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Fourier Transforms

Frequency Spectrum

The Fourier series may be combined into a single cosine series. Let p be the
fundamental period. If the function f (x) is not periodic at all on [-L, L], then

the fundamental period of the extension of f (x) to the entire real line p=2L

b,

Let the phase angle &, be such that tans, = — -,
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so that smo, = -2 and °°55n — [ A A .
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where the amplitude is ¢, = Janz +52.

Also. in the trigonometric identity — cosAcosB — sinAsinB = cos(4+B).

replace 4 by nex and Bby &,. Then

a, cos(nwx) + b,sin(nex) = (c,cosd, )cos(nax) — (c,sind, )sin(nox)

2 - b
= ¢, cos(nwx+3,), where |o = 7” = % s JGi= ,’a"‘+b"‘ and [tang, = — 2

Therefore the phase angle or harmonic form of the Fourier series is

a,

flx)==2+ icﬂ cos(newx+3,)
n=1

4

Example: Plot the frequency spectrum for the standard square wave,
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The Fourier series for the standard square wave is

flx) = %Z[# Sﬁ]}jj‘l’_‘t’] = %Z[ lkl—l Si:tl[l%—l}ﬂ'.‘f}
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Example: Plot the frequency spectrum for the periodic extension of

f(x) = |J.| —l<x<l1

(which converges very rapidly. as this third partial sum demonstrates)
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The harmonic amplitudes are

L =9 |3 (n=0)
c, = 2(1 "“(-’l)n) ' = 0 (n even.n>2)
(nz ) QY y 3 (n odd)
| (n7)
The frequencies therefore diminish rapidly:
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Fourier Integrals

The Fourier series may be extended from (—L. L) to the entire real line.
niT T 1 Aw

Let o, = — = o,—w,,; = — =Aw = — =
L L S £ T

The Fourier series for f(x) on(—L. L) is

L
£ =3[ ryar

,,Z:(% (»J‘:f(t)cos( n:’ ) dr]cos( MLH)

e 2 [ ren{ ) arn(225)

L
= S =22[ ryd+
27 J-1
(Aot ;
Z[—[ f(t)cos((o"t)dt]cos((on,\)
Ll Vg K", >

Aw

T

[ .. E f(t)sin(a,r) df]sin((o"x)]

=L
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Now take the limitas L — 0 = Ao—>0:

The summation becomes an integral over all frequencies in the limit:

f(x) >0+
j{?[i(_":f(r)cos(“”)df]COS(fox)d(o

. %[ J' ’ f(}r)sin((ot)dr]sin(rox)d(o]

-0

Therefore the Fouriter integral of f(x) is

f(x) = jo (4, cos(@x) + B, sin(ex))do

where the Fourier integral coefficients are

4, = lJ‘_ f(t)cos(at)dt and B, = —j f(t)sin(ort)dt

1
T

provided L:;| I [1]| dx converges.
Example: Find the Fourier integral of

f(x) = {1 (-1=x<+1)

0 ({:}therwise]
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The first integral converges to some finite number. so the first term vanishes in the limit.




From the functional form and from the graph of f(x). it is obvious that f(x) is piecewise

o
smooth and that j | i (.\)| dx converges to the value
-

The function f(x) is even

Therefore the Fourier integral of f(x) is

j|.)"
® 1 ®
- o o . =
i 0 1 x
1f" 1t 1[sin(ar)]'  2sine
L, = —J- f(t)cos(et)dt = —.‘- cos(at)dt = —| ———=| =
Td= wda # @ Iy T

= B, = 0 forall w.

f(x)

T@

2sin®

©
-[0

cos((ox) do

It also follows that

2sin @

-

o

Complex Fourier Integrals

=7 j(ox

+ 8

cos(ex)dw

sin/
4

ejazr -

|
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Fourier series and Founer mtegrals can be used to evaluate summations and definite
integrals that would otherwise be difficult or impossible 1o evaluate,
setting v =0 in Example 7.06.1, we find that

I

(=l=x<1)

1
{,— (x=:=1)

(otherwise)
For example,

'vlh

f(x) = IO (A4, cos(wx) + B, sin(ex))do

—joox
e 7

do

[ e_]an
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e/ (ox) do .

2J
Ao + 7By

where C,

) i ) de

. A, — 7B,
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. * cos( @t ) + jsin(ot
But C, = lj f(,)ws((o & iR )dr
T J—x 2
O . cos(—art)— jsin(—ot)
= ;J‘ f(’) ( - ( —dt = C_,
= - - 0 y -
and j. (C‘_w e /™ )d(o = J’ (C‘w e+j(""‘)d(o
0 -0

: .1 . .
By convention. the factor of o 1s extracted from the coefficients.
i

Therefore the complex Fourter integral of f(f) 1s

f(r) = L mCmej“dr

-
il o —x;

where the complex Fourier integral coefficients are

C, = I_m f(1)e " dr

(which is also the Fourier transform of £ f(@) = 7 [f(D](®)).

@ 1s the frequency of the signal f(r).
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Fourier Transforms

If f (@) is the Fourier transform of f(z). then

7o) = j i (1) dn

and the inverse Fourier transform 1s

= L " o E"‘FH [h)
f(f} a 2??.‘._me ) d

Example: Find the Fourier transform of the pulse function

B i

f(t) = k(H(t+a)-H(t-a)) = {

Tk {—aiﬁf {:a)

0 (otherwise)

From the functional form and from the graph of f (7). it is obvious that f () is piecewise

x
smooth and that [ I f (r)| dt converges to the value 2ak.
¥ =

J@)

-

ke_j(a a - (_e—j'(m+e+j(m)
g WD 2j

f((u) = j_if(t)e_jax dt = J._aake—j('x dt = [

Therefore

—j@

sin(aw)

fle) = 2k

@
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The transform is real. Therefore the frequency spectrum follows quickly:

RC!

Example: Find the Fourier transform of the triangle function

: “r=a
f(r) = ;(G_M) (~a<t<a)

0 (Dtherwise)

From the functional form and from the graph of f(7). it is obvious that f(7) is piecewise
i

smooth and that J. \ f(7) , dt converges to the value ak.
—0

7@
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jo) = [ sy an =%

0

(a+1)e 7™ dr + EJ' (a—1)e ™ dt
alo

-a
- 3 ] a
2k k| a+t 1 e_jwt k|| a-t -1 e-jm
a|\ -jo (—j(o)2 ) L A Ce (—j(o)2 b
(e 2)- (oo S 3 -(5-3)
ajl\ o @ ) @ @ @
- K- oo - ) = (1 cos(aw))
aa” aw”
Therefore

~

flo)

a

2k 1-cos(ao)

@

An equivalent form 1s

s

f(@) = ak-

(5]

a@

|

)

ao

The Fourter transform of the triangle function happens to be real and non-neganve, so

that it 15 its own frequency spectrum lj"(m‘):' = f(m).
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