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The Cylindrical Coordinate System ( p, 0,7 )

The circular cylindrical coordinate system is very convenient whenever we are dealing

with problems having cylindrical symmetry. A vectorA in cylindrical coordinates can be written

as:
A= Apa, +Apagy + Aza,

Where ap , ae, az are unit vectors in the p , ¢, and z-directions as illustrated in Figure 1.

The magnitude of A as:

|A| = \/Af.. + A% + A2

A point P in cylindrical coordinates is represented as (p , @, z ) and is as shown in Figure

1. Observe Figure 1. closely and note how we define each space variable: p is the radius of the
cylinder passing through P or the radial distance from the z-axis @ ; is (called the azimuthal angle)

measured from the x-axis in the xy-plane; and z is the same as in the Cartesian system
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e

X Figure 1. Point P and unit vectors in the

cylindrical coordinate system

Notice that the unit vectors ap, ag , az are mutually perpendicular since our coordinate
system is orthogonal ; ap points in the direction of increasing p, a ,@ , in the direction of

increasing ¢, and z in the positive z-direction. Thus

"4, = Qg A= Ay a, =1

a,x a

I
=
=)

e}
Note Also from Figure 1. that in cylindrical coordinate, differential element can be found:

a. Differential displacement is given by:
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p———

dL = dp a, Pt T
; J— \\

= ',f -~ N !
dL = pdo o (O O

— kS n /;
dL =dza, e f L _

e —— dlL=dza, FRug dL = pdia,

or dL=dpa,+pdDay,+dza, 4l =dpa,

b. Differential normal area is given by:

dS =pdodza,
ds = dp dz ay

dS=pdpdda,

h

\ dS = pd@dpa,
ds = pd@dza,

dS = dpd_ ag

c. Differential volume is given by:
dV =pdp dd dz
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d. The distance between two points in cylindrical coordinateP1 (p1, #1,21) and Pa( p2, @2,22)is

given by

d= Jﬂ'f + 03 — 2p1p; — 2 cos(@; — B;) + (22 — 2,)?

> Cylindrical to Cartesian Coordinate Transformation

The relationships between the variables (p, @, z ) of the cylindrical coordinate system and

those of the Cartesian system (x, y, z) are easily obtained as

x=p cosQ, y=psinQ, z=2z
In matrix form, we have transformation of vector A
From cylindrical coordinate A= Aja, + Aga, + Aqa,
To Cartesian coordinate A = A.a, + Aja,+Aza, as

cos® —sin® 0|4
sm 0 cos ® 0]||Ap
11]A,

» Cartesian to Cylindrical Coordinate Transformation

The relationships between the variables (X, y, z) of the Cartesian coordinate system and those

of the cylindrical system (p, @, z) are easily obtained as
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p=+x2+yz (Z):tall_l%, 7=

In matrix form. we have transformation of vector A

From Cartesian coordinate A=A.a, + Ayay, + Aza,

To cylindrical coordinate A= Aya, +Agay +Aza, as
Ap cos® sin® O0]|Ax
Ag|=|[-sin® cos® O0f|Ay
A, 0 0 11)A,
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Example: Given point P(—2, 6, 3) and vector A= ya, + (x + z)a,, . express P

and A in cylindrical coordinate. Evaluate A at P in Cartesian and
cylindrical system?

Solution: The vector A in Cartesian coordinate at P is:
A=6a F(—2F 3)a, = 6a, +a,
|A] = V62 + 12 = 6.08

The point P in cylindrical coordinate is:

p=+x2+y2= 22 +62=6324
0 =tant2= tan~! < = 108.43°

=2

z=z=3
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P(6.324 . 108.430°, 3)

A

o cos® sin@ 0]|Ax cos@ sin® 0] Y
Ag|=|-sin® cos® O||Ay|=|-sin® cos® 0 [X i Z]
A, 0 0 11|A, 0 0 1 0

Butx =p cos@, y = p sin®, z = z and substituting these yields

[Ay] [ cos® sin® O][ p sin®
Ag|=|—sin® cos(b 0 pcos¢+z
Az | L 0

Ag| = —psin?@ + pcos? @ + zcos P
[Az] L 0

[Ap]  [p sin@®cos® +p cosPsind + z sin(bl

=p sin@cos®+ p cosPsin@ + z sind
Ay =—psin®@ + pcos®> @ + zcos P
A, =0
A=Asa,+ Agza,
Aat point P is:
A, = 6.3245in 108.43 c0s 108.43 + 6.324 cos 108.43 sin 108.43 + 3 sin108.43 = —0.948

A, = —6.3245in? 108.43 + 6.324 cos? 108.43 + 3 cos 108.43 = —6.008

A= —0948a, — 6.08a,

|A| = /(0.948)2 + (6.08)2 = 6.08

The Spherical Coordinate System (r, 0 .0)
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The Spherical coordinate system is most appropriate when dealing with problems having

spherical symmetry. A vector Ain spherical coordinates can be written as:

A= AT“T + ‘|‘AE,I Ag + A@ﬂm
Where a;, ag a, , are unit vectors in the and -directions

The magnitude of [T is:

|A] = JA% + A% + A2

A point P in spherical coordinates is represented as (1,0,0 ) and is illustrate in Figure 1.6 (a).
From this Figure, we notice that r is defined as the distance from the origin to the point P or
the radius of a sphere centred at the origin and passing through P;0 is the angle between the z-

axis and the position vector of P; and ¢ is measured from the x-axis

pedd =¥ min 8 dy

(a) (b)
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Figure 1.6 Spherical coordinate system (a) Point P and unit vectors (b) Differential elements

Notice that the unit vectors a, ag, and ag are mutually perpendicular since our coordinate system
is orthogonal; ar points in the direction of increasing r,a0 in the direction of increasing 0, ag and

in the direction of increasing @ . Thus
a,. - a,= Qg g = ag' ag =1

a. - ag= ag-az= az* a, =70

a. X ag = a,
ag X az = a,
ap X a, = ag

From Figure 1.6 (b), we note that in spherical coordinate, differential element can be found:

oDifferential dis o . -
Differential displacement 1s given by _dL=rdda,
dL = dr a, 1 _.-dL =dra,

dL =rdf ag = =

~ SsdL=r sin 9 dda,
dL =rsin@ d0 ay

Or df=dra.,.+rd6 ag +rsind doay
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eDifferential normal area is given by:

dS =r?sin6 d6 do a, dS = r?sin@ dodda,

dS = rsin@ dr do ag

dS =rdrdé a,
dS = rdr dfag

eDifferential volume is given by:

dV = r?sin 8 dr d6 do

The distance between two points in spherical coordinate Py(r;, 6;,0,) and

P, (15, 65, 0,)is given

d = J‘rf + 157 — 21,15 €08 B, cos 8; — 21,1, sin B, sin 8, cos(@, — B,)

> Cartesian to Spherical Coordinate Transformation

The relationships between the variables ( X, y , z) of the Cartesian coordinate
system and those of the Spherical system (', 0, @) are easily obtained as
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r:\/x2+y2+22 , 8 = tan™ ! ——, O = tan™!

In matrix form. we have transformation of vector A

From Cartesian coordinate  A=A.a,+Aja,+4Aa,

To Spherical coordinate A= A.a,. + Agag + Agay  as
Ay sinfcos® sinfsin® cosf 1|Ax
Ag| =|cosOcos® cosfOsin@® —sind Ay
Agp —sin @ cos D 0 A,

-

FP{J»J',E}-P(*':&‘;E’)“P(P, . 2}

z=rcos @

//.rfz pros

‘///’ ¥y = psin ¢

X

Figure 1.7: The relation between space variables (x, y, z ) and (r, 0, @)

> Spherical to Cartesian Coordinate Transformation

The relationships between the variables (r ,0, o ) of the spherical coordinate system and those of
the Cartesian system (X, y, z) are easily obtained as
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x =rsinfcosD, y=rsinfsinQ®, Z=rcos@
In matrix form. we have transformation of vector A
From Spherical coordinate A=A a, + Agag + Aya,

To Cartesian coordinate A =A,a, +A,a, +A,a, as

Ay sinfcos@® cosfOcos@® —sin@][Ar
Ayl =|sinfsin® cosfsin® cos? ||As
A, cos @ —sin @ 0 Ag

Example Given point P(—2, 6, 3) and vector A = yax + (x + z)ay, express P and A in cylindrical
and spherical coordinates. Evaluate A at P in the Cartesian, cylindrical, and spherical systems.

Solution: At point P: x =-2, y = 6, z = 3. Hence,

p=VX+y =Va+36=632

1y ., 6
¢ = tan 'l'-‘lan | — = 108.43°
X -2
z=3
r= *=V4+36+9=1
0 = tan"' - ‘_ 'L—'lan"—\é—(-)=64.62°

Thus,

P(—2,6,3) = P(6.32,108.43°, 3) = P(7,64.62°, 108.43°)

In the Cartesian system, A at P is

A = 6a, +a,
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For vector A, A, = y,A, = x + 2, A, = 0. Hence, in the cylindrical system

A, cos¢ sing 0 y
Ag| = | —sing cos¢ 0|l x+z
A 0 0 1 0
or
A, =ycos¢ + (x + 2)sing

Ay = —ysing + (x + z)cos ¢
A, =0
But x = p cos @, y = p sin ¢, and substituting these yields

A=(A,AL,A) = [pcosdsing + (pcos ¢ + 2)sindla,
+ [ - psin2¢ + (pcos ¢ + z)cos dla,

AtP
6
p= V40, m¢=——2
Hence,
cos¢=—_-2- sm¢=L
Vao' V40
-2 6 -2 6
A=[\/—40-———-—+(\/4—0-——+3)-—}a
40 V4o V40 40)"
36 -2 -2
+ -—\/47)-—+(\/40-——+3) —]
[ 40 40 40.‘
-6 38
= a = ~(0.9487a, — 6.008a
Vao © Vo' ’

Similarly, in the spherical system
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A, sinfcos¢ sinfising cosf y
Ag | = |cosfcosd cosfsing —sinf ||x+ 2
A, ~sin ¢ cos ¢ 0 0

or

A, = ysinfcos ¢ + (x + 2)sinfsin ¢
Ay = ycosfcos @ + (x + z)cos 0 sin ¢
Ag = —ysing + (x + 7)cos ¢

But x = rsin @ cos ¢, y = rsin @ sin ¢, and z = r cos 0. Substituting these yields

A= (A,. A.. Ao)
= rlsin’ @ cos ¢ sin & + (sin 0 cos @ + cos 0) sin 0 sin ¢Ja,
+ risin 0 cos 0 sin @ cos ¢ + (sin 0 cos ¢ + cos 0) cos 0 sin ¢)a,
+ r{—sin 0 sin® ¢ + (sin 0 cos ¢ + cos ) cos ¢la,

AtP
6 V40
r=17, tan ¢ = ——, tanf = ——
-2 3
Hence,
cos ¢ =2 sin ¢ - cos 0 - inf \/;0
= — sin ¢ = —=, s = — s = ——
V40 40 7 7
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+7.[\/Ew.§_ 6 -2 +(v’fo' ~2 3).3. 6 ]a
77 Vao Vao ‘
-V40 36 (\/47) ~2 3) —2}
o comme o || comveemm— ¢ com— -] - a,
740
-6 18 3

7 Vao 7
R e = o

38
—— a’ s e 5
7 7V40 a0

= ~(0.8571a, — 0.4066a, — 6.008a,

Note that |A| is the same in the three systems: that is,

A(x, v, 2| = |Alp, @, 2)| = |A(r, 0, ®)| = 6.083

3. Transfer the vector A = 10 a, to spherical coordinate at point
Plx=-3,y=2,z=4)
A= -55702a, — 6.18 ag — 5.547a,

4. Give the Cartesian coordinates of H = 20 a, —10aps + 3 a, at point
P(x=5y=2,z=-1)

—

H=22282a,—1856a,+3a,
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