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Integration

Integration is a fundamental concept in Calculus that is used to determine the accumulation of
quantities and the area under a curve. It is defined as the mathematical process of finding the
integral of a function, which represents the reverse operation of differentiation.

There are two main types of integration:
1. Indefinite Integral — used to find the general antiderivative of a function.

2. Definite Integral — used to calculate the exact accumulated value of a function between
two limits.

Indefinite integrals
The set of all anti derivatives of a function is called indefinite integral of the function. Assume u
and v denote differentiable functions of x, and a, n, and c are constants, then the integration

formulas are:-
1) Jdﬂ = ufx)+ ¢

2) J.a-u(x)dx=a_|.u(x)d.r

3) _[(u(x)ivfx)]dx = J'urx)dx i_[vrx).-fx

n+1
1
4) Iu“tﬁ;: - +c¢ when n+-1 & ju_‘:du:j—d’uzfnu+c
i+ 1 i
5 adu = +c = e“du=e" +¢
) -[ Ina '[

EXAMPLE 1 Using the Power Rule

—— — du Let u F o2,
V1 o+ y2e-2ydy = f‘\;’u' ( )dl«‘ i oA
/ .} .} .} d.}, - ey L)
= fu'-‘jz du

— ﬂ +C Integrate, using Eq. (1)
T (1/2) + 1 withn = 1/2.
- %HSD + C Simpler form

%(1 Ly }"2]3"12 + C Replace w by 1 + _'|':
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EXAMPLE 2  Adjusting the Integrand by a Constant

N o 1
NVar — 1dt =]Z-\f4.t — 1-4dt

_ 1 3p
6“ C

—~ %[4.: - 1)?+C

EXAMPLE-3 — Evaluate the following integrals:

x+3

]_i_"l u = -1|' - l_
du/dt = 4.

With the 1/4 out front,
the integral is now in
standard form.
Integrate, using Eq. (1)

withn = 1/2.

Simpler form

Replace w by 4r —

1) [3x? ax 6) [ ———— dx
- "Jxl+ox
1 X+ 2

2) (—2+x}11' 7) 5 dx
"L X * X
. . g7

3) | xvx? +1dx 8) | ———dx
’ Y I+ 3e”

" -1y P

4) [(2t+e7) ar 9) [3x° e ax

j) 'Jr’:z—z‘z,l""+4rf; 10) [ 2% ax
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Sol, —

3
1) Ia‘x‘?dl':JIxsz'=3lT+c=xj+r

=1 2 2
X X 1l =x
2)x?+xlix=|xtdx+ | xdx="—+"—4c=—"+"—+¢
}( )d -[ -[ -1 2 x
1 1 1{x2+1)% 1
3) _[x x2+1dx=—I2.r(x‘?+1J digy="1""""7 =" (x +1)3+c
2 2 ;3 3

4) j(2r+r'1)2 dr=I(4r2+4+r‘3)dr=4§+4r+%+c=£r5+4’r—§+c

i

5) [N -2 P+ dde=[Ne' -2+ v qdr ="+ 2427 az
-1

3
ZIszz+5_2)2 ffz:f(zz+z_2)dz=bj +z—1+c=§z‘i—£+c’

- e

3 _1/
6) alis :ir=§f{2x+6)-(x2+6x)’3ffx

xu'x‘?+6x
2.6 14
xT+b6x) -
= -¥+c=vx2+ﬁx+r

1
2 1/
S 2

7) Ix+22 dx=f[i+ = de=j(x_1+2x_2)dx=1nx+ 2x

2 2
X x x -1 x

FI 1 x x =1 1 x
) dx=—|3e (1+ 3¢ dx=—In(1+3 +
JI1+3€:‘_ x 3I e e ) dx 3 nf e )+c

. 3 3
PJ I..‘?xj . p_zl“i‘r = ——j— ij .E:_zxa‘dx - _ _E,—fx'r +e
§ 8
1 : 1 1
Iﬂ 2-ﬁ{fx = —— 2_41' {_4dx =___2-JI . ‘e
! J 4I ) 4 In2
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Integrals of trigonometric functions:

The integration formulas for the trigonometric functions are:

6) Isinu-du=—rasu+c‘ 7 ) [ cosu-du=sinu+c

§5) jmny-du=—:‘n|fasu|+r 9) _'fafu-rfu=fn|sinu|+r

10) _' secu-du = fﬂ'|5£’(‘ﬂ + tmm| +C 11) ..(‘.S‘(’.H -du = —Iﬂ|fs-:=u + mm| +C
12) _'5€r2u-du=rﬂnu+r 13) J.rsrzu-duz—mm+f

14) ‘.FE’{‘H-MHH-HH=SF(‘H+(‘ 15) I(‘S(‘H-(‘ﬂfﬂ-ﬂﬂ=—(‘$f‘ﬂ+(‘

EX-2- Evaluate the following integrals:

1) [cos(36—-1)ae 6)
) - ) Ifas )
2) [x-sinf2x? ) ax 7) J' 1-sin?3t)-cos3t dt
3) [cos’(2y)-sin(2y)ay 8) Imnj (5x)- sec’ (5x) dx
4) 'ser‘jx-mﬂ X dx 9) J'.sfrr"x-c’as’x dx

- — Il‘
5) [\2+sin3t-cos3t at 10) f“’ “/_
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Sol.-

1 1

1) 3cos(30—1)df =—sin(3680—-1)+rc
3-[ 3
1 . 2 1 2

2) 4]41‘-51&{’21‘ )dx=—4ms(;’x )+cC

1 2 N (msz}')j
3) -2-{((‘052‘]-) -(—25"12} ({1)__2. +

__'I ,j
3 c= 6({*&52.1) +c

sec 3 X

4) jsef‘? x-(sec'x-mnx-dx}z +ec

w~

s i f/
5)1 [(2+ sin31)>(3cos 3¢ dr)= 1 (2+ ”",3’} ’
3 3 J}z

+62%J(2+5fn3f)3 +c

e
6}‘[ 29=ISF629-JG=IHH9+6

cos

7) _[(I—sfn2 31‘)-(‘05 3t dt :§j3€m 3t df — L—ij(sfm?r)z - 3cos3t dit

1 1 sin’ 3t
= —sin3t— s +

=
3 3 3

1
-SfﬂSf—ganjSI-F(‘

tan® 5x
4

2
1—sin .1‘)-(‘05 x dx

| e |

1 1
§) —jnmj 51‘-(559('251‘ dx): +e=—tan’ Sx+ec
N 20

_—

. 4 3 . 4
9) Ism X-Cos” X rit‘zIsm X-

Ll 5 - -"_I'
. . sin" x sin x
:-[S‘IHJI-(‘US x dx—Jsmﬁx-rﬂsx dx = —

3 7
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co ‘\1{_ csc xf’_ csc \-"'_
r _‘[ Jx a 2'[ 2\"".1:'
1

:2(—(’01-\-"’;)— J;), +c‘:—2c'ﬂf\n";—2«.."r;+f

/2

m)j —jx " ax

Products of Powers of Sines and Cosines

We begin with integrals of the form:

f sin™ x cos” x dx,

where m and n are nonnegative integers (positive or zero). We can divide the work into
three cases.

Case 1 If m is odd, we write m as 2k + 1 and use the identity sin>x = 1 — cos®x to

obtain
sin” x = sin?* ! x = (sin?x)*sinx = (1 — cos?x)*sinx. (1)

Then we combine the single sin x with dx in the integral and set sin x dx equal to —d (cos x).

Case 2 If m is even and n is odd in f sin™ x cos” x dx, we write n as 2k + 1 and use the
identity cos®>x = 1 — sin® x to obtain

cos”x = cos® 1y = (cos?x)fcosx = (1 — sin?x)*cosx.

We then combine the single cos x with dx and set cos x dx equal to d(sin x).

Case 3 Ifboth m and n are even in [ sin” x cos” x dx, we substitute

: — 2 2 +
sin’x = 1~ cosx ;DS 2‘{, cos X = 1+ cos2x ;DSH (2)
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Ewvaluate

f sin® x cos? x dx.

Solution

. 2 " -
/ sin® x cos* x dx = / sin® x cos? x sin x dx

= /{] — cos’x) cos’x (—d (cosx))

= f (1 — ) )(—du) u = cosx
= ]{u“ — w?) du
5 3

_wuw,
=53 7C

5 3
L . cCOS™ X
= 3 3 + C. ]

EXAMPLE 2 m is Even and n is Odd
Evaluate
fcossxdx.
Solution
]cos5xdx = /cos4xcosxdx = /(l — sin® x)? d(sin x) m =0

= /{:] — u2)2 du u = sinx

= /{] — 2u* + u) du
2

23,1 s~ o2 .3 1.5
=u 3u +5u C = sinx 3smx+55mx+C’. [ |
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EXAMPLE 3  m and n are Both Even

Evaluate
- 7
/ sin® x cos” x dx.

2
/Sinzxcos“xdx =f (l — ;Dszx)(l + SGSZI) I

= %/{] — cos2x)(1 + 2cos 2x + cos® 2x) dx

Solution

= %f[l + cos2x — cos” 2x — cos” 2x) dx

_1 1. _ 2 4 3
=3 [x + 5 sin 2x /{cos 2x + cos 2x) dx].

. - b
For the term involving cos” 2x we use

/coszl\:dx = %/[1 + cos dx) dx

1 1 . Omitting the constant of
) X 4 sin 4x . integration until the final result
For the cos® 2x term we have
3 - . 3 u = sin 2x,
cos’ 2xdx = [ (1 — sin”2x) cos 2x dx 3 oo
Al = L CO8 LX dX

) Again
= %f (1 — u?)du = % (SiIIZx — %sin’lx)- omitting C

Combining everything and simplifying we get

/sinﬁcosﬁxa’x=%(x—ésin4x—%sin32x) + C. [ ]
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Integrals of Powers of tan x and sec x

We know how to integrate the tangent and secant and their squares. To integrate higher
powers we use the identities tan’ x = sec®x — 1 and sec’x = tan’x + 1, and integrate
by parts when necessary to reduce the higher powers to lower powers.

EXAMPLE 5 Evaluate

jmn4xdx.
ftan“xdx =ftan2x-tanzxdx =/tan31-(se02x — 1) dx

,
= [ tan’xsec’xdx — j tan® x dx

=ftan2xseczxdx - j(seczx — 1)dx
thanzxseczxdx — /seczxdx + fdx.

In the first integral, we let

Solution

u = tanx, du = sec’xdx

and have

fﬂzdu = %:ﬁ + C.

The remaining integrals are standard forms, so

ftan4xdx=%tan3.x—tanx+x+ C. [ ]
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EXAMPLE 6 Evaluate

f sec’ x dx.

Solution We integrate by parts, using

U = secx, dv = seczxd\:, v = tanx, du = secxtanxdx.

Then

fsecExdx = secxtanx —f{tﬂﬂil(ﬂecxtanxdx}

= secxtanx — f (sec’x — 1) secxdx tan’x = sec’x — 1

= secxtanx —I—fsecxdx —fsec3xdx.

Combining the two secant-cubed integrals gives

Zfsec:E‘xdx = secxtanx + /secxrix

and

/sec3xdx = %secxtanx + %ln 'secx + tanx| + C.
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Products of Sines and Cosines

The integrals
] sin mx sin nx dx, f sin mx cos nx dx, and / COS mMXx COs nx dx

arise in many places where trigonometric functions are applied to problems in mathemat-
ics and science. We can evaluate these integrals through integration by parts, but two such
integrations are required in each case. It is simpler to use the identities

sin mx sin nx = %[cos (m — n)x — cos(m + n)x], (3)
sin mx cos nx = %[sin (m — n)x + sin(m + n)x], (4)
COS /MX COS NX = %[cos (m — n)x + cos(m + n)x]. (5)

EXAMPLE 7  Evaluate

/ sin 3x cos Sx dx.

Solution From Equation (4) withm = 3 and n = 5 we get

f sin 3x cos Sx dx = %f [sin (—2x) + sin 8x]dx

=%f{sin&x— sin 2x) dx

Z_CGS&‘;_COSZJ{_C .
16 4 ’
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Integrals of inverse trigonometric functions:

The integration formulas for the inverse trigonometric functions are:

du IR B g u ) ; 3
Iﬁjfﬁ—sm E+f——ras ;+f s Yu: <a
1 U 1 g
I?JJ =—mﬂj—+f=——-:=or1—+c‘
a’+u’  a a a a
1 _q|H 1 _g|H
13}! ——51‘:’(‘1 +e=——esc =+ e N Yu® >a’
Hﬁ,lu il i
EX-3 Evaluate the following integrals:
xE‘
D[ a8
v1-x *u-"-'f'1+-‘~')
- dx
2) | —— ?_[
" No—x? 1+3x°
- X 2cosx
3) dx §)
S 1+ Il+sm X
2 sin” x
- SecT X €
4) | ———dx 9) | —
" NI-tan® x 'l.x*l—.tz
- dx tan™ x
5)[——— J.'ﬂ)_l.—gdx
T x4xi -1 I+x
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Sol.-
1 1 2 1 -1 3
1)— —(Sx d.t)z—sfﬂ X +c
37 J1—-(x )’ 3
dx . g X
2) | ———=s5"n" —+r
.[ HQ_IZ 3

1 2x 1
3) —I%tﬁz—mﬂ_"x}+r
2 1+(x") 2
2
sec” X . g
4d) | ——————=1dx=35in (fanx)+c
VI-tan® x
2 d.
5}_[ Y =sec!(2x)+c

2x4(2x )" =1
2\/; dx -1
6 x=4 =dtan~x
)'[«j'_(1+x) 1+w'_) e
? ax 1

ﬁj1+(xf—x} «J’E

8) 2-[ cosx dx

.i'ﬂﬂ'_l(ﬁx)+(‘

———=2tan”!(sinx )+ ¢
1+(smx)

sm T _ sin™d x
9)_[ ﬁ—e +c
-1 2
10) j!ﬂﬂ_l.t-jdx?:{(mﬂzx) +c
+ X
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Integrals of hyperbolic functions:

The integration formulas for the hyperbolic functions are:

19) I sinhu-du = coshu+c

20) Imsku -fdu =sinhu+rc

21) Iranfr u-du = fn(ras)'r u)+ c

22) _[ cothu-du = fn(sfn!r H)+ c

23) I sec i’ u-du = tanh u + c

24) Ir.sr W u-du=cothu+ec

25) I sec hu -tanh u - du = — sec hu + ¢

26) Ic‘sc hu -cothu-du=—cschu+c

EX-4 — Evaluate the following integrals:

coshfinx .
1) j#dt 6) [secn’(2x—3)dx
x .
. . FI _ F_I
2) j' sinh( 2x + 1) dx 7) | ———ax
et +e
nhx . . o
3) I il T dx 8) (f‘“ —e ‘“}i\'
cosh x .
sinh x
4) | x-cosh(3x? )dx T dx
) j ( ) I 1+ coshx
5) Isin!ﬁ x-coshx dx 10) I(‘S(‘f‘.‘z x - cothx dx
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Sol. -

1) jms.ﬁﬁ‘n X)) (d_x} =sinh(ln x )+ c¢

X

1 1
EJEJ.sr'nh(2x+1}-(2dx}=3rash|‘2x+1)+c‘

1 sinh x
3) _[ —- dx =j5€r hx-tanh x dx
cosh™ x coshx

sech’x

= —j sech’x- (— sec hx -tanh x d.\')z —T+ c

1 1
4}—__[{‘051:(3.1:2 )-{6x rfx)=EsfHIr(3x2 )+
6

sinh’ x

5) J.sr'n.ﬁ" x-(cosh x dx)= ;

6) %jsefh?(.?x—:?)-(z rfx)= %rﬂlrf:[Ex—3)+r

FI _F—J.'
7) j— ix = Ifﬂﬂ'ﬁ x dx =Infcoshx )+c
e’ +e "

et —e ™ 2 2
8) Ej#dx=;jsfﬂhﬂx (ﬂrfx}=EfasI:ﬂx+f

sinh x dx
j— = m(} +cosh x)+ c

1+ coshx
esch’x

10) —jrsr!m:-(— csc hx - coth x rfx)= —T+ c
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Integrals of inverse hyperbolic functions:

The integration formulas for the inverse hyperbolic functions are:

27) j =sinh ™ u+c
\U +u’
28) I—Hz cosh ™ u+c
’ -1
tanh " u+c if u|¢:1 1 |1+u
= =—In
cothu+c if [u>1| 2 |1-u
d 1
30) .I.—;a; = —sec Ir'1|u| +ec=—cosh™| = [+¢
uvI1—u’ ]
du _ 4l 1
31) j;—: —csch "‘u|+c‘= —sinh™'| — |+¢
uy I+ u’ H|
EX-4 — Evaluate the following integrals:
dx
1) | 2) 3)
j\/1+41_2 jﬂ..f4’+1 'l.f—-“fz
sec’ 8 db dx
Y [ ——— 5) [ 2L o) [tann(imx) ]
e+ x’ Vtan’0 -1 x(l—fﬂ‘ ,j})
Sol.-
1 2 dx 1.
1) —|———=—sinh 2x+rc
«.J'l +4x7?
1/ dx
2) ,d—zzsﬁm"jz‘+f
f (x)
1“|1I + ./__zz
=tanh x+ ¢ if |1| <1
=coth™ x+c if |x|>1
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1/ d
1 4 X 1 _
_[ /2 =—2{‘5(‘HI

dx
4) = -"/‘ +c
‘[ xNd+x? 27/ |y [x/')z o
/2N T2

1 2 -1
5) |—————\sec” @ dB|)=cosh (tanf )+rc
'I.-Jmﬂzﬁ—.l( )

1 1
6) let u=InJx ==Inx du = — dx
2 2x
_ dx _ 2du
Ifﬂﬂ'ﬁ I(Ir.' \/;)- 5 =jmmr Tu. 3
x(I—In’x) I-u
- 2
tanh ™ u 2
= 2%+ c= [mnn‘frm JT)] +c
Problems
Evaluate the following integrals:
5 1
1) j(x‘?—l)-(é'—xz)rfx (ans.:?.\'j—?xj—#x-kf)
2) je"-sfne" dx (ans.: —cose™ +¢)
3) I!ﬂfr{3x+5)dx (ans.: —%fﬂ|(‘ﬂ§(3x+5)+(’)
4) IM dx fans.: Efr|sr'n (If:x)| +c)
X
SINX + cosx
_[— fx (ans.: — Iﬂ|msx| +Xx+cC)
COSX
dx
o) I— (ans.: —colx + cscx +c )
1+ cosx
7) jmf(.?x +1)- esel (2x + 1)dx (ans.: —imf?{z.\' +1)+c)
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1 . _
(ans. : Esr'u "(3.\'}+ c)

3}-[ dx
NI1-9x*
dx . X
9) jﬁ (ans.: sin E+(‘}

10) | e™ - coshe™ dx (ans. : %sr‘nﬁ e’ +¢)
11) _'f’i“‘ - cosx dx (ans.: e™ +¢)
12) d—i (ans. : —if’_ix +¢)

Te ~ 3
IJJIF”_Idx (fms.:;.’c*“‘q—;’«./;+f)

Jx

1 3
14 ) _[ x(ﬂ + ba..f.i'x)dx where a,b constants (ans.: 10 (Sﬂx‘? + 4’«.be”§ )+c)

ﬁf-.
15) jﬁ (ans.: —tan~ x + c)
cos @ dd _
16) _[—2 (ans.: tan" (sin@ )+c)
1+sin" 6
1 1 1 1
1?}_[—(‘5(’—(’0!—{1.1: fans.: csc—+c)
x? X X X
18) dx (ans. : —\/{Sx +2x+1) +c)
T sxt s 2x+1 4
19) 'sin(ran H}-seczﬂn‘ﬁ (ans.: —cos(tan@ )+c)
. 1
20) Vxl—x? ax fans. : —Eq."(j—xz}j+r}
2
sec” 2x dlx
21) I— (ans.: ytan2x +c)
JMsz
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22) _[(s:'n 9—(‘058)2 do

23,1' L—
Yy
24) | ax
- J.t(x+1)

WEPPE 3
25) [ t5(t +1) at

J ;\/ F
xyI+x’

-(ms_l 4.\')2
27 ) ] —JI—IﬁxE dx

28) Id—x

1:1.,?41‘2—1

29) _[—H ¥
: dx
X
31) J‘(‘ﬂf‘l ax

26 )

30) j:l”

In(sin x )

(In x )

dx

1*2)_[

33 sin x-e™ ﬂ'
)j (‘GS X *
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(ans. : 9+(‘ﬂ$29+{‘}
1 -1 _2

(ans.: —tan "y +c)
2

(ans.: 2mn"ﬁ+r)
[ 5 5

(ans.: —(t° +1)° +c)

[t

5 | i
(ans..: E*M+.x” +c)

(ans.: — %(cas'l 41_)3 +c)

fans. : 5:’.:"_1( 2x)+c)

1
(ans. : ;mm‘r xX+c)

Rlnx}

fans.: +c)

2in3

fans.: Ininfsin x )+c)

1 3
(ans.: :(In xX) +c¢)

w~

5EC X

fans.: e~ +c)
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dx
34 ) I fans.: inlnx+rc)
x-lnx
35) j ae (ans.: —e % +¢)
msh &+ sinh @ N
36) j 32‘ ( LIPS )
ans.: x— +c
Sin2
um_‘rlr 1
-1
37) dt (ans.: —e™ " +¢)
j1+4ﬁ 2
cm‘x
38) I (ans.: sinx +c)
csrx
4 3 1 § 1 4
39) Isec X-fan” x dx (ﬂﬂ'S.:Emlr x+;m.ﬂ xX+c)
40) Icsc‘ 3x dx (ans. : —;c‘at Ix——cot3x+c)
- cos’ t ,
41) Vs fans.: —csct — sint +c¢ )
- sec’ x 1
42) - dx (ans. : —;caf X—cotx +c)
< ftan x
¥ 1
43) | tan’ 46 dé fans. : 4fﬂf149—9+{‘}
44}I1+€ dx (ans.: Inf1+e" )+c)
3 I ., 1
45 ) _[m:: 2x dx (ans.: Emn 2x+3m|mszx +c)
sec” x
46 ) j2+ranx fans.: In(2+tanx )+c)
47) jsec‘ 3x dx (ans. : ;m” Ix+—tan3x+rc)

=1
(ans.: tan e +c)
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cos X
49) dex (ans. : 25fnv’?+f}
X
50) j fans.: — En|r5('2x + fﬂr.?.t| +c)
Sin X - cos X

51) J'qu'+ sin y dy (ans.: —2,/1—siny +c)

dx
52)
j{.\"? +1)(2+tan"x)

(ans.: Inf 2+ tan T x J+c)

sinh x dx

53) _[ sin " (cosh x ) -
v 1—cosh ‘x

cosB df
54) ji

1(. _; 2
(ans.: E(snm {c‘ashx}) +c)

(ans. : Irr|5€r9 + tan 6‘| +c)

1—51’:1219
55) (ans.: tan '(inx)+c)
j [1+(Inx))
= X 4 = x 8 =
.St:i}_[(i —29‘ +F’)fh‘ {mrs.:;c’: —? j 4.? +c)
e dx 1
57) (ans.: — +c)
jc* Yr2e"+ 1 e’ +1
x . 1|1 ix -x
58) jf’ -sinh 2x dx fans.: E EE’ +€ +c)
3 simx
sec” x+¢
59)‘.. dx fans.: tanx + e™ Y+e)
sec x
3x+2‘ 3 . x+1
66 ) | ———dx fans.: ————tan - ——+c¢)
j2+gx+1 J2in3 J2
cos X dx _
61) I (ans. : 2sin ' \/sinx +¢)
\/sfﬂx -\/I—sinx
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- 1
62) | tan ’x dx (ans.: E sec’ x —sec’ x - In|ras .1:| +c)
[ Insin™ x dax 1 =1 2
63) |e — fans.: —(sin " x ) +c¢)
- 1-x 2
r 1.2_1 ‘I J.'I—I
64) | x-e dx (ans, : Ef’ +c)
. Ir.
65 ) | cosh(in cosx) dx (ans.: E[sm.\' + In|5€rx + m'nx|]+ c)
- COS X
66 ) — dx fans.: —cscx+c)
< osin” x
67 ) [ cosh ™ (sinx) cosx dx (ans. : ! [ms!r_l t’sfjﬁ'.ﬂvrj]zr +c)
. Vsin‘x—1 2
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