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4 Numerical Integration

Integration is the process of measuring the area under a function plotted on a graph. Sometimes,
the evaluation of expressions involving these integrals can become daunting, if not indetermi-
nate. For this reason, a wide variety of numerical methods have been developed to find the
integral.

Numerical integration refers to techniques used to approximate the value of definite integrals.
Instead of solving an integral analytically, these methods estimate the integral using a finite
sum of values of the function at specific points. There some types of integration which are

Trapezoidal rule, Simpsons 1/3 rule, and Simpsons 3/8 rule.

4.1 Trapezoidal Method

The Trapezoidal Method is a numerical integration technique used to approximate the value of a
definite integral. It works by dividing the area under the curve into a series of trapezoids rather

than rectangles, which often results in a better approximation than a simple Riemann sum.

If you want to approximate the integral of a function f(z) over the interval [a, b], the

Trapezoidal Rule can be expressed as:
b h n—1
I= / fw)do~ 3 [f(wo) +23 Fl) + f(za)
~ 2 L@0) +20f@) + Fe2) + -+ F@a) + Flo)]

suchthata =g <1 <29 < ... <z, =D

h = I”T“, and x; = z;_; + h are the points at which the function is evaluated.

2025- 2026 | MOHAMMED JABBAR & HUDA FARIS 12



.| CYBERSECURITY DEPARTMENT
/ NUMERICAL ANALYSIS

w

4 NUMERICAL INTEGRATION

YA

<Y

b

Ola x, x, x3 x, - X, - X

Figure 1: Trapezoidal Method

Examples of Trapezoidal Rule

Example 4.1. Let us approximate the integral f02 e da using the Trapezoidal Rule with n = 5

intervals.

Solution. The interval is [0, 2], and we are dividing it into n = 5 subintervals.

Step 1: Calculate h

b—a 2-
_bmae_2-0_ 4y

h
n 5

Step 2: Determine the evaluation points x;, since n = 5 = xg, £1.22, T3, T4, T5.

ro=a=0
T1=20+h=04+04=04
To=x;+h=04+4+04=0.8
r3=To+h=08+04=12
ry=w3+h=12404=16

Ts=24+h=16+04=2=0b
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Step 3: Evaluate the function at these points

flzo) = % = f(0) =€ =1

flar) = e = f(0.4) = OV = 016 ~ 11735
Flas) = €™ = £(0.8) = ¥ = 064 ~ 1.8965
flas) =€ = £(1.2) = 12" = 14 ~ 4.2207
flag) = €1 = f(1.6) = 19 = 25 ~ 12,9358

2

flas) = €% = f(2) = e?” = e* = 54.5982

~

Step 4: Apply the Trapezoidal Rule

b 2
]:/a f(x)dx—/o em2dw%g[f0+2(f1+f2+-~~+fn_1)+fn]

%g[fo+2(f1+f2+f3+f4)+f5}

0.4
R~ > [1+2(1.1735 4 1.8965 + 4.2207 + 12.9358) + 54.5982]

~ 0.2 [1 4 2(20.2265) + 54.5982] = 0.2[96.0512] = 19.2102

oI =~ 19.2102

0 T T T 1 I I
0 0.2 0.4 0.6 0.8 1 12 1.4 1.6 1.8 2

X

2

Figure 2: Trapezoidal Method Approximation for f(z) = e*
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Example 4.2. Evaluate the integral In(x) by trapezoidal rule dividing the interval [1, 2] into four

equal parts.

Solution. The interval is [1, 2], and we are dividing it into n = 4 subintervals.

Step 1: Calculate h

b—a 2-1
= ——=0.25
4

h =
n

Step 2: Determine the evaluation points x;, since n = 4 = xg, x1.%2, L3, L4.

ro=a=1, x1=29+h=14+025=1.25
To=x1+h=125+025=1.5
r3=x9+h=15+0.25=1.75

Step 3: Evaluate the function at these points

fo=In(zo) = f(1) =In(1) =0, f, =In(z1) = £(1.25) = In(1.25) ~ 0.2231
fo =1In(z2) = f(1.5) = In(1.5) ~ 0.4055

fs = In(x3) = f(1.75) = In(1.75) =~ 0.5596, f1 = In(z,) = f(2) = In(2) ~ 0.6931

Step 4: Apply the Trapezoidal Rule

1= [ f@arm Bt 204 oot ) 44
~ Mot 2t ot ) 4 A
025

=22 [0 + 2(0.2231 + 0.4055 + 0.5596) + 0.6931]

~ 0.125 [0 + 2(1.1882) 4 0.6931] = 0.125 [3.0695] = 0.3837

.1 =~ 0.3837
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Figure 3: Trapezoidal Method Approximation for f(z) = In(z)

Homework of Trapezoidal Rule

1. Approximate fol sin(2?)dz, by the trapezoidal rule, with n = 6.

2. Evaluate the integral v/x3 + 1 by trapezoidal rule dividing the interval [0, 3] into

five equal parts.

4.2 Simpsons Method

The Simpsons method is another numerical for approximating the definite integral of a function.
It generally provides a more accurate approximation than the Trapezoidal Rule for the same
number of intervals.

Simpsons 1/3 Rule

If you want to approximate the integral of a function f(z) over the interval [a, b].

The Simpsons 1/3 Rule can be expressed as:

b
I:/ f(x)da:%g [.f(900)+42f(95i)+2 Z f(@i) + f(an)

i odd i even
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suchthata =g <v1 <29 < ... <, =0

h =2 and x; = x;_1 + h are the points at which the function is evaluated.

n ’

YA

y=ax’ +bx+c

xY

Figure 4: Simpsons 1/3 Method

Examples of Simpsons 1/3 Rule

Example 4.3. Let us approximate the integral |, 02 e*” dx using the Simpsons 1/3 Rule with n = 5

intervals.

Solution. The interval is [0, 2], and we are dividing it into n = 5 subintervals.

Step 1: Calculate i

b—a 2-0
= =—=04
n 5

h
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Step 2: Determine the evaluation points z;, since n = b = ¢, ¥1.72, T3, T4, T5.

To=a=0

r1=20+h=04+04=04

T3=To+h=084+04=12

Step 3: Evaluate the function at these points

Jlao) = e = f(0) = " =1
Fz1) = € = £(0.4) = £
fx2) = 3 = [(0.8) = O
Flaa) = e = f(12) = 027

Flay) = "t = f(1.6) = 19

910~ 1.1735
e’ ~ 1.8965
e~ 41,2207

€250 ~ 12.9358

flas) = €% = f(2) = e®” = ¢! ~ 54.5082

Step 4: Apply the Simpsons 1/3 Rule

h

- / fl@)do~ g [fm) 43 f@)+2 3 Fa) + flan)

1 odd
h

S W

A4

~

3
4

(@]

Q

3
oo = 14.2453

i even

[fo+4(fr + f3) +2(f2 + fa) + f5]

~ — [1 4 4(1.1735 + 4.2207) + 2(1.8965 + 12.9358) + 54.5982)]

0.4

5 [1421.5768 + 29.6646 + 54.5982] = —- [106.8396]
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Figure 5: Simpsons 1/3 Method Approximation for f(x) = ¢*

Example 4.4. Evaluate the integral In(x) by Simpsons 1/3 rule dividing the interval [1, 2] into

four equal parts.

Solution. The interval is [1, 2], and we are dividing it into n = 4 subintervals.

Step 1: Calculate h

b—a 2-1
=20 _ 2" _ 095
n 4

Step 2: Determine the evaluation points x;, since n = 4 = xg, 1.7, T3, T4.

ro=a=1 x1=a0+h=1+025=1.25

ry=23+h=175+025=2=0
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Step 3: Evaluate the function at these points

fo=In(ze) = f(1) =In(1) =0, f1 = In(z1) = f(1.25) = In(1.25) ~ 0.2231
fo=In(x9) = f(1.5) = In(1.5) =~ 0.4055

fs =In(z3) = f(1.75) = In(1.75) =~ 0.5596, fy = In(z4) = f(2) = In(2) ~ 0.6931

Step 4: Apply the Simpsons 1/3 Rule

w| >

I:/f(x)dx% [f(:vo)+42f($i)+2Zf(ﬂfi)+f(f€n)

i odd i even

~ g [fo+4(f1+ f3) +2(f2) + f4]

0.25
~ = [0 4(0.2231 +0.5596) +2(0.4055) + 0.6931]

0.25 0.25
~ - [0+ 3.1308 1 0.811 +0.6031] =~ [4.6349] = 0.3862

0.7

06 - f

05 - *

04 - =

f(x)

03 -

02 =1

0.1 -

Figure 6: Simpsons 1/3 Method Approximation for f(z) = In(z)

Homework of Simpsons 1/3 Rule

1. Approximate fol sin(z?)dz, by the Simpsons 1/3 rule, with n = 6.

2. Evaluate the integral /2* + 1 by Simpsons 1/3 rule dividing the interval [0, 3] into

five equal parts.
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4.3 Simpsons 3/8 Method

The Simpsons 3/8 method is another numerical integration used to approximate the definite
integral of a function. It is similar to Simpsons 1/3 Rule but uses cubic polynomials instead of

quadratic polynomials to approximate the function over subintervals.

= [t~ [f(xo) £33 f@) +2 3 fw) + flan)

i#3k i=3k

suchthata =zrg <1 <22 < ...<x, =0b.

h = b_T", and x; = z;_; + h are the points at which the function is evaluated.

Examples of Simpsons 3/8 Rule

Example 4.5. Let us approximate the integral f02 e dx using the Simpsons 3/8 Rule withn = 5

intervals.

Solution. The interval is [0, 2], and we are dividing it into n = 5 subintervals.

Step 1: Calculate h

b—a 2-0
= =—=04
n 5

h

Step 2: Determine the evaluation points x;, since n = 5 = x, T1.%2, T3, T4, T5.

To=a=0
r1=20+h=04+04=04
To=x21+h=04+04=038
r3=x9+h=08404=12
ry=x3+h=124+04=1.6

Ts=x4+h=16+04=2=b
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Step 3: Evaluate the function at these points

flzo) = % = f(0) =€ =1

flar) = e = f(0.4) = OV = 016 ~ 11735
Flas) =€ = £(0.8) = ¥ = 064 ~ 1.8965
flas) =€ = £(1.2) = 12" = 14 ~ 4.2207
flag) = €1 = f(1.6) = 19 = 25 ~ 12,9358

2

flas) = €% = f(2) = e?” = e* x 54.5982

~

Step 4: Apply the Simpsons 3/8 Rule

b
I= / f @) de ~ % [f(:vo) +3) fla) +2> fla) + flan)

i£3k i=3k
3h
~ 3 o+ 3(f1+ fot fo) +2(f3) + f5]
3x0.4
~ S [1+3(1.1735 + 1.8965 + 12.9358) + 2(4.2207) + 54.5982]
1.2
~ 5 [1+448.0174 + 8.4414 + 54.5982] = 0.15 [112.057]
. ~ 16.8086
O
60 T T
50
40
E30r
20 -
10
0 ;
0 0.2 0.4

2

Figure 7: Simpsons 3/8 Method Approximation for f(z) = e*
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Example 4.6. Evaluate the integral In(x) by Simpsons 3/8 rule dividing the interval [1, 2] into

four equal parts.

Solution. The interval is [1, 2], and we are dividing it into n = 4 subintervals.

Step 1: Calculate h

_b—a_2—1

h — =10.25
4

n

Step 2: Determine the evaluation points x;, since n = 4 = xg, x1.22, L3, L4.

ro=a=1, x31=x9+h=14+025=1.25
To=x1+h=1254+025=15 z3=20+h=154+0.25=1.75

ra=x3+h=1754+025=2=0
Step 3: Evaluate the function at these points

fo=In(zo) = fF(1) =In(1) =0, f; =In(z1) = £(1.25) = In(1.25) ~ 0.2231
fo = In(25) = f(1.5) = In(1.5) ~ 0.4055

fs=In(z3) = f(1.75) = In(1.75) =~ 0.5596, f4 = In(z4) = f(2) = In(2) ~ 0.6931

Step 4: Apply the Simpsons 3/8 Rule

I= [ fa)dom | pan) 433 fw) 423 @) + )

i#£3k i=3k

o B+ 30+ £+ 208 + £

3x0.25
T8
0.75

~ 5 [0+ 1.8858 4+ 1.1192 + 0.6931] = 0.3467

[0 + 3(0.2231 + 0.4055) + 2(0.5596) + 0.6931]
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Figure 8: Simpsons 3/8 Method Approximation for f(z) = In(x)

Homework of Simpsons 3/8 Rule

1. Approximate fol sin(x?)dz, by the Simpsons 3/8 rule, with n = 6.

2. Evaluate the integral /2* + 1 by Simpsons 3/8 rule dividing the interval [0, 3] into

five equal parts.
3. Find [ da*dz, with n = 4 by:

(a) The exact value

(b) The Trapezoidal rule
(¢) The Simpsons 1/3 rule
(d) The Simpsons 3/8 rule

(e) Compare all solutions

Methods Solutions
Exact
Trapezoidal
Simpsons 1/3
Simpsons 3/8
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