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Limit of a Function:.

If f1s a function, then we say:
A 1s the linut of £ (x) as x approaches a if the value of f(x) gets arbitranly

close to A as x approaches a. This 1s written m mathematical notation as:
limf(x) =
X—
For example:
limx? =9

x—3

limx =0
x—0

lim4 =4

Xx—2

The limit law:.

If L, M, ¢ and k are real numbers and

lim f(x) = L and lim g(x) = M, then

x—c x—c
1. Sum Rule: lin(f(\’ +gogx) =L+ M

The limit of the sum of two functions‘is tche sum of their limits.

2. Difference Rule: lin( fix) —g(x)) =L—M

The limit of the difference of two fun;tiocns is the difference of their limits.
3. Product Rule: ‘ll_rpc (f(x)-g(x))=L-M

The limit of a product of two functions is the product of their limits.

4. Constant Multiple Rule: lim(k- f(x)) = k- L

X—C
The limit of a constant times a function is the constant times the limit of the
function.
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5. Quotient Rule: lim fx) — —é, M#0
il Xx—C g(,\’) M

The limit of a quotient of two functions is the quotient of their limits, provided
the limit of the denominator is not zero.

6. Power Rule: If r and s are integers with no common factor and s # 0, then

lim (f(Y) )r/.s" s LI‘/s

X—C
Example:.
(a) lim(x® + 4x% — 3) = lim x* + lim 4x> — lim 3 Sum and Difference Rules
X—C X—C X—2C X—C
3 2
=c° +4c° — 3 Product and Multiple Rules
4 o | lim(x* + x2— 1)
. XT+ x4 — x—c
(b) lim 5 = - = Quotient Rule
- X*+5 lim(x< + 5)
X—5C
o . 2 .
lim x* + lim x* — lim 1
X—C X—C X—C .
— - = - Sum and Difference Rules
limx~ + lim 5
X—C X—>C
ct+c2 -1 e
— = = Power or Product Rule
C:- T D
(¢) lim Vax? — 3 = V lim (4x? — 3) Power Rule with /s
x—-—2 x—-—2
=V lim 4x%> — lim 3 Difference Rule
x——2 x——2
= V4(-2) -3 Product and Multiple Rules
= Vis — 3
= V13
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Indeterminate quantities :.

0

co
co

0% o0 = 0 ) 0? , 0

Exampl lim —=—%
Xdmplie.. _—
ERPLE Ll X242

. —2%—2 —4 0 :
Solution: _ == , then the solution
(=2)3+2(-2)2 0
. —2(x42 . =2 -2 -2 -1
llm(}—}: Iim — =—— =— =—
x—=2 Xx%(x+2) x—=2 Xx2 (=2)? 4 2
Example:. lim . 0
xdampie.. Py 2 0
) . x=2)(x+2 )
Solution:  lim o2)(xt2) _ lim (x+2)=2+2=4
x—2 x=2 x—2
Example:. lim Z 0
Xdmplie.. - -
P 00 1—vi-x 0

. : : x (1+vV1-x . X (14+vV1-x
Solution: lim ' ) lim ' )

¥20 (IVIX)(1+VI-x) x50 1-(1-x)

. x (1+vV1-x) . x (1+vV1-x) ,
= lim ( -=lim ( -= lim (14+V1—-x)=2
¥—0 1-1+x ¥—0 X x—0
E . lim Vx2 4100 - 10 0
.YHHIQ e.. -
x—0 xz 0
L . (Vx2+100-10)(Vx? +100+10)
Solution: lim ————
x—0 x% (Vx? + 100+ 10)
x%+100-100 . x2

= lim — = lim —
x—0 x?(Vx2?+ 100+ 10) x—0 x?(Vx?+ 100+ 10)
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= lim —— = —— = =
Y—0 VxZ+100+ 10 V0 + 100+ 10 10+ 10 20

Limits of triconometric functions:.

If a 1s constant.

lim sinx=0 lim cosx=1 lim tanx =0
1 — () ¥ —(] ' —+ ()
im '

. sinax
1m =

1

Y — ()

- sin 2% 2% sin zx
) sin 2x . P i -
2. lim ——= lim —%& = lim —
x—0 SIn3x Xx—0 sin3x — x—0 3x :
3X 3Xx
sin zx . sinzx
lim :
_2 Him —2&— —2 a0 2x 241 2
3 x—0 SN 3x 3 li]I] Sl 3x 3 1 3
3x x—0 3x
0 . 1 1 1
3. lim — = lim = ===1
850 sin O 68-0 sino lim sme 1
2
. sin<0 sin
4. lim =( lim »Y=(1) =1
-0 07 6=0 O
) sin 9 sin B
or lim *  lim =1*1=1
8—-0 -0 ©
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Infinite limits | as x — £ o | :.

The basic facts to be verified by applying the formal definition are.

1

lim k=k and lim —=0
X—+ oo X—+ oo X
. 1 . . 1
Example:. llm (5+ =)= lim 5+ lim —=5+0=5
X X— o0 Xx— oo X

X— 00O

Example :. lim

X— —00 X2 X— —00 X

. 1 . 1 ,
lim —x lim — =nv3*0*0 =0
X— —oo X X— —w0 X

: : 1 | .
Example :. 1im sin( ;) = sm(;) =sin (0)=0

X— 00

V3 _ lim ﬂﬁl*é = lim m+/3 *

X— —0o0

5x2  8X 3 s 8_3
: 5x%+8x-3 : xZ x2 x2 : X x2
Example :. lim > = lim > = lim >
X— 00  3X*+2 Xx— oo 3X~ 2 X— 0 34+
2 ' x2 X
__5+0+0 _ 5
340 3
11x | 2 1,2
. 11x+2 ] x3 x3 . x2 x3
Example :. lim 3 = lim — = lim —
X— 00 2x°—1 X—-o 2X° 1 x>0 2-—
X3 %3 X
0+0 0
=00
2—-0 2
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X+ 3 5 : : 2
i = 2. lim 3x(2x-—1 -
1.}{1_1}1; — (E) A ( ) {3)
] Xx—5 1 . X+3 -1
3. Ill_lgé 2 o5 (E) 4 Kl_l}ll_lg X2 4+4%+3 ( 2 )
. t24t-2 3 . u?-1 2
i — . —
s lim G |6 lim oo (3)
7. lim (2sinx — 1) (—1) |8. limsecx (1)
x—=0 x—= 0
9. ‘Icm% (x* — 1) (2 —cosx) (—1) |10.lim VX + 4 cos(x+n) (Vm+4)
H—> X—TT
1+x+si 1 ] sin{ 1-cosx
1. lim ——= &) [12.1im = ) (1)
x—=0 3COSX 3 Xx—=0 1-cosx
. i, SInG 1 14. lim B cosH (0)
13. 51]1_1,1}] sin 20 (2) =0
15. lim sin( x — sinx ) (0) |16 lim cos T i
X T t=0 ( \m) {\E)
. gx2-3 . : 1-%° 45 o’
L7 Jﬂlia 2 22+x (2) 18. :!Hl-}a( x2+?x) ()
19, lim 2= (0)[ 20. 1 VeV 1
o X—+ €0 3x-7 - xﬂll;lﬂ z-.-";+ E\-E ( )
. . . 3 1 . 1.
21. lim ——— (1/2) |22 lim (z—cos _)(1+sin ) (-1)
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