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&l—s"""‘l‘ and S;urnu
S.6 PROPERTIES OF CONTINUOUS TIME FOURIER TRANSFORM

The Fourier transform has a number of important properties. These propertics are useful qu
Ideriving Fourier transform pairs as well as for deducing general frequency domain
relationships. These also help to find the effect _of vario\_u time domain operations on the
frequency domain. Some of the important propertics are discussed as follows:

5.6.1 Linearity Property

The linearity property states that the Fourier transform of a wcighted sum of two signals is
equal to the weighted sum of their individual Fourier transforms.

ie. If ()T X(@) and x;(1) " X, (@)
Then ax, (1) + bx, (1) «—2— aX (@) + bX (W)
where a and b are constants.

Proof: By dcfinition,

Flax, () + bxy;(0] = [ lax, (1) + bxy (D) e " dr

= [ax, (e ™ di + | bxa0y e ar

=a I xl(l)e_"'dl +b I x,(0) e '™ dr

= aX,(w) + bX,(w)

la.x,(t) + bxz(t)c—i-» aX,(w) + bxz(a))J

5.6.2 Time Shifting Property

The time shifting prope—y states that if a signal x(¢) is shifted by #, scc, the spectrum is
modified by a lincar phase shift of slope —wr,; i.c.

. If x(r) ce it X(w)
Then x(t —15) — 5 e/ x(w)

Proof: By definition,

Flx(r — 1)l = I x(t —1p) e '™ dr
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Let t—to=p

psp+loanddl'dl’

Flx(t = 10))= [ x(p) e ™7 dp

= e‘m I x(p) e 1™r dp

= e/ X(w)

lx(l = fp) ——p ™10 X(a))l

Similarly, X(1 + 15) 23 /™ X (@)

This property has a very important implication. That is
le™*% X(@)] =| X ()|

e/ X(w) = '™ +|X(w) =|-arny +|X(@)

and
This shows that shifting a function by o results in multiplying its Fourier transform by e,

Thus, there is no change in magnitude spectrum but the phase spectrum is lincarly shifted.
5.6.3 Frequency Shifting Property (Multiplication by an Exponential)
Frequency shifting property states that the multiplication of a time domain signal x(r) by e
results in the frequency spectrum shifted by ay, i.e.

If x(1) = X (@)

Then

Proof: By definition,

™ x(1) —— X(@ - ax)

Fle/ x(0) = [ &/ x(t) e ds

= [ xw et

= X(w-ay)

I:""' x(r) 2 X(@w - aq,!]

Similarly, /™ (1) 2 X(@ + ay)
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5.6.4 Time Reversal Property

The time reversal property states that
If x(1) iy X(w)
Then x(=1) 2 X(-w)

Proof: By definition,

Flx(-1))= I x(-t)e ™ di

Replacing ¢ by ¢ in the RHS of the above expression for F[x(~1)), we have

Flx(-0)= [ x(r) e dr = j x(1) e/ dt = X(~w)

x(=1) 2y X(-mﬂ

5.6.5 Time Scaling Property

Let x(ar) is a compressed version of x(r) when a > 1 or expanded version of x(r) when a < 1.
FT

If x(1) &— X(w)
Then x(ar) ) l X (2)
la] \a

Proof: By definition,

Flx(a)] = j x(at) e ™™ dy

Let aep
K. r=2 and dlaﬂ’-
a a

F(x(ar)) = I x(p) e™ 1P %’-
.l Ix(p)e”“"”dp
a - e

Case 1 Whena > 0,

T -Nea |1 (@
Fll(a!)l':l; Ix(p)e s ”dp--;x(;)
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Case 2 Whena <0,

FIal]:_l. Ix(p)e"""'dp'L j’,(',)e-n-cdonpdp

45(-)
)

' X(GI)Q—F—'—)L x(gl
' la] \a)

5.6.6 Differentiation in Time Domain Property

The differentiation in time domain property states that the differentiation of a function in time
domain is equivalent to the multiplication of its Fourier transform by a factor ja, i.e.

If x(r) —— X (@)
Then % ) JjoX(w)

-

Proof: By definition,

| o .
x(r)-—zx I X(w)e™ do
Differentiating both sides w.r.t. #, we have

d __|__d_ T ar
d,x(t)-zxd’[IX(w)e’ dw]

-

1 7 d 1 5
=5—;:‘;X(w)-;le"']da)a-z—;!.)((w)jme"'dw

‘ = ]a)[% .j;X(a)) /™ dw]

= joF'[X(®))

F[% x(l)]- jo X(w) —-

7y ,did("_) ‘._F_r_. ja) X(m}l




-

" In general,
s dr"

If
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4" x) — s (ja)" X()
5.6.7 Differentiation in Frequency Domain Property

y states that the multiplication of a signal x(1)

The differentiation in frequency domain propert
in frequency domain, i.c.

by 7 is equivalent to differentiation of its Fourier transform
x(1) 2 X (@)

Then x(r) 22— j—d— X(w)
dw

Proof: By definition,

X(@) = j x(1) e 1™ di

-

Differentiating both sides w.r.t. @, we have

a 4 e Tom A e [ e
- (X@) dw[ | xtne d:] Ix(l)dm(e ) dt -I.x(l)( jt) e ™ dr

Ead -

=-j I [ex(0)) e dr = = jF[1x(1)]

Flex(0) = 2= X(@)
dw

x(1) ——— jdd—w X(@)

5.6.8 Time Integration Property :
)

The time integration property states that the integration of a function x(7) in time domain is
equivalent to the division of its Fourier transform by ja, i.e.

If x(1) 2 X(w)
f
Then [ x(nydr T L xGo), if X(©)=0
o
.

Proof: If X(0) = 0, this property can be easily proved by using integration by parts as in the
case of the differentiation property.
By definition,

' -
x() === .].xuu) ™ dw
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Replacing ¢ by a dummy vaniable 7, we have

g =
x(r)= i—;_jlmwd‘" do

Integrating both sides over —ee (0 1, we have

j’x(r)dr- j’[ jx(m)e""dr]

Interchanging the order of integration, we have

ix(r) dr= % :j: X(®) [j_e"' dr]dm
1f] -
il

!
F[j x(1) dr]= L X(w)

L)
[ xnyde Fos L x()
jo

’
If X(0) # O then x(r) is not an energy function, and the Fourier transform of Ix(t)dr

—oo

includes an impulse function, that is

I
F[ j’ (1) dr] = l X(w) + xX(0) 8(w)
o JO

5.6.9 Convolution Property or Theorem

The convolution property or theorem states that the convolution of two signals in time
domain is equivalent to the multiplication of their spectra in frequency domain. This is called

the time convolution theorem.
If x,(t)t—"—)xl(a)) and x,(l)cLX,(m)

Then x(1)* x50 = X, (@) X (@)
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Proof: We know that the convolution of two signals x,(1) and x,(1) is given by

n0* 0= [ 1) x0-r1)dr

Flx(1)* x,(0)= I [ I x (1) x;(:-r)dr]e”" dt
Interchanging the order of integration, we have
F[J](’) . Xz(‘)] = I l.(t)[ I Xz(’ - ‘)C-)- d‘]df

Substituting # = T = p in the second integration, we have
t=p+t and dr=dp

Flx(0)* x;(1)]= J xi(f)[ I x(p) f'm"ndl’]df

- Ih(f) Ih(l’)f’"dp]c-mdr

= I x(n Xy (@) e ™ dr

=[ j xn(net” dr]x,(m)-x,(m) X, ()

[4,(0* 5,0 X, (@) X, (@)]

| 5610 Multiplication Property or Theorem

The multiplication property or theorem states that the multiplication of two functions in time
i domain is equivalent to the convolution of their spectra in the frequency domain. This is

called the frequency convolution theorem.

If x,(t)c—'—r-) X,(w) and x,(:)«-"—»x,(m)

Then x() x,(:)h"f—bix,(mﬁ X;(w)

Proof: We know that

Flx(n)=X(w)= I x(t) e ™ di
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= 1 3
and F [X(wll-w)-;-j. X(@) ™ do

Flx, (1) x;(0)] = I x, (1) xy(1) ™™™ dt

- l L "
--I o I X, (A) ¥ dl] xy (1) e ™ dt

Interchanging the order of integration, we get

Flx, (1) x,(0) = Il; I X,(.l)[ I X0 et e ™ d]d/l
l - - st i
.a..[x,u)[lx,(:)e - d:]dl
-
e -j-x,(/l) X,(@-A)dA

1
=3, Xi(@)* Xy@)

x, (1) Xy (1) > %X,(m) * X, (@)

or 2xx,(1) x,(2) LA X, (@)* X;(w)

or X (1) X2 (1) = X, () * Xa(f)

5.6.11 Duality (Symmetry) Property

In spectrum analysis, the duality between the time and the frequency is exhibited. The duality
(symmetry) property states that ;

If

Then

Proof: By definition,

x(1) 2 X (@)

X(r) T 2x x(-w)

x(1) = % :[.X(m) & do
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2xx(n) = I X(w)e™ dw

2xx(-0)= I X(@)e '™ do

or
Interchanging f and @, we have

2 x(~0) = j X(1) €™ di = F(X(1))

F(X()) =27 x(-w)

ie. [x(t) T 20x(-w)|
For even functions,
x(-w) = x(w)
X@) — 2rx(w)

5.6.12 Modulation Property
The modulation property states that, if a signal x(1) is multiplicd by cos @4, its spectrum gets
translated up and down in frequency by @, ie.

If x(1) 2 X(w)
Then x(t)cosa),u—"—b-;-lxw-m‘)+X(m+w,)]
| Pk S
Proof: x(1) cos @ 1 = x(1) 2
Flx(t) cos @,1] = F[-‘-‘z'-’(e"“ seln |]
-~ 1
-%F[x(:)e"“H%le(l)e ""']-%x‘[m-w,hi Xlo+o]
=%[XIa:-w,]+X[w+w‘|]
(1) cos W1 %IX(m-w,)+X(w+a),)
imi i e, ! -X(w+w,)]
Similarly, x(r)sin @1 ‘—_—’Ejlx“v-w‘) ©




