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Limit of a Function:.

If f1s a function, then we say:
A 1s the limit of £ (x) as x approaches a if the value of /' (x) gets arbitrarily

close to A as x approaches a. This 1s written m mathematical notation as:

lim f(x) = 4

For example:

limx?=9
x—3
limx =0
x—0
lim4 =4
x—2

The limit law:.

If L, M, ¢ and k are real numbers and

lim f(x) = L and lim g(x) = M, then

x—c x—¢
1. Sum Rule: lin( flx) +gx)) =L+ M
The limit of the sum of two functions"is tche sum of their limits.

2. Difference Rule: ‘l_i_n)1c(f(x) —gx)=L—-M

The limit of the difference of two functions is the difference of their limits.
3. Product Rule: lim(f(x)-g(x)) =L-M
X—>»C

The limit of a product of two functions is the product of their limits.

4. Constant Multiple Rule: lim(k- f(x)) = k- L

X—C
The limit of a constant times a function is the constant times the limit of the
function.
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5. Quotient Rule: ‘ll_rg #0) %, M#0

The limit of a quotient of two functions is the quotient of their limits, provided
the limit of the denominator is not zero.

6. Power Rule: If r and s are integers with no common factor and s # 0, then

lim (f(Y) )r/.s' . Lr/s

X—>C

Example:.

(a) lim(x® + 4x% — 3) = lim x* + lim 4x> — lim 3 Sum and Difference Rules
» by X—C X—2C X—C
3 2
=¢” +4c°“—3 Product and Multiple Rules
. : im(x* + x*> — 1)
s RS = x—c
(b) lim = = : — Quotient Rule
x=¢c x“+5 lim(x* + 5)
X—C
° . 9 L
lim x* + lim x% — lim 1
X—¢ X—c X—c y
= - = - Sum and Difference Ru
limx~ + lim 5
X—C X—C
ct+cr—-1 , 2
- = = Power or Product Rule
C:- T D
) R T ’ g 3 : :
(¢) lim V4x°— 3 =V lim (4x° — 3) Power Rule with r/s
x——2 x—>=2
- 2 . 2 . .
=V lim 4x° — lim 3 Difference Rule
x—-—2 x—-2
= V4(-2)* - 3 Product and Multiple Rule
= V16 —3
= V13
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Indeterminate quantities :.

0 w0
v = 0% o0 9O - o0 on? 0°

Exampl lim ———2
xample:. —_—
x——2 X342 x2

. —2%—2—4 0 ,
Solution: _ = - , then the solution
(=2)3*+2(-2)> 0
. =2(x+2 . =2 -2 -2 -1
lim =2 = gy 2 =2 =22 =L
x——=2 Xx%(x+2) x——2 X? (-2)? 4 2
Example:  lim ~— 2
xXdampie.. -
LXamiple. x—2 X-—2 0
(x=2)(x+2) _

Solution:  lim
x—2 xX—2

Iim (x+2)=2+2=4
x—2

X

Example:. lIm ————
EAHIpRe ¥—0 1—v1—x

olo

Solution: lim —— VA=), XAV
| " x=0 (1-VI—x)(1+VI—x)  x=0 1-(1-x)

JI—x 141
= lim XUivior) lim XAV lim (14+vV1—-x)=2

¥—0 1-1+x ¥—0 X x—0

E . lim VxZ + 100 - 10 0

xXdmplie.. -
Example::  1Im — 5

L . (Vx2+100-10)(Vx? +100+10)
Solution: lim ————

x—0 x% (Vx? + 100+ 10)
x24 100-100 . x2

= lim — = lim —
x—0 x?(Vx2?+ 100+ 10) x—0 x?(Vx?+ 100+ 10)
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~ lim 1 . 1 . 1 1

Y—0 VxZ2+100+10 V0 + 100+ 10 10+ 10 20

Limits of trigonometric functions:.

If a 1s constant.

—(] ‘ X
im im : ' ' '

1 1 2
1. lim == 1i == lim * =
x—0 5x 5 x—=0 X 5 x=0 X 2
2 1 sin 2x 2 1= 2
5 x—=0 2x 5 5
- sin 2% 2% sin zx
) sin 2x . o ) -
2. lim ——= lim —%& = lim —
x—0 SIn3Xx x—0 sin3x — x—0 3x :
3x 3x
sin zx . sin zx
lim :
:E lim —2&— :E M:E*i:g
sin 2x ] sin 3x -
3 x—0 3 lim 3 1 3
3x x—0 3x
0 . 1 1 1
3. lim — = lim = ===1
850 sin O 68-0 sino lim sme 1
2
. sin<0 sin
4. lim =( lim »Y=(1) =1
-0 07 -0 O
) sin 6 sin B
or lim *  lim =1*1=1
8—-0 -0 ©
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Infinite limits [asx —» + <] :.

The basic facts to be verified by applying the formal definition are.

1

: : 1 | .
Example :. lim sin( ;) = sm(;) =sin (0)=0

X— 00

lim k=k and lim —=0
X—4 00 X—+ oo X
. 1 ) . 1
Example:. llm (5+ =)= lim 5+ lim —=5+0=5
X— 00 X X— 00 X— oo X
. /3 . 1 1 .
Example :. llm > = llm T[\/§ —_— — - llm T[\/§ K
X— —o0 X X— —00 X X X— —00
: 1 . 1 .
lim —* lim — =nv3*0*0 =0
X— —oo X X— —oo X
5x2 8X 3 5 8 3
. 5x%%+8x—3 . X2 x2 x2 . X x2
Example :. lim > = lim > = lim >
X— 00  3X*+2 Xx— oo 32X .2 X— 0 34+
__5+0+0 _ 5
340 3
11x 2 1,2
\ 11x+2 ] x3 x3 . x2  x3
Example :. lim s lim 3 = lim 1
X— 00 2X°—1 x>0 2X° 1 x>0 2-—
X X3 X
0+0 O
—30_0_
2—0 2
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. X+ 3 5 , ) 2
1. lim - 2. lim 3x(2x—1 -
X232 X+6 (B ) x—2/3 ( ) { 3)
. X— 5 1 . X+3 -1
3. lim —) 4. lim ————— —
X— 5 X%2— 25 (10) x— —3 XZ+4x+3 ( 2 )
N R 3 . u?-1 2
5. - , d
31_{]} t2-1 (2 6 311511 us-1 ( 3)
7. lim (2sinx — 1) (—1) |8. limsecx (1)
x—0 x=0
9. ‘lcin%f_xz — 1) (2 —cosx) (—1) |10. lim VX + 4 cos(x+n) (Vm+4)
X— X— T
] 1+x+sinx 1 ; sin( 1-cosx _
11. lim ——— (=) [12.lim — ) (1)
x— 0 3CO0sX 3 Xx—= 0 l1-cosx
s T sin 8 1 14. lim B cosH (0)
13, él_l,% sin 20 (2) -0
15. lim sin( x — sinx ) 0) |16 lim cos( — 1
x—m “t=0 (\319—35&{:29 {\.@)
. 2_3 ) N 1—}{2 5 o
17 :-}HIJ;D 2 %%+ x (2) 18. :!Hl-}a( x2+?x) (=)
19, lim 247 ()] 20. 1im X
T koo Ix-7 - xﬂlu;lo z-,.";+5-,.E (1)
\ ] . 2 1 . 1.
21. )}HI&D Jicrs (1/2) 22. JHIL(F—COE;}(I'F ".‘111;} (-1)
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