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Definition

The derivative of a function f(x) with respect to the variable x is the function f(x)

whose value at x 1s:

f(xo + h) — f(x0)

f(xo) = }li_l)l(}

h
Provided this limit exists.
Differentiation Rules:
1-Derivative of a constant function
If y=f(x)=c where c is a constant then
% =f(x) =0

d
Examplel: f(x)=1 then d—i’ = f =0

d 7
Example2: f(x)=25 then d_i’ = f=0

dy 7
Example3: f(x)=-1 then = f=0

’

d
Exampled: f(x)=1000 thend—z = f=0
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2-Power rule for positive integers:

If n is a positive integer, and y = f(x) = x* ;then

. dy -
f)=--=nx

Example: y = f(x) = x® then f(x) = Z—i’ =3 x?

Example: y = f(x) = x® then f(x) = Z—z =8x’

0= nxt f(x) = x" odial) dida Y

3-Derivative constant multiple rule:

If u is a differentiable function of x f(x) = ¢ u(x), and c is a constant, then

dy . .
e = ) = cu(x)

Example: f(x) = 5x7 then % =5%7x%=35x°

Example: f(x) = 2x* then % =2x+4x3=8x3
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(ol

f
N

1Hf(x) = x — ffx)=1

2)f (x) = x? —= f/ (x) = 2x
3)f(x) = x3 — f/ (x) = 3x2
4)f(x)= x* = f{/(x) = 4x3
5)f (x) = x5 = f/(x) = 5x*
6)f(x) = 2x = f/(x)= 2

7) f (x) = 3x2 ——  f/(x) = 6%
8)f (x) = 5x° ——  f/(x) = 15x?
9)f (x) = x2 —  f/(x)= —2x73
10)f (x) = x3 =  f/(x)= —-3x7*
1) f(x) = x* = f/(x)= —4x"5
12)f (x) = 3x7° - 1 (x) = —15x7°

[asiel Gt |

[ v
Df@=Vi=x

()f(x): Vx2=x73

——2f/ (x) = %x_%

2)f (x) = 3\/)_(:)(% —>f/ (x) = %x_é
3)f(x) = W:xi —f/ (x) = %x_%
4)f(x) = F{/ﬁ:xé ':>f/(x):%x_%
5)f(x) = ?Vx_zxg = f/ (x) = gx_%
6)f (x) = 5)(32)::% = f/ (x) = %x_é
: — 1/ (x) = —gx%

/
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Note

Derivative of polynomial functions: Differentiate each term of the polynomial separately

and keep the plus/minus signs

f(x) = h(x) + g(x) —= f/(x) =h(x)F g/ (x)
1) f(x) = 3x° + 7x ==  fl(x)=15x*+7
2)f(x) =3x*—4x2 + 6 —  f/(x) =12x% —8x
3) f(x) = 2x% +1x —=  f/(x) = 4x+5
4)f(x):%x2—§x3+9 —  f/(x) = x — 4x?

1

5) f(x) = 2x72

2 2 5 6 _
x99 —= fl=—xCroxt

4-Derivative Product rule:
If u and v are differentiable at x, then so is their product uv, and

d dv_l_ du
dx W) mumt v

A9 dlidia B GG + 4000 Al A I 5W1 = 0018 G i Jeala Alliia £

i =gm.hx) — = fm=gm.h'm+hm.g'®

Example: Find the derivative of y = (x2). (x3)
Sol:

% = (x%).3x% + (x?).(2x)
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Example: Find the derivative of y = (x2 + 8x)(x3 — 1)
Sol:

Z’—i = (x?+8x).3x* + (x* = 1).(2x + 8)

Examples:
Find the derivative of the fi¥) = (x'=x7 +1) (52°=3x)

fio=(x'-x" +1) (5x6—_3x)
fo=(x"=x> +1)(30x° -3)+(5x° - 3x )(4dx’ = 2x)

x=2 3 fixy=(4d-x) (x’+3)

fix)=(4-x)(x'+3)
S=(4-x)(2x)+(+3)(-1)
f 2= (4=2)(22)+(2P+3)(-1)=2(4) + ()-1)=8-7=1

5-Derivative quotient rule

u
If u and v are differentiable at x and if v(x)#0, then the quotient " is differentiable

at x, and

du dv
d (u) =Vﬁ — Wy
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2
Example: Find the derivative of y = %

Sol:
dy _ (x3).2x)—(x?).3x% _ 2x*-3x*
dx (x3)2 o x©
) . t—t?
Example: Find the derivative of y = —
Sol:
i(t—tz) (.- 20)—-(t-t2)1  (t+4)(A-260)—(t-t2)]
dx \t+4/ (t+4)2 - (t+4)2
. . . 3+1
Example: Find the derivative of f (x) = 1 at x=1

_(a*41)(3x%) (2 +1)(4x?)
fix) = (r*+1)2

~ (1t+1)(3x1?)—(13+1)(@x13) 2x3-2x4 68 -2 -1
- (14+1)2 22 4 4 2

/(1)
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Example: Find the derivative of f (x) = ol at x= -1
oy (FHr+1)(-5)—(4-5%)(2x+1)
1) = (x*+x+1)?
fl(~1) = (HCOEH-(4-SC D)V
- (DFH (D +1)2
ff(—l) _ (A1) (5)-(@+5) (=241 _ —5-(9)(-1) _ ci9_4

(1-1+1)2 1

o ghlt Jado i AN ¥ A 58 o gl A ¥ = il ) A g8 pa e gl s

f(x) =h®]" ——=f'®=nhkm]"!'h®)

f{ﬁt)=r1—xﬁ3

f@=31-x)¢-1) =-3(1-x)’

foo=(xX*+x’+x+1)

fo=5"+ X +x+1)'3x"+2x+1)
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Second and Higher- Order Derivatives:

If f(x) is a given function then

d 5
% = f(x) is firstderivaive of y.

d? z
d_x}; = f(x) is second derivaive of y.
% = f(x) is third derivative of y. And so on...

Then, in general:

dny_ n —_ n
T )=y
) . _ 2 2 i d_y dz_y
Example: If y = (x* 4+ 2x + 3)* , find — and —

Sol:

L=y =2.(x2+2x+3)(2x + 2)

LY 2 [(x +2x + 3).2 + (2x + 2). 2x + 2)]

dx?

LY 4(x? +2x + 3) +2(2x +2)?

dx?
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Example:
If y=(x*>+2x+3)° ,find—y — ,—and—

Sol:

d
X 6x2-8x+6
dy

d?y
— =12x
dx?

d3y
— =12
dx3

d4
=2 =10
dx

Example:

Find the value of 1(x), and 1x) X = 2 .'Lfbf ”(x) , f'(x) KEY f(x} = (xz -3 )‘f

fro=4x*-3)(2x)= 8x(x*-3)°
f2=802)2-3) =16(1)°=16
Floo=8x(3x*-3) 2x)+ " =3)°(8)
i) =48x"(x*-3)" +8(x"-3)°

2)=4802)°%2*-3)°+8(2°-3° =192+8=200
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f’(x) LS f(x)=vVad +x2-5

3x242x

1™ =

s fix)=VxZ —2x+1

/(x) = 2X°2
fre) 232 —2x+1

yf/, y/ Jay=x4+5x3+3
V=437 + 15x°
¥/ =12x7+ 30x

Find the value /1) « /')« [l & fey=25"+4+3
of f(x)

ﬁx)=2x3+4+3x"f

f/(x) = 6x% — 3x2 == f/(x) = 62> —
f/l(x) = 12x + 6x73 == f//(x) = 12x + 5
[

f1(-1) = 12(-1) + -12 -6 =—18

[
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1
Find the value of f(x)  *=0at f(x) = >

f) = @x+ 1T
flx) = 2ex+222) = —~V2x+ 1
fFlo)=—J20) +1=Vi=-1

Home Work

EX/ Find f/of functions
_ (X 4 _
(1) fix) = (==)" >>>>>>whenx =1
(2) .fv(X) =X+ x2+1
3
(3) frxy = (x3+ 3x% — 3)z >>>>when f/=2

>>>>>when x = -1

—(sinx) =cosx —(cscx) =—cscxcotx
dx dx

d : d
—(cosx) =—smmx —(secx) =secxtan x
dx x

% (tan _x) = SeC:Z X %(Cot .X') = —GSC2 X
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Chain rule:

In order to differentiate a function of a function, y = f(g(x)), that is to find % we
need to do two things:
1. Substitute u = g(x). This gives us

y = f(w)

Next, we need to use a formula that is known as the Chain Rule:

2. Chain Rule
dy dy du
dx du dx
Q Key Point
Chain rule:

To differentiate y = f(g(x)), let u = g(x). Then y = f(u) and

dy dy y du

dr  du  dz

Example
Suppose we want to differentiate y = cosx?.
Let u = x? so that y = cos u.

It follows immediately that
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du
) —_
u=x —=2x
dx
dy Sin
= 7 —_—=- u
y = cos T
dy dy du . .
— =— — =-5in u2x=-2x.5In u
dx du dx
. d )
u= x> > - 0y sin a2
dx
Example

Suppose we want to differentiate y = cos® z = (cos ).
Let « = cosx so that y = u?

It follows that

du dy
— — —sinx —— =2u
dax du
Then
dy  dy y du
de  du " dr
= 2u X —sinx
= —2cosxsinz
Example

Suppose we wish to differentiate y = (2x — 5)*°.

Now it might be tempting to say ‘surely we could just multiply out the brackets’. To
multiply out the brackets would take a long time and there are lots of opportunities

for making mistakes. So let us treat this as a function of a function.
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Let u = 22 — 5 so that y = u'?. It follows that

du dy

— =2 = =104°
dur du ‘!
Then
dy  dy y du
de  du de
= 10u’ x 2
= 202z —5)”

pad il gadl € gl (A i piiall £ 63 S (Saall (e JA

If y is a function of x , say y=f(x), and x is a function of t, say x=g(t) then y is a

function of t :

dy dy dx
dt dx dt

This formula is called chain rule.
Example: If y =x3 — x* +5and x = 2t* + t,find% att =1
Sol:
dy _ dy dx _ 2 _
— === (B3x“—=2x)(4t+ 1)

att=1-x=(2)1°+1=3

%:(3*32_2*3)(4*1+1):105
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d
Example :Ify=u*—-2u and u=+v3x+1,find td

dx
Y oy 2=2—1) and X >
— =2u—2=2(u- an =
du dx 2+/3x+1
dy _dy du 20— 1) x 3 3(u—1) 3(V3x+1-1)
= = u — = =
dx du dx 2v3x+1 +3x+1 V3x+ 1
Example If y=t+— and x=¢—— find 2
xample y = +T and x=t——, fin e
dy_l 1 t?-1 i dx _ 1_t2+1
dt — =tz 2 md T tET T
dy dy dt  t* -1 2 tr—1
dx dt “dx 2 e+l 2+l
Exercises
1. Find the derivative of each of the following:
a) (Bxr—7)"2 b) sin(bx+2) <) In(2xr—1) d)
e) Vor—3 ) (6z+5)°3 g) 3 L i h) cos(1—4x)
— &
Answers
1. 20 (2 711 08 ‘ 2 9 .23z
a) 36(3r—7)" b) SHcos(hr+2) ¢ S d) —3e
5 10/(6 2/3 4 Asin(] —
e) =3 f) 10(6x +5) g) (3= 1) h) 4sin(1l —4x)
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Implicit Differentiation:

Most of the functions we have dealt with so far have been described by an equation
of the form y=f(x) that expresses y explicitly in terms of the variable x. We have
learned rules for differentiating functions defined in this way. Another situation

occurs when we encounter equations like

yi—x*=0,y>+8x=3,  yx+4y—-6=0

Definition:
1. Differentiate both sides of the equation with respect to x, treating y as a

differentiable function of x.

2. Collect the terms with dy / dx on one side of the equation and solve for dy / dx.

Example: Find j—z for the equation y* 4+ x* —9xy =0

Sol:
dy 2 _ dy — ay 2 _ 9y % _9gy =
Zydx+3x (9xdx+9y)_0—>2ydx+3x 9xdx 9y =0
d d d
2y£—9xﬁ=9y—3x2 —>d—i(2y—9x)=9y—3x2
dy _ 9y—3x2
dx 2y—-9x

d d? . .
We can refer to d—z =asa I and d—xz =asa .etc.. Jall 4l geual lla
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Example: Use implicit differentiation to find dy/ dx for the equations

1- y2=x__1

x+1

2- xcos (2x+3 ) =ysinx

Sol:  1- 2= X2
ol _y_x+1

dy (x+1).1-(x—-1).1 x+1-x+1 2
Yax x - 1)2 T T x—12  (x—1)2
dy 2 1

dx  2y(x=1)2  y(x—1)>2

2- xcos (2x + 3) = ysinx
Sol:

—xsin(2x+3).2+cos (2x+3).1 :ycosx+Z—isinx

d
—2xsin(2x +3) + cos(2x + 3) = ycosx + %sinx

d
—2xsin(2x + 3) + cos(2x + 3) —ycosx = d—isinx

dy —2xsin(2x +3) + cos(2x + 3) — ycosx
dx sin x
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Example: find dy/dx for the equation °= X*+sinxy
d . d d .
a(y ) = 5(x ) +a(smxy)

2 dy_2 4y
Y= x + (cosxy) (xE+y)

d d
2yd—i— (cosxy) (x% +y) = 2x

d d
Zyé — (cosxy) (x d_icf) = 2x + (cosxy)y

d
(Zy — x(cos xy)) % = 2x + y(cosxy)

dy 2x+y(cosxy)

dx 2y — x(cosxy)

Home Work
find d?y/dx? for the equation 2x° — 3y =8

Find the derivative of the following function:

x2y? = x2 4 y2
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