" |”2|

&

Plane 2

FPlane 1

LR

Example: Find the angle between the planes 3x — 6y —2z =15 and
2xy+y-2z=5

Solution: from equation of plane Ax+ By + Cz=D
n=Ai+ Bj + Ck

Forplanel: 4=3 . B=-6 L OC=-2

Forplane2: 4=2 | B=1 , C==-2

are normal to the planes. The angle between them 1s:

3
| mny.n
6 = cos [ 1-2

s
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m.ny =3i—-6j—2k).(2i + j—2k)
ma, =3)2)+ (-6)1D)+(-2)(-2)=6-6+4= 4

| =4/(3) +(=6)* +(-2)* =v9+36+4 =49 = 7
n|=4@PF + M) +(2)° =V4+1+4=9=| 3
b= | EF—

0 =cos ‘\% ] ~ 79°

\

H.W: find the angle between the planes x+ y =1 and 2x + v

12

2

Thanks for lessening ..

Any questions?




