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Electric Fields Duo to Continuous Charge Distribution

So far we have only considered forces and electric fields due to point charges, which are
essentially charges occupying very small physical space. It is also possible to have continuous

charge distribution along a line, on a surface, or in a volume as illustrated in Figure .1

o
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Point Line Surface Volume
charge charge charge charge

Figure 1 Various charge distributions and charge elements.

It is customary to denote the

e line charge density by p; (in C/m).
e surfuce charge density by pg (in C/m?). and

e volume charge density by p, (in C/m?)

The electric field intensity due to each of the charge distributions p; , p,, and
p, are given by
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- dl
E = J‘ pL—JaR (line charge)
L

— Ps ds
L= ———ag (surface charge)
S

_ pp dv
L = J’ ——ag (volume charge)
v 4?1'£O|R|

a. Field of a Line Charge

Consider a line charge with uniform charge density p L extending from A to B along the z-axis as

shown in Figure 3.4 The charge element d ¢ associated with element dl=dz of the line is

z

dQ = p, dl=p, dz ] e — — dE,

B
the total charge Q is

0,0,2°)

ZRp
Q:j pL dz

Za

from Figure 3.4 / 0 ¥
X

Figure 3.4 Evaluation of the E field due to a line charge
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dl =dz’

R= (x,y,2z) —(0,0,z")
=xa, +ya,+(z—z")a,
or

R= pa,+(z—z")a,

R? = R

=x2+y?+(z—-2z)=p®+(z—2')?

R=./p2+ (z—2z')2

—_

ap R pa,+(z—z'")a, pa,+(z—z')a,
—2: — 3 =
*R]

VG2 2 2R o2+ (22T
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Substituting all this into eq. of electric field intensity we get

= py dl
E= J ———3ag
L 4mey|R|

a,+(z—z")a,
PL J P fo] ( ) dZ! (*)

[p? + (z - 227>

As a special case, for an infinite line charge, point B is at(0,0,°°) and A at (0,0,->=) so that the

equation. Becomes
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Example: A uniform line charge, infinite in extent with p;, = 20 nC/m lies along

z — axis. Find the E at (6,8,3)m.

Solution:
_ M
E= Pr a,
2MEQp
Pr— E‘(ﬁl Bl 3)
20nC/m

p=1(6,8,3)—(0,0,3)

N

p =6a,+8a,

15| =V6Z +82 =10

i
=== =06a,+0.8
Tl 10 21083
E 20 x 1077 [0.6a,+08a,]=21571a,+28.761a,V/
= Lba Od | = : a - 4 m
2m X 8.854 x 10712 x 10 * y x y
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Example: Two umform line charges of py = 5 nC/m each are parallel to the
xaxis,oneatz = 0,y = —2m and the otheratz = 0,y = 4m.

Find £ at (4,1,3) m?

Solufion:
£
B
413
- L
- J‘ ""
e, 200~ Mo (4.0
7 Y
X
E=E +E
— IﬂL
Ey =
L= Zmegp P

pr=(l—(-2))ay+(3 —0)a,

-

g =3a,+3a;

|5_1| =+3T+3F =18

ﬁl Jay+3a;

Y T~ Vis
. 5% 1077 [3ay+3a;

Ey = = v
1= orx8854lx 10-2| 18 o
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= _ P
2negp

ap
F=(1—4a,+ @ —0)a,

p =—-3a,+3a;

ol =V3Z+32=118

p _—3ay+3a;

ﬂ. = = =
] V18
F _ 5x 1077 -3 ay+3az] v
2T T x 8.8541 X 0-12 18 -
= 5x 1077 6 a -
e ¥, e
27 % 8.8541 x 10-12 18 az V/m

b. Field of a Sheet Charge

Consider an infinite sheet of charge in the xy-plane with uniform charge density p s. The
charge associated with an elemental area dS is
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dQ = ps dS
from the eq.

E:J Ps dfzaR
§ 4?’[ED|R|

From eq. above, the contribution to the “E field at point P(0, 0, h) by the elemental surface 1
shown in Figure

= T e
4?IED|R|

=y

d

From figure
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R=p (—a,) +ha,

= —a,p+ha,

|R| — [pz _|_h2]1,.-"2
R —a,p +ha,

FTR

dQ = ps dS = ps pd0 dp
substitution of these terms nto eq. (¥*%) gives

ps pdOdp
Ameq[p? + h?]

—a,p +ha,
[pz + hZ]l,-"rZ

_pspd®dp[—a,p+ha,]
ey [p? + h?]3/?

dE = dE, + dE,
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Since dEp = 0 from the symmetry of the charge distribution.

ps hpdpdp a
4mey[p? + h2]3/2 77

_ _ - [(* (® hpdod
E [ dEo e [ [7 hedsds
s 4meg Jo—o Jp=o [P? + h?]

dE =

= psh fm 2 21-3/2 1 2
E = 2 + h —d
4meg T p_u[,ﬁ' ] 7 (p°) az
_ ps 2 21-1/21%
-7 {=[p* +n*]71/2} "a,
= Ps
E =
250 Az

for an infinite sheet of charge

Fops
E—ZEGaN

10
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Example: Three infinite uniform sheets of charge are located in free space as follows: 3nC/ m” at
z=-4 6nC/m’ atz = 1, and - 8nC/m’ at z = 4. Find E at the point: (a) P4(2, 5. -5): (b)
Ps(4,2.-3). (c) P-1. -5, 2): (d) Pp(-2, 4. 5)?

Solution:
a= at
Pa /¢ ® P(-24.5)
Ps
Becuse the infinite sheet charge the E = E _2_8,aN / i _y
4
—3n 6n 8n 5653, V/
— e T = - 1.5.3\0
Er = T 280 o a;V/m P{1.5.3)
l pg=6ﬂ
b- atpg .
3 6 8
g:[.z_"_z_"+2_"a =2823a,V/m £
So:afo 250 ® P542.3)

C- at pC / 4 P 7
6n 8n

3n
E=[2 +—+—|a, =960.45a, V/m
2e, 2851 ° V/ l o P;(25.-5)
d"" atpd
p=[m g 20 =650, v/
Ve izm el
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Example: A uniform sheet charge with p, = 1/3m nC/m” is located at z =5m
and a umform line chm}e with p;, =25/9nl/m at
y=3m and z=-—3m.Find E at (x,—1.0)m

Solution:

-
-

Er =E, +E;
EL due to surface charge

Ez due to line charge

g =P

E= &g

= (1/3m) x107°

El = EED {_“x)= —6 g
_ A

B2 = 2mgyp A

p=(x-10)—(x.3,-3)=(-1-3)a, + (0 —(-3)) a,
Pl =VEFF =I5 =5

=5

g —ta,+3a;

% = 5

o (25/9) x 10~° [—4.::,_,, +3 uz]
2 2mxB8854x 1012 x5 5

Ez =8ay, +6a;

Er=-6a,+8a,+6a,=8a, V/m

13
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Example: Planes x = 2and y = — 3, respectively, carry charges 10 nC/m*
and 15 nC/m* Ifthe line x = 0,z = 2 carries charge 10w nC/m,
calculate E at (1, 1, —1) due to the three charge distributions.

Soluron:

E=FE, +E +E,

F=Ps

E == ay

= Ps, 10-107°

E, = (—ay) = —————= a; = —180r a,
2&, 2 10

= 15-107°

E, =Pj‘ Ay = ———— ay = 270m ay
2g, 2. 10

36w
T P
2 2meyp

P =(1L1L-1)—(0,1,2)= a,—3a,

lol =v1Z7 + 3% =10

14
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= 10m-107° a,—3a

2 - )
.107° V10
2 367 /10

Z=18n(a,—3a,)

E = —1807 a, + 2707 a, + 18n(a, — 3 a,)

= —162r a, +270m ay, — 54w a; V/m

C. Field Due to a Continuous Volume Charge Distribution

If we now visualize a region of space filled with a great number of charges separated by

minute distances, we see that we can replace this distribution of very small particles with a smooth

continuous distribution described by a volume charge density py C/m?

138 Ja) aodaions Liild an 3 ppiaa Sliliia paan (e Aliadiall s Sl e Jila 2023 5 5lee g1 jal) (10 Adkaia U ) guai 13

Aﬂmmuu&um}u»h\@)}hﬁw&w@)ﬂ‘

The total charge within some finite volume is obtained by integrating throughout that volume,
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Q= Py dv

vol

- py Av
vol 4-TI£D|R|
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H.W:

On the line x = 4 and v = —4. there 1s a uniform charge distribution with
density p; = 25 g . Determine E at (—2,—1,4)m.

Ans: E = —59.92 a, +29.969 a, V/m
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