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Linear second order homogeneous equations with constant
coefficients:
An equation of the form:

dﬂ » dn—l » dll—zv d »
i +a n—)l taz n--2 e +a, 2 +a,y=F(x)
dx dx dx dx

Which is linear in y and its derivatives, is called a linear equation of order
n. if F(x) 1s identically zero, the equation is said to be homogeneous,
otherwise it i1s called nonhomogeneous. The equation is called lincar even
when the coefficients a;, a5, -+~ ,a, are functions of x . however, we shall
consider only the case where these coefficient are constants.

Linear differential operators:
At this point, it is convenient to introduce the symbol D to represent the
operation of differentiation with respect to x. that is, we write Df(x) to

mean (d /dx)f(x) . Furthermore, we define powers of D to mean taking

successive derivatives:

D f(x) = D{Df (x)} = LX)
dx”

3
D f(x) = DD f(x)}= 4L

dx

The characteristic equation:
In the remainder of this article, we consider only linear second order

equations with constant coefficients. Because the solutions of
nonhomogeneous equations depend on the solutions of the corresponding
homogeneous equations, we focus on equations of the form

(D2 +2aD+b)=0 = eeeirernn (1)

The usual method of solving equation (1) is to begin by factoring the
operator, thus
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(D2 +2aD+b)=(D—nXD—r;)

We do this by finding the two roots 7 and », of the equation:
rP+2ar+b=0 ... (1)

The equation (1') is called the characteristic equation of the differential

cquation.
Casel:
y=CGe" +Cre™* If n=n
Case2:
.“ =((‘i.‘:"'(‘2 )"" J lf rl =I‘2
Casel:
' . : i =a+ip
v =e"“"(C, cos fx + C, sin fx) if '
L r=a—ifl
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Example: Solve the equation

Solution:
rtyr—2=0

(r—IWr+2)=0

.i"| == I.
f'z = _2
.i'l x .F'z

Soy=C0e"t + Che””
y=0Ce" +Cre >

Example: Solve the equation

2. .
dx? dx
Selution:

P idr+4=0

(r+2)" =0
n=rn =_2
h=n

Sy =(Cix+ Cy)e™*

y=(Cix+C; Je "
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Example: Solve the equation

d?y
Eﬁ-z

dy
oy

+2 +2y=0

Solfution:

Frr 4 2r+2=0

. B=1

v =" (] cos fix + (5 sin fix)

v=¢g "(Cjcosx+5sinx)

1. d_:,v +5£
= dx

H.W: Solve the following equations:

+6y =0

2 ' 3
A7y 29 _3,_9
dax~

dx -

2.

2, .
3.9 6% L9y -0
dx? dx

d*y dy
4. +H——+5
dx’ dx 7

0
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Linear second order nonhomogeneous equations with constant
coefficients:
We learned how to solve the homogencous equation

dx? dx Dy =0 eseescieen

We can now describe a method for solving the nonhomogeneous equation

dy dy
=+ 2a—+ by = F(x)
dx d

2

To solve equation (2), we first determine the general solution of the related
homogeneous equation (1), obtained by replacing F'(x) by zero. Let us
denote this solution by

Vi = Ciu(x) + Chus(x)

Where €, and ', are arbitrary constants and 2, (x) . > (x) are functions
of one or more of the following forms:

e sin fix e™ | xe™,e™ cos fix ,

These ways involve finding a particular solution of equation (2) and
adding it to the general solution of equation (1). We shall discuss three

These ways involve finding a parricular solution of equation (2) and
adding it to the general solution of equation (1). We shall discuss three
ways of finding a particular solution:

1. inspired guessing.
2. the method of variation of parameters.
3. the method of undetermined coefficients.

But first, let us verify that all solutions of the nonhomogencous equation
are of the form:

¥ =1 (xX)+ ¥, (x)

Where:
v, (x) :is the general solution of the homogeneous equation (1).

¥ p(x) :is any particular solution of the nonhomogeneous equation (2).
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2 S
o - UBlic: of “:\
Gd“caﬁnn and™

Imnspired suessing:
In the following example . it does not require a genius to guess that three

may be a particular solution of the form w,{(x)= constant. If there is such

a solution. the particular constant that works can easily be determined from
the cguation.

FExample: Solve the equation
- L.
o < = o

dx? cfx

Solution: the solution 3, satisfies the homogencous equation
a2y o
.-‘.I'r_|_2 yﬁ_j_}’ﬁ=ﬂ

dx? el

It characteristic equation is:

T2 —3=0
(r+3Mr—1p=0

."1=_3
.!‘1 = l
J'li ~a

E

Vi = ':1|Eri‘— —+ {_'EHJ-:T

¥ = ':1|_E_ B -+ ‘:126’_‘.

MNMow, to find a particular solution of the original equation, observe that
» = constant would do, provided —3y =6 . hence

VYp = —2
Is one particular solution. The complete solution is:

¥ = ¥ + _-l"'__lpl

yv=0e T+ e =2
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Nonlinear equation (Bernoulli Equation)

A first-order differential equation of the form

dy n
E+P{j]y=[}[j}y nel

is called a Bernoulli differential equation.

To solve this equation. must nonlinear equation convert to linear equation.
The method:
1- Divide two side of equation by y"

2P y=0 @)y -y
dx X/ ¥ J
2- Submut
dz
Z=y" o —Awy”

To convert to linear equation.

dx
Note: It can find the equation in the E +P(y)x =0 (y) x"

Ex. 13. Solve
1- zd_y_z =-y'cosx  (nonlinear) +y?
dx x
dy 1

wicl _ 2 1= co let z= vl =y 13 =2
V- s ' cos X etz=y ¥ Y
dz dy dz 1
—_— =y —= o — o = _ *_1
dx ) dx dx x gTocoss
dz 1 . i
— +— z= cosX linear equation
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1 1
P=; .Q=cosx p= EIF{“‘de:Edex — plox =x
p-z=[pQ(x) dx xz= [x.cosxdx |Letu=x du=dx
dvr=cosxdx T=zinx

XzZ=X. sinx- [ sinx dx
XZ=X smX+cosx+c

Xy =xsinx+cosx+c

H.W. Solve the following equations
1) 3xy'+y+x2y4 =0
2) y2y' + x2y3 =x2

Judv =uv -[ vdu




