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Algebraic Operations on Fuzzy Set
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Algebraic Operations on Fuzzy Set

Algebraic Product

* The product of two fuzzy sets in the same
universe of discourse is the new fuzzy set A.B
with @ membership function that equal
product of the membership function of A and
the membership function of B.

Ha s X) = X) pgX)| xe A, xe Bf



Algebraic Operations on Fuzzy Set

Multiplying a fuzzy set by a crisp number

 When a fuzzy set A is multiplied by a crisp number a,
then its membership function is given by

:ua.A(X) =a:u,4(X)



Algebraic Operations on Fuzzy Set

Cartesian product

* The Cartesian product of two fuzzy sets A & Bisa
fuzzy set C denoted by A X B and defined as

C=AXB=ulx)/(a,b) |]ac A beB

HAC)=min( Ly Loy )



Algebraic Operations on Fuzzy Set

Algebraic Sum

The Algebraic sum of two fuzzy sets A & B is a fuzzy
set C denoted by A + B and defined as

C=A + B= pX)=p14(x) + 115 x)-104(X). 115(X)



Algebraic Operations on Fuzzy Set

Bounded Sum

* The bounded sum of two fuzzy sets A and B in
the universes X and Y with the membership

functions uA(x) and pg(x) respectively is
defined by

= min(1, (]JA (x) + HB(}"D
where the “+” sign is an arithmetic operator.
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Algebraic Operations on Fuzzy Set

Bounded product

* The bounded product of two fuzzy sets A and
B in the universes X and Y with membership
functions pA(x) and pg(x) respectively is
defined as

A®B=yep(x) =0V (La(x) + Hplx) — 1)

= max(0, (U, (x) + Up(x) —1)).



Algebraic Operations on Fuzzy Set

Bounded difference

 The bounded of difference of two fuzzy sets A
and B is a fuzzy set C denoted by

C=ABB =1 (1) = min(1, M = M)



Example 7

*Let us consider two fuzzy sets
A={(1,0.6),(2,1.0),(3,0.5),(4,0.3),(5,0.8)
B={(2,0.5),(3,0.7)}

Find out the Algebraic product, Cartesian

product, Algebraic sum, Bounded Sum,
Bounded difference.



Solution 7

Algebraic product is calculated using equation iy a(%) = [ (x)up(x) | xe A, xe B)
Mag(2)= {1y (2)41(2) = 1.00.5=0.05
Ha3)= (15 (3)p(3) = 05%0.7=0.35
AB = [(2,0.05),(3,0.35)}
Cartesian product of fuzzy set A, & B is given by
C= AxB = (x)/(a,b) Iae A, be B, . (c) = minu )
1<)/, b), () = miin(p M) = min(0.6,0.5) = 0.5
IAe)/(@, 8), (c) = min(iu 0y ) = min(0.6,0.7) = 0.6
i(c)/(a,b), 1(c)= min(pm, M) = min(1.0,0.5) = 0.5
ude)/(a,b),p(c) = min(“A(l) uao)) =min(1.0,0.7)= 0.7
1le)/@,8), pfc) = min(py e, M) = mine(0.5,0.5) = 0.5
Wle)/ (@, b)) = min(y AGy Regy) = min{0.5,0.7) = 0.5
1A}/ (0, b), fe) = muin(ity o, Hgy) = min(0.3,0.5) = 0.3



Solution 7 cont.......

Lele)/ (@, b). 4, (¢)= miﬂ(llﬁ.gy W) = min(0.3,0.7) = 0.3
ML)/, B) 1 (e) = miinjey ey tp)) = min(08,05) = 0.5
e}/ (@), (c) = min(ity s, i) = min(0.8,0.7) =0.7

C= AxB=(05/(1,2),06/(1,3),05/(22).6.7/(23).0 3.2),
0.5/(3.3),03/(4,2),0. 3(/ (4,3) 0. 5(/ (5)2) {0 7(/ (5),3)13/(

Algebraic Sum of two fuzzy sets A & Bisaset C g given by
C= AtB=y(x) =Haw * Moo =Ma Mg
ety = Baoy ¥ Boryy =Mooy ey = 0.6+ 0.0 0.650.0 = 0.6
Mo = Py e ~Bagritag = 10 4.05-1.005=1.0
He(3) = A T R~ }1,\(3)‘118(3, =054 0.7-0.540.7=0.85
Fegé) = Ragay T Moy =My Mgy = 0.3+ 0.0<0.30.0=0.3
“c(S) = “A(S) + “8(5, = }l_,\‘s)'}lgig’ =(.840.0- 0.80.0=08
C= A+B=((1,06),(2,1.0), (3,0.85), (4,0.3), (5,0.8)]



Solution 7 cont.......

The Bounded Sum of two fuzzy sets A & B is a fuzzy set C given by
C=A@B=u(x)= TN, fy o+ M)
u‘“) - min(l, ”IAI']) + u&“)) — lnin(l, 0.6 + 0‘0) = 0.6
Hepy= min(1, 1 Ay T gy =min(1, 1.0+ 0.5)=1.0
”lrﬁ) = min(l,pA(g) + }18{33) = 'mi“(l, 0.5 + 0.7) = 1.0
Hegay = Mun(l, fagg + Mpggy) = min(1, 0.3 + 0.0) = 0.3
Megsy = min(l, Wy + pgsy) = min(1, 0.8 + 0.0) = 0.8
C= A®B=((1,0.6),(2,1.0), (3, 1.0),(4,0.3), (5,0.8)]
The Bounded difference of two fuzzy sets A & B is a fuzzy set C given by
C= A&B = (x) =min{l, Mt = Meg)
My = oin(L s = Bgepy) = min(L, 0.6 < 0.0) = 0.6
Peay = min(1, o) = Ugmy) =min(l, 1.0-0.5)=05
Moy = mun(l, gy — o) = mingl, 0.5 ~0.7) = 0.0 (as Wars) <Hppy)
“Cﬂ) - min(l, ”"AH) —ﬂg(”) - min(l, 0.3~ 0.0) =0.3
Hegsy = mun(l, Uy 5 - fge) = min(1, 0.8~ 0.0) = 0.8
C= AeB ={(1,0.6), (2,0.5), (3, 0.0}, (4,0.3),(5,0.8)]



Properties of Fuzzy sets

© NV A WN R

Associative Property

. Commutative Property

Distributive Property
ldem Potency
Identity

Transitive

Involution
Demorgan’s Law



Properties of Fuzzy sets

Associative Property(dS il duolsdl)

AU (BU C)=(AUB) UC
or

max [ A(X), max{u(Y), uc(2)}] = max[ {max {uA(x), ua(Y)} 1c(Z)]

and AN (BNnC)=(AnB)NnC or
min [ A(X), min{up(Y), 1 c(Z)H = min[ {min {uA(x), ua(Y)} nc(2)]



Properties of Fuzzy sets

Commutative Property(Jssxd! duols)

AUB=BUA or max i, (x), hp(y)] = max [up(x), ps (V)
and ANB=BNA ormin |, (x), pp(v)] = min [p(x), 1, (v)]



Properties of Fuzzy sets

Distributive Property(a=)sd! dmols)

AUBNC)=(AUB)N(AUC)or

5 & 5 & L

max [ (x), minpup(x), ,(2)] = minfmax {j (x), wp(v)],

nt

max< { (x), 1(2)}]
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Properties of Fuzzy sets

Idem Potency

AUA = A means max {|Ly (X), Ky (X)} = 1y (%]
and ANA=Ameans min{p, (x), Ly (X)} =L, (%)

r
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Properties of Fuzzy sets

Identity

AU¢ = A means max {IL, (x),0} =L, (x)
AN X = A means min {LL, (x),1} = 1, (x)
AN = A means min {1, (x),0} =0
and AUX =Xmeans max{l,(x),1} =1



Properties of Fuzzy sets

Transitive

[FACBand BCC Then ACC



Properties of Fuzzy sets

Involution(3Lady)
A=A

1-(1-py (%)) = pa ().
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Properties of Fuzzy sets

Demorgan’s Law

ANB=AUBR
AUB=ANE




Prove

* Prove that the De Morgan’s Laws hold for
fuzzy sets that is

AnNB=AUB,
AUB=ANBA.




Solution

To show that equation (1) is true, we have to prove
1 —max{it .. Hgoy) = minf{{l -gt4,.,), (1 o LEP )
Considering a case that, p, ., > Ma-,
L.HS. of equation(3) is equal to {1 — p,..]. and
R.H.S. of equation(3) is equal to |1 ~ Ma]
And similarly for the case Huy = Hawm
To show that equation (2) is true, we have to prove

T min(";\(x)v uﬂ(r)) — max[(l “pA(r))t (l —"ﬂ(l)))

Considering a case that, jty,s > .

 LHS. of equation(4) is equal to [1 - g, ], and
RHS. of equation(d) is equal to (1 g,
Aﬂdﬁﬁ\ﬂaf l)’ for the Case ”a(.) > ”M()

23



v ""' l n“““‘.:/,'\ g
nlu“ l“"— 1.,4Y
W\ Lo 4\
v
- a3
4 Pan) e e ‘b
1] . ||;‘ J (v o~
‘I JP L)< L
Ny A\ o ’
‘ X :\:,_ \' "l'«) |"A\l¢l h
O

. - ""“.l'
. A .;.‘m,.. ,./ R
11 l-)) "H:(o)“‘
Lol nmr-#n ‘dn.-,op - ..,,\_ L ]

=TA
g
_

fJ
0
N, L\\;, :

N
L

4

'::-l"'_"")

5l -

. ls \ |\ y Q)\/ f/4) -.’\‘(t\) —-.~~-.‘ T A LA

AL S

|,o|"4'-0 ' ¢l “'..\:.4::-’

'[l‘. 7\,'.

'v.‘l.‘.




.....

Example 6. Show that Ay v Bpg = Kag t (”Bm e uA(x))

Taking L.HS.
R (), for i ()2 py(x)
Ha) VBl {un(x),for My (%) > 15 (x) Ay
Solving for RH.S, under the conditions
(@) B = Hagey
= R (Mee® )
= Bam*0 " Bow® Wag) = mingl, g = iag) = min(1,0) = 0
= Hagy w(2)
%) Hem = Ham -
= Hap + (Men® Mag) " Be® Baw = min(l, fa < By = Bers =
= Bam * Uagy=Hag)
= Mgy wi3)

From (1), (2) and (3) one may conclude that
Mty Vil = Mpg + (ﬂnme Hamy
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Solve

1. For the given fuzzy set

Prove the associative and the distributive
property for the above given sets.



Solution

* To prove associative property

1. AU (BL_J C) = (.1 I B) L

LHS
AU(BUC)
BHC-—05+&%+Oﬂ+&%
~ ~J) 110 15 20 25
wlpue) = 1+&%+0ﬁ+&%
~ \~ ~/J) 110 15 20 2.
RHS
(AUB)UC
LR = 1+&%+0ﬂ+&%+'
~ ~/ 110 15 20 25 3.0
LB UC = 1 +&%+Oﬁ+
<~ <) 2 11.0 1.5 2.0



Solution

* Toprove distribute property

(a0 (20c)) = (a02) o (a0)

LHS
A (B I C)
suc) 0.5+0.25+0,6+025+1
~ ~J) 115 15 20 25 3.0
o (Boc) - 05+0.25+0.4 0.25+ 0 (2,11
ALY )T 110 15 T20 " 25 T30 1)
RHS

25 0 |
2.12
T35 +3.0} (212) 8



Solve

Example 2.10. Consider the following fuzzy sets

10 1) 20 25

{08 03 0.6 0.2}
A= S

B 0.4+0.2+0.9+0.1
11015 0 %5

Calculate the Demorgan’s law AUB = AN B, and 2

NB =

Al

UB
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Solve

3. Consider two fuzzy sets A~ and B~ find
Complement, Union, Intersection, Difference,
and De Morgan’s law.

1
E+3+4+’+6"
" L

2 Pl
N
e

05 06 02 0.6}

-
.Ii
_|_
_|_
_|_

l-—l—
—_—



Solve

4. Given the classical sets,
A={9 56 8 10/B={1,2 3, 7,9}C={1, 0}

Prove the classical set properties associativity and
distributivity.



Solve

5. Consider, X={a, b, ¢, d, e, £ g h}. and the set
A is defined as {a, d, .. So for this classical set
prove the identity property.



Solution

Solution. Given, X = {a,b,c,d,e,f,g, h},
A= Ja,df}:

The identity property is given as

A Up = A.

.A N = A.
¢ is going to be a null set, hence it is clearly understood, that, A LI ¢ ¢
A Mo will give as the same set A.

3. AMNX = A.

N =

AmMmX= {a,d;1},
A= {a,d,f}.
Hence, A X = A.

d:-AN\S XN =

AUX = {a,b,c,d,e,f,g. h},
X = {a,b,c,d,e,f,g,h}.

Hence, A U X = X.

This identity propertyv is proved.



Homework

1. Determine all possible o-level sets of A = {(1, 0. 6), (2,0.7), (3,05), (4, 03), (5 08)}
2, Determine all possible strong e-level sets of A = (1, 0.6), (2, 0.5),(3,06), 4,03), (5,0.8),

(6,03), (7, 03)}

3, Determine Support, and crossover point for set A = {(1, 06), 2, 04), (3, 0.7) (4, 0.5),

(5,08), (6,04), (7, 09), (8, 0.0)}

4, Let A =1(1,03), (3, 08), (4, 06), (5,07), (6, 08)) and B = {(1, 02), (3, 04), (4, 03)

(5,0.6), (6, 04)}; determine
oA, i B, i) A-B, (1) B-A

5, Given A= (1, 02), (2, 04), 3, 05), (4, 08)) and B= (1, 02), (3, 04), (4, 05), (5, 06),

(6,04), determine
() (AnBY, (if) (AnBY, (i) A'nB, () B'nA'.
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Homework

6. Given A = {(2, 0.4), (3,0.6), (5,0.5)} and B = {(1, 0.2), (3, 0.4)}, determine the Cartesian
product of two sets i.e., AXB. .

7. Given A = {(1, 0.2), (2, 0.4), (3, 0.5), (4, 0.8)} and B = {(1, 0.5), (2, 0.4), (3, 0.6), (4, 0.6),
(6, 0.4)}, determine

(1) Algebraic product, (i71) CON(A)
(iit) CON(B) (fv) DIL(A)
(v) DIL(B)

8. Given A = {(1, 0.6), (2, 0.7), (3, 0.5), (4, 0.3), (5,0.8)}, and B = {(1, 0.4), (2, 0.5), (3, 0.6),
(4, 0.5), (5, 0.4), (6, 0.5), (7, 0.8)}. Represent Graphically Fuzzy Set A, B and their
complements.

9. Determine graphically union and intersection of fuzzy sets whose values are A =
(1, 0.6), (2, 0.5), (3, 0.6), (4, 0.3), (5, 0.8), (6, 0.5), (7, 0.8)}, and B = {(1, 0.4), (2, 0.3), (3,
0.2), (4, 0.7), (5, 0.4), (6, 0.8), (7, 0.9), (8, 1.0)}

10. Given A = {(2, 0.4), (3, 0.6), (5, 0.5), (6, 0.7), (7, 0.9)} and B = {(2, 0.5), (3, 0.7),(5,1.0),
(6, 0.5), (7, 0.8)} determine the Algebraic sum & Bounded sum of the two sets.

11. Given A = {(1, 0.2), (2, 0.4), (3, 0.5), (4, 0.8)} and B = {(1, 0.5), (2, 0.4), (3, 0.6), (4, 0.6),
(6,0.4)}, determine

@) A -B, (i) B - A, (iii) A©B, and (iv) BOA.

35



Thank you...

Any questions??

[®)
UBFM\ d)} Z.RA\)M :\T.\Jaﬂ\ CJ}MMQR Code :\.u”).uﬂ\ sty )AJGHLA@J;!

My google site
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