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Divergence (div)

There are two main indicators of the manner in which a vector field changes from point to
point throughout space. The first of these is divergence, it is a scalar and bears a similarity to the

derivative of a function. The second is curl.

When the divergence of a vector field is nonzero, that region is said to contain sources or
sinks, sources when the divergence is positive, sinks when negative. In static electric fields there
is a correspondence between positive divergence, sources, and positive electric charge Q. Electric
flux ¥ by definition originates on positive charge. Thus, a region which contains positive charges
contains the sources of Y. The divergence of the electric flux density D will be positive in this

region. A similar correspondence exists between negative divergence, sinks, and negative electric

charge
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The Divergence Theorem

Gauss' law states that the closed surface integral of D.dS is equal to the charge
enclosed. If the charge density function pv is known throughout the volume, then the charge

enclosed may be obtained from an integration pv of throughout the volume. Thus

fDS .dS =f ppdv
vol

ButV.D = p, and so

351)5 .dS =f (V.D)dv
vol

This is the divergence theorem, also known as Gauss' divergence theorem. Of course, the volume

v is that which is enclosed by the surface S.



Al-Mustaqbal University / College of Engineering & Technology
Department of (Communications technology Engineering)
Class (second)
Subject (Electromagnetic Static Fields)/ Code (UOMUO0207035)
Lecturer (Ayat Ayad Hussein)
15t term — Lecture No. & Lecture Name (Maxwell First Equation)

Example: Given that D = (10p3/4) ap. (C/m?) in cylindrical coordinates, evaluate both sides

of the divergence theorem for the volume enclosed by p= lm, p=2m.z=0and z= 10

Selntion:

The left side of divergence theorein is:

10 angpﬂ 10
§D5.d5=J [ pdbdz = —x p* x 2m % 10

= 50m p* = 50m(2* — 1*) = 750r
The right side is:

143 149 (10p°
V.D)dv = J- (—— D )dv =f - ( ) dv
-LDI[ ) vol P ap ¢ G vol \ P dp F 4

13 10]04 , 10 .27m -2 ,
= - dv = 10p%)dr = f J j 10 dp df dz
Loj (P 6p( 4 ) wi( F) o Jo 1 ek

472
”’—] — 750m
4 1

=10x2r x 10 x

Maxwell's First Equation (Electrostatics)

Maxwell's first equation, which describes the electrostatic field, is derived
immediately from Gauss's theorem, which in turn is a consequence of Coulomb's inverse square

law. Gauss's theorem states that the surface integral of the electrostatic field

over a closed surface is equal to the charge enclosed by that surface. That is

/ D-deo = f pdu
surface volume
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Here p is the charge per unit volume.

But the surface integral of a vector field over a closed surface is equal to the volume integral of its

divergence, and therefore

f divDdv = / pdu
surface volume

Therefore

divD = p,
or, in the nabla notation,

V-D=p.

This is the first of Maxwell's equations.

We now wish to consolidate the gains of the last two sections and to provide an
interpretation of the divergence operation as it relates to electric flux density. The expressions

developed there may be written as

_ . $Ds.dS
div D= lim ————
Av=0 Avp

ap, D, 4D,

. _ ¥
divD = Em + 3y + e
divD = p,

V.D = p,
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This is the first of Maxwell's four equations as they apply to electrostatics and steady
magnetic fields, and it states that the electric flux per unit volume leaving a vanishingly small
volume unit is exactly equal to the volume charge density there. This equation is called the point

form of Gauss's law. Gauss's law relates the flux leaving any closed surface to the charge enclosed,

— gl
Example: intheregiona < p <hb, D= p, (PZ z )ap,

2p
— bt
and for pg>b D=py (bz; Jap
for p<a D=0, find p,in all three regions?
Sofution:

1— fortheregiona=p=hb

Pz_az
Dpzpn 2p n Dﬂ=0 y .DZZD
V.D = p,
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2— fortheregion p>0b

14
pappﬂ

14
pdp

18
pu — ?_D T e —
pdp
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pl, = ( 5
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3— fortheregion p<a

pp=V.D=p,=V0=10

Gradient

_ P9

2_ 2y
Epﬂp(b a?) =10

The vector field VV (also written grad V) is called the gradient of the scalar function V

YV = 4/ t U/ + % Cartesi
P a, 7 a, T a, ( Cartesian)
Vv % +15V +3V lindrical
%ap Eﬁam 5, & ( cylindrical)
W_EJV +16‘V 1 v —
or T 8™ T rsingap (P
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CURL OF A VECTOR

The curl ofA is a rotational vector whose magnitude is the maximum circulation of A ~ per

unit area as the area lends to zero and whose direction is the normal direction of the area when the

area is oriented so as to make the circulation maximum.

I . A-dL
curl A=V xA= J;I_I}DT An,oe
a, a, a,
. d ad d
VXA dy 0z
Ay Ay A
or
- [04, 94, 04, 04, 04, 0A; ,
'G’XA:lay ——azlax+ _az_é‘x] y T . 3y a, Cartesian
a, pag a,
- - 1|4 d d
vxd=2lap % a2
Ay phAy A,
or
. = 1 3.{43 aAg aAp aAz 1 3(;314@) aAP . .
VXA= pam_az]“PJrlaz_ap am+p o ~ 20 a, Cylindrical
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i, rag 1 sind agj
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11d(rd dA
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Frequently useful are two properties of the curl operator:

1) If the divergence of a curl is zero, (P’ X ;D = 0, then the 1‘ecror'ﬁefd§ is the
Electric Field.

2) The curl of a gradient is the zero vector; ('.7 X [F’E) =0



