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7.3 Formation of PDE by Eliminating Arbitrary Constant

A PDE may formed by a eliminating arbitrary constants or arbitrary function from a given rela-

tion and other relation obtained by differentiating partially the given relation.

Remark 7.1. Suppose the following relation:
1. &z

- i 4

oz _ ., _
2. 5y ==

Example 7.4. Form a Partial Differential Equations from the following equation:

z=(z—a)+(y—0b) (1)
Sol.
z$:2(:c—a):>(1:—a):%#—a:%—xﬁazx—%
— 2y — b = p= Yy sy
y=2y-b)=y-b)=5= 5 Y=y
Eq. (1) become
/:/’I) Z’
== (e =N+ - (-3

SAr=p*+¢°
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Example 7.5. Form a Partial Differential Equations from the following equation:

2= f(a* +y?) (1)
Sol.
a=20- [+ y") = [@ 4y = = @
Z.
2y =2y f'(@® + %) = fa® + ) = ﬁ 3)
Sub. Eq. (2) in Eq (3)
Zy z Yy
oyt B Y
i y2£L’ = Ze X
.
=
O

Example 7.6. Form a Partial Differential Equations from the following equation:

z=axr+by+a®+1? (1)
Sol.
Zy = a
zy =0

Eq. (1) become

2= 2,0+ 2,y + (2:)% + (zy)2

cz=prbaqy g
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Example 7.7. Form a Partial Differential Equations from the following equation:
v=f(x —ct) + g(z+ct) (1)

Sol.

v = f'(a—ct) + g (v +ct)
= —cf'(a — ct) + eg -+ e
Vao= f"(x — ct) + ¢"(x + ct)
Uy = CQf”(x —ct)+ 029”(95 +ct)
vy = A(f"(x — ct) + ¢"(x + ct))

vy = (V)
S U = Uy

O

Homework of Formation of PDE by Eliminating Arbitrary Constant

Form a Partial Differential Equations from the following:

l. 2 =ax+by +a®>+b?

2. L+L 4+ 4
5. 2= (%)

4. f(xr —at) + g(x + at)
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7.4 Method of Separation of Variables

Although there are several methods that can be tried to find particular solutions of a linear PDE,
in the method of separation of variables we seek to find a particular solution of the form of a

product of a function of x and a function of y.

u(r,y) = X(2)Y (y).

With this assumption, it is sometimes possible to reduce a linear PDE in two variables to

two ODEs. To this end we observe that

ou ou 0%*u 9%u
B_oxy Zoxy Z_x'v 2 =xy"
Ox oy 2 Oy? ’

where the primes denote ordinary differentiation.

_dX L, _dY

X' =— =
dx dy

Example 7.8. Solve the following Partial Differential Equation with boundary condition

du u
—+3—=0 1
ox T oy M
With boundary condition
u(0,y) = 4e % — 3e % (2)

To solve Eq. (1) suppose u(z,y) = XY.

Then
u _ XY u = XY’
ox dy
O S
dx dy
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Put in Eq. (1)

YX +3XY'=0

X' Y’
XY
Now let
X' Y’
3_X = 77 = ¢ cconstant
X’ Y’
3x 0 Ty ¢

=X =3cX, YV =-V,=X=a Y =aye %,

=u(r,y) = XY = a1e*Fase™ = a1a2** Y = Bet®*v) B = qqa,

Now let
U(.CL', y) =u; tuy = blecl(&r—y) + b2682(3m—y)
iu(ov y) = blecl(_y) + 52662(_y) = 42 _ 3¢~
=b1 =4,bp = —=3,c1 =2,c0 =06

sz, y) = 4e2Bz—y) _ 3,6(32—y)

Homework of Method of Separation of Variables

Form a Partial Differential Equations from the following:

1. Solve the following Partial Differential Equation with boundary condition

— + 5— = 0 With boundary condition u(0, y) = 4e~% — 5¢7¥
ox y

2. Solve the following Partial Differential Equation with boundary condition

o + Ou = 0 With boundary condition u(0, y) = 2¢™% 4 ¢~%
or 0Oy
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7.4.1 Heat Equation

The heat equation is a fundamental partial differential equation that describes how heat (or tem-
perature) evolves over time in a given region. It is widely used in physics, engineering, and

mathematics to model heat conduction.

The One-Dimensional Heat Equation

In its simplest form, the one-dimensional heat equation is given by:

ou 0%*u

ot 0x?
where:

* u(x,t) is the temperature distribution function, representing the temperature at po-

sition = and time .
* k is the thermal diffusivity constant, which depends on the material properties.
. g—? represents the rate of change of temperature with respect to time.

. % represents the spatial second derivative of temperature, indicating how temper-

ature varies along the spatial axis.

Solution of the Heat Equation

The method of separation of variables is commonly used to solve the heat equation, leading to
solutions of the form:

u(a,t) = X(x)T(t)

Substituting u(z,t) = X(x)7T'(t) into the heat equation and separating the variables results
in two ordinary differential equations, one for X (x) and one for 7(¢), which can be solved

individually under the given initial and boundary conditions.
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Example 7.9 (Heat Equation). Find the solution of following equation by using partial differ-

ential equation

ou *u
) b 1
ot 0x? 0 o
With boundary condition
u(0,t) = 0,u(10,t) =0 (2)

Sol. To solve Eq. (1) suppose u(x,t) = XT.

Then

2
5)u7XT, 0”u

ot < X

Since u(0,¢) = 0,u(10,¢) = 0= X(0) =0,X(10) =0
Put in Eq. (1)

XT' =2X"T
T/ X//
2T~ X
Now let
TI XII
T X b, b constant
TI
— =b=T =2T
2T
X//
y:b:>)(”:2l)X:>X”—2bX:O

Now let b = \?

when A% > 0 trivial solution. Then b = —\? < 0
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= X(z) = Acos(\z) + Bsin(\z)
Since X (0) = 0,
= X(0) = Acos(A(0)) + Bsin(\(0)) = A = A =0,
X(10) = Acos(A(10)) + Bsin(A(10)) = 0 = X (10) = Bsin(A(10))

~.sin(A(10)) = 0

Since sin(A(10)) =0 = 10A=nm,n=0,1,2,...

nm
=>\=—
10

cx(x) = B, sin(%x)

n

Since T' = 20T = T = 2t = T/ — ¢ 2Nt o T/ — o 2055)

n

=T = C,e 25

=

u(z,t) = XT = Z A, sin(%x)e_z(%)zt, A, = B,C,
n=1

O

Homework of Heat Equation

1. Find the solution of following equation by using partial differential equation

ou 0%u
Fri k@ =0, k constant

With boundary condition

u(0,1) = 0,u(L,t) =0

2. Find the solution of following equation by using partial differential equation

pr ok 0 With boundary condition «(0,¢) = 0,%(30,¢) =0
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7.4.2 Wave Equation

The wave equation is a second-order partial differential equation that describes the propaga-
tion of waves, such as sound waves, light waves, or water waves, in a given medium. Itis a
fundamental equation in physics and engineering, with applications in fields such as acoustics,

electromagnetism, and fluid dynamics.

The Wave Equation in One Dimension

In one-dimensional space, the wave equation is given by:

Pu 0%

— = —
ot? 0x?
where:
* u(z,t) represents the displacement of the wave at position = and time ¢,

* cis the speed of wave propagation in the medium.

* Second Partial Derivative with Respect to Time (% :

— This term represents the acceleration of the wave function u(x, t) with respect
to time at any given position .
— It indicates how the wave’s displacement changes over time, capturing the
oscillatory nature of waves.
» Second Partial Derivative with Respect to Space (% :
— This term measures the curvature of the wave function u(x, t) with respect
to spatial dimensions.

— Physically, it represents how the wave’s displacement changes along the spa-

tial dimension(s), indicating how the wave bends or curves at any given point.
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Solution of the Wave Equation

The method of separation of variables is commonly used to solve the wave equation, leading to

solutions of the form:

u(z,t) = X(x)T'(t)

Substituting u(z,t) = X(x)T'(t) into the heat equation and separating the variables results
in two ordinary differential equations, one for X (x) and one for 7'(t), which can be solved

individually under the given initial and boundary conditions.

Example 7.10. Find the solution of following equation by using partial differential equation

With boundary condition
w(0,) = 0,u(4, 1) = 0,u(z,0) = 5 sin(%x), wi(z,0) = 0 )
Sol. To solve Eq. (1) suppose u(x,t) = XT.

Put in Eq. (1)

Since u(0,4),
=u(4,t) = Cysin(4p)(C; cos(pt) + Cy sin(pt)) = 0

Sincng%O:SSin(élp):O:»4p:7z7r:$p:nf,n:(),l,---

=u(z,t) = Cy Sin<%$>(03 cos(%t} +Cy sin(%t))
u(x,t) = Cy sin(%x)(_%cg sin(%t) n %04 cos(%t))
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Since uy(x,0) =0
Sy (2, 1) = Cysin(—z) ("2 0y)
4 4
Since Cy, #0=C, =0

nmw
—t

=u(z,t) = Cy sin(%x)(Cg cos( 1 ) = CyC3 sin(%x) cos(%t)

Since u(z,0) =5 sin(zx)

4
nmw
—

=u(z,0) = CyC5 sin( 1 )=5 sin(%x) =010y =5

cou(z,t) =5 sin(%x) cos(%t)

O

Homework of Wave Equation

1. Find the solution of following equation by using partial differential equation

0*u ,0%u

oz " ox?

With boundary condition
.,
u(0,t) = 0,u(k?t) = 0,u(x,0) = s1n(ﬁ:p),ut(x, 0)=0

2. Find the solution of following equation by using partial differential equation

0%u 0%u

o = gz 0

With boundary condition

w(0,t) = 0, u(9,) = 0,u(z,0) = 2 sin(%x), w(,0) =0
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