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Indeterminate Forms and L’Hopital’s Rule

John Bernoulli discovered a rule for calculating limits of fractions whose numerators

and denominators both approach zero or co. The rule is known today as L’Hépital’s

Rule
THEOREM L'Hopital’s Rule (First Form)
Suppose that f(a) = g{a) = 0, that f'(a) and g'(a) exist, and that g'(a) # 0.
Then

flx)  f'la)
o gx)  gla)

EXAMPLE 1 Using U'Hopital's Rule

3x — sinx 3 —cosx

li = =2
(@) _‘{'E}}} X 1 x=0
1
 V1+x—1 2V1+x 1
) = T |, 2 '
EX-1 - Evaluate the following limits :
A 2 _
1) lim S 2) lim Vx +5-3
= X =2 x =4
3) lim X=X 4) lim—(x-2 ).tanx
X x:! =X 2

}
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Sol. —
1) lim S 0 using L' Hoptal's rule =
=0 X ﬂ
=1im 23X = cos0 =1
=l
Vx'+5-3 0
2) Hmr,—:>— using L' Hoptal's rule =
= xT—4 0
x
N 1 1 1
= lim XX T _ i -

=2 2x =[5 2J4vs 6

3) lim = sjnx = g using L' Hoptal's rule =

=3 X
= HmL{}fx::» 0 using L'Hopital's rule =
x—l jix‘ 0
_1 im SINX _ I
x—{ X i)

4) lim—(x— %)mn X= 0.0 we can't using L'Hoptal's rule =

.‘L‘—>_:|
T
YT 0

=lim———=_.limsinx = — using L' Hopital's rule =

=% COSX (% 0

. 1 . 1 . T
=lim————.1Ilim smx:—.sm?:j'

.\'—)’5 —SinXxX 1—>“}- sfn£
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The slope of the curve

Secant to the curve is a line through two points on a curve. Slopes and tangent lines:

1. we start with what we can calculate , namely the slope of secant through P and a

point Q nearby on the curve .

2. we find the limiting value of the secant slope ( if it exists ) as Q approaches p

along the curve .

3. we take this number to be the slope of the curve at P and define the tangent to the

curve at P to be the line through p with this slope .

The derivative of the function f'is the slope of the curve :

dy
rf f = = ' X)=——
e slope=m= ['(x) I

EX-2- Write an equation for the tangent line at x = 3 of the

curve ©
S 1
ffl}_42x+3
Sol.-
m=f'(x)=———L=m] = r1(3)=F;
J2x+3) /

1 1
f(3)=——=r—="
v2*3+3 3
The equation of the tangent line is :
1

'——:—L - Ty —
3 2?(1 3)=>27y+x=12
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Velocity and acceleration and other rates of changes

The average velocity of a body moving along a line is :

_As  f(t+AD) - f(2)
Yav =3¢ = At

The instantaneous velocity of a body moving along a line is the derivative of its
position s = f(t) with respect to time t .
i.e
ds . As
KT Yy
The rate at which the particle’s velocity increase is called its acceleration a . If a

particle has an initial velocity v and a constant acceleration a, then its velocity after

timetisv+at.
Av
At

The acceleration at an instant is the limit of the average acceleration for an interval

average acceleration = a4, =

following that instant , as the interval tends to zero .
i.e.
dv Av

a=—=lim —
dt Ax-0 At
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The average rate of a change in a function y = f ( x ) over the interval from x to x +

Ax

f(x+Ax) — f(x)
Ax

average rate of change =

The instantaneous rate of change of f at x is the derivative.

£ i T 0D~ F)

Ax—0 Ax

EX-1- The position s (in meters ) of a moving body as a function of time t ( secondis)
is:s=2t>+5t—3, find :
a) The displacement and average velocity for the time interval fromt = 0 to t = 2

seconds .

b) The body’s velocity at t = 2 seconds .

a) 1) As:s(r+Ar)—s(r):2{r+Ar)2+5(r+dr)—3—[2r"+5r—3]
=(4t+5)At+ 2( At )°

att=0and Af=2=>As=(4*0+5)*2+2*2" =18

4t +5)At+ 2( At )’
m.=j§=( Jar (A _4r+5+ 2.4

att=0 and At=2=v, =4*0+5+2%2=9

2) v

b) v(r):%f(r):-fr+5
v(2)=4*2+5=13
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EX-4- A particle moves along a straight line so that after t (seconds) , its distance
from O a fixed point on the line is s (meters) , where: s = t3 — 3t% + 2t

i) when is the particle at O ?

ii) what is its velocity and acceleration at these times ?

iii) what is its average velocity during the first second ?

iv) what is its average acceleration betweent =0 and t =2 ?

Sol. —
i) al s=0> 0 —30+20=0>1(1—1)(1—2)=0
either =0 or =1 or =2 sec.

ii) velocity=v(1)=31—-61+2>>v(0)=2m/s
=>v(l)=—Im/s
=>v(2)=2m/s

acceleration=a(t)=6t—6 > a(0)=—6m/s’
=a(l)=0m/s’
=a(2)=6m/s’

As_ S(I)_s(ﬂ):}—3+2_0:0}11f5

M) Ve =TT 10 1
- _ v _v(2)-v(0) _2-2 _ :
iv) ﬂm.—m— 3 =5 =0m/s
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Exercises

1-Find the limits for the following functions by using L'Hopital's rule :

2 . 2
-3
1) hm”g—x 2) lim ™!
= Tyt 41 =30
2 -1
3) lim =" 9) tim
:.-—1-; cos x =0t
5) !:m 1-sinx 6) lim SINX —Ccos X
7 T]+ecosdx H: ‘e
4
7) lim 2x2—(3x+1)m"rx+2 $) lim x(cosx—1)
x3l x-1 30 smx2 x
9) lim x.csc?2x 10) lim 2~
0 x40 x, sin x
1 1 1
(ans. : 1)—'2)0 3)- 24}—3 ); j\. )—1;3}3;9}3;1{3)1)

2- Find the velocity v if a particle's position at time ¢is s = 180t — 162 When does
the velocity vanish ? (ans.: 5.625)

3-1f a ball is thrown straight up with a velocity of 32 ft./sec. , its high after ¢ sec. is
given by the equation s = 32t — 16t2. At what instant will the ball be at its highest
point ? and how high will it rise ? (ans.: 1, 16)
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3- A stone is thrown vertically upwards at 35 m./sec. . Its height is : s = 35¢ — 4.9£

in meter above the point of projection where ¢ is time in second later :

a) What is the distance moved, and the average velocity during the 3~sec. (from ¢ =
2tot=3)7?

b) Find the average velocity for the intervals (t =2tot=2.5),(t=2tot=2.1).
(ans.:a) 10.5, 10.5 ; b) 12.95, 14.91

4- A stone is thrown vertically upwards at 24.5 m./sec. from a point on the level with
but just beyond a cliff ledge . Its height above the ledge ¢ sec. later is 4.9¢ (5 —¢ ) m.
. If its velocity 1s v m./sec. , differentiate to find v in terms of ¢ :
1) when is the stone at the ledge level ?
11) find its height and velocity after /7, 2, 3, and 6 sec.
111) what meaning is attached to negative value of s ? a negative value of v ?
1v) when is the stone momentarily at rest ? what is the greatest height reached ?
v) find the total distance moved during the 3rd sec. .
(ans.:v=24.5-9.8t, i)0,5, ii)19.6,29.4,29.4,-29.4,14.7,4.9, -4.9,-34.3;
v)2.5;30.625; v)2.45)

5-A particle moves in a straight line so that after t sec. it is s m. , from a fixed point
O on the line , where s = #* + 3¢ . Find :

1) The acceleration whent=17,¢=2,and¢t=3.

i1) The average acceleration between f = [ and # = 3 .

(ans.: )18, 54,114, ii)58)
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