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Definition:

If a and b are real number, then one of the following is true
a>b, a<b , a=>

Ifa>bthen-a < b ; -2<-1

Ifa >bthen < , D <
> —-< - - < -
a enallp 5 " 4

Intervals:

Definition: An interval is a set of numbers x having one of the following

I- Openinterval: a <x < b =(a,b)
2- Closed interval: a < x < b = [a, b]
3- Half open from the left or half close from the right a < x < b = (a, b]
4- Half close from the left or half open from the right a < x < b = [a, b)

Notes:

LS FClE SagE=E
-asx<o=asx= [a, o
3-o<x<az=x<a=@-wx,a)

4- 0 <x<a=x<a=@-od

Discussion
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Absolute Value:

Definition: The absolute value of real number x is defined as:

b= {—x i xx2<00
Properties of absolute value:
1—|x|=aif and only if x = ta
2- |x| = |—x|,anumber and its additive inverse or negative have the
same absolute value.
X | x|
3—|x.yl = x| |yl and +yl Yy
4 — |—x| = |x|, |a| = Va2 where a = scaler.

5—lxxyl <Ixl £yl
6 —|x| <a thismeans—a<x<a
7—|x| =2 a thismeans—a<x<a

8 — |x| >a thismeans x < —a or x> a

9—|x| >a thismeans x < —a orx=a

hussein_awadh@uomus.edu.iq



Al-Mustagbal University
Department of Artificial Intelligence Techniques Engineering
Class: 1%
Subject: Math
Lecturer: Dr. Hussein Ali Ameen
1tterm — Lecture: 3+4 Inequalities, Functions and Limits

Example: Find the absolute value of the following:

1)22H|S6 2) 5% — 2] = 1 3) [2x—3|< 1
Solution:
U2T1S6ePﬁS%FS6%4%—Méﬂx+1SM

—1-24<2x+1-1<24—-1 - [-25<2x<23]=2

25 23 ABSOLUTE VALUES AND INTERVALS

— <y < —
2 =*=7

If a is any positive number, then
S5.|x =a & x=ta

6.|x)| <a © -a<x<a

2) I5x—2]>1 )

8. |x] >a © x>aorx<-a

x|=a © —-asx=a

5x—22>1 or 5x —2< -1

9. x| =a & x=aorx=-a

5x—2+4+2>21+2 or S5x —242<-1+2

5x >3 or 5x <1
5_xz§ or S_XSl
5 5 5 5
3 1
X == or x <-
5 5
3)2x—3| <1

2x —3|<1->-1<2x—-3<1

1+3<2x—3<14+3 - [2<2x<4]+2 >1<x<?2
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0.1 Inequalities
Ex: Solve for x the inequality 2x-3<7
2x <10 g 5
x <3
~thesetofsol. ={x:xeR,x<5}
= (-0, 5)

Ex: Solveforx 3+7x<2x-9

TX—2x<-9-3
S5x<-12
x<-E
= 5
=~ the set of sol. ={XZXER,XS-%}=(-OO,-%
Ex: Solve for x 7<2-5x<9
5<-5x<7
S5>5%x>-7
_]>X>-Z
- 5
.'.thesetofsol.={X:XER,-§<XS-1}=(-§,-1]
Ex: Solve for x x=— 3% - 104
(x+2)(x-5)=0
equaltozeroat x=-2 x=35
----- +++
< ++++| - T N » sign of (x+2) (x-5)
- set of sol. = (-0, -2] U [5, o)
Ex: Solve for x i
x-2
2x_5-150
x-2
(2x-5)— (x-2) x=3
—2) <0 I > ESO
P o o PTINE & o o o o o
< T O—®— >
¢ 2 ¥ 9 - the set of sol. = (2, 3]
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Ex: Solve for x the inequality X -3x+2<0

x =1 1s a solution for the equation so (x-1) 1s a factor.
x2+x—2_

Fx'+xt
p -
x-DE+x-2)<0 X —3x+2

(x-1) (x-1) (x+2)< 0 Fx'tx

—-2x4+2

+2xF2

0+0

x=-2

2

equal to zero at  X=1

the set of sol. = (-0, -2

A
D
L
v

HW: Solve for x
3x+1
l) X—2
st
3) 2-3x+x° 20
4) =L 3
Afnril T =
Syixio = 35

<1

[] Absolute Value T

|X|={ X x =20
X x<0
1 |a| =Va?

2) la.b| =al |b]

a

2] el

3) bl |b|

4) |a+b|=<]al +[b]

5) If|[x| <athen—-a<x<a

6) If |[x| >a either x>a or x<-a
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ex: solve [x — 3| =4

either Or
(x-3)=4 -(x-3)=4
x=7 -x=1
x=7 x=-1

~ setof sol. = {-1, 7}
Ex:solve forx |x—3|<4
-4 <x-3 <4
-1 <x <7
setof sol. =4x:-1<x<7}=(1,7)

Ex: solve for x X+ 4| =2
A
r ™
Either Or
X+4>2 X+4<-2
X =>-2 X<-6
setofsol. ={x:x>-2} U {x:xZ-6}

= (-90,-6] U[-2, 00)

—Co - O——— QI 0

-6 =9 0
2
Ex: solve for x <1
|x+3]
|x+3| G
=2
A
r N
FEither Or
X+3>2 x+3<-2
x>-1 xX<-5
setof sol. = {x:x<5}U{x:x>-1}

(-00,-5) U (-1, 0c0)
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Ex: solve for x lx + 3| <|x— 8|
JE+3)2< J(x—8)2 using |a] =Va?
(x+3) < (x-8)°
X° +6x +9 < x’-16x+64
22x <55

X < :
2
set of sol. = (-c0, %)

HW: solve for x
1 |3x]| < |2x — 5]

3-2x

2) |
1+x

) 1 1
|x— 3| |x+4| —

1
4
) |x— 4| |X+7|

5) Solve |x —3|%2-4|x—3|=12

Try to solve X value Below

1- 2-
3- 4-
5.

hussein_awadh@uomus.edu.iq



Al-Mustagbal University
Department of Artificial Intelligence Techniques Engineering
Class: 1%
Subject: Math
Lecturer: Dr. Hussein Ali Ameen
1tterm — Lecture: 3+4 Inequalities, Functions and Limits

Functions and their graphs:
Increments and Straight Lines:

When a particle moves from one point in the plane to another, the net changes in its
coordinates are called increments. They are-by subtracting the coordinates
of the starting point from the coordinates of the ending point..x changes from x1
to x2 and y increment changes from y1 to y: iny then the increment in x and y

respectively is:

Ax = xp — x4 and Ay =y, —y;

Ax Ox,, ¥,)
(run’

1 -
Ax'
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Slope:

Definition: the slope of the nonvertical line p1(x4, y1) and p,(x,, ¥5)

Ay  y,—»n
m = = = tané@
Ax Xy — X1

We can write an equation for a nonvertical straight line L if we know its slope m and
the coordinates of one-point p1(x1, y1)on it. If p1 (x4, y1) is any other point on L,

then we can use the two points piand p to compute the slope,

or y=yy+m(x—x;)

This equation is called the point-slope equation of the_the

point p1 (x1, y1) and has slope m .

Example: Write an equation for the line through the point (2, 3) with slope -3/2.
Sol:

y=y1 tm(x—x;)

We substitute x; = 2 and y; = 3 into the point-slope equation and obtain

3 3 3
y—S—E(x—Z)—3—5x+3——Ex+6
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Example: Write an equation for the line through (-2,-1) and (3, 4).
Sol:
Y2— Y1 (D) A+l

5
m = = = - 1

We can use this slope with either of the two given points in the point-slope

equation:

y=y;+mx—x)=—1+1(x+2)=x+1

Tangent Line:

The tangent line to the curve at P is the line through P with this slope. Finding the

tangent y = f(x) to the curve at (x, y) By dETVE e UNCONY Wit espect o and)

then apply :

y=y +m(x— xo)

Example: Find the slope of the curve and the tangent line of
y=1+x% at (2,5).

The slope
m:ﬂzzx atx=2 m=2x2=4

dx

Tangent line

y=y-+mx—x)=5+4(x—-2)=5+4x-8=4x—-3.

Graphs of Functions:
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If f is a function with domain D, its graph consists of the points in the cartesian

plane whose coordinates are the input-output pairs for f.

Example: Graph the function y = x?% over the interval [-2.2].

Sol: v

weputx =0-y=x*-> y= (02 -y=0-(00) 29 ,| (2,4)
x=1-y=x*>y=(1?->y=1-(11) i [W]
x=-loy=xioy=(Df- y=1-(11 (-1, 1) :: (|.|.:4
x=-2-oy=x’>y= (-2 > y=4- (=24 e S

x=2-y=x*>y=(2)°->y=4-(24%)

y
_ .2
f)=x \ 0/
if(x) ,..2 ‘. ...........
2| 4 ‘ o :
11 6 -5 —4 -3 -2 I 2 3 4 s 6
0 0 ..... _1_
1|1 S (R S S SRR
2| 4 o h i hghoo
74‘;

Example: Graph the function y =|x| ‘ {x>=0, x<0}
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when y=x y

weput x=0-y=x->y=0 - (0,0) N
x=1-y=x-> y=1-(11)

xX=2-y=x - y=2-(2,2)

and when y = —x

x=0—-y=—x->y=0 —-(0,0)

x=—1-y=—x->y=1-(-1,1)

X=—2-y=—x-y=2-(-22)
Example

The graph of the function f(x)=x+2 is the set of points with coordinates (x, y) for
which y=x+2. Its graph is sketched below

y
yv=x+2

2

/2 0

The graph of a function f is a useful picture of its behaviour. If (x, y) is a point on
the graph, then y=f(x) is the height of the graph above the point x. The height may

be positive or negative, depending on the sign of f(x).

Example: Sketch the graph for the function
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—X, xr <40
flx) = x2 0D=x=1
1, x =1
Sol:
y
when y=—x R y = )
weput x=0-> y=—x->y=0 - (0,0) 2F
y = 1
x=—1l->y=—x-y=1 —>(—1,1) I v = 12
| ! | | .-
X=—2->y=—x-y=1-(-2,2) -2 -1 0 1 2

when y = x?

x=0->y=x2->y=0 - (0,0
and when y=1
x=1-y=1-(11)

x=2-y=1-(21)

Even Functions and Odd Functions (Symmetry):

The graphs of even and odd functions have characteristic symmetry properties.

_

-Even function of x if f(—x) = f(x)
-Odd function of x if f(—x) = — f(x)
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Example: f(x) = x? Even function: (—x)? = x2 for all x;

symmetry about y — axis.

f(x) = x?+1 Even function: (—x)? +1 =x?+1 for all x;

symmetry about y — axis.

f(x) = x 0dd function (—x) = —x for all x;
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symmetry about the origin.
f(x) =x+1Not odd: f(—x) = —x +1,

but — f(x) = —x — 1. The two are not equal.

Not even: (—x) + 1 # x + 1forall x = 0

Limit and Continuity:
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When f (x) close to the number L as x close to the number a, we write

f(x)-L as x—> a means: limf(x) =L

Example: Let f (x) = 2x + 5 evaluate f (x)atx =1

Sol:
limf(x) =lim (2x+5) =2x1+5=7
x—a x—1

—-3x+2

Example: If f(x) = , X #2; find 1ir2 f(x).
X—

Sol:

3"*2)_1 G20 im(x—1)=2-1=1

x—2 x—2 x—=2

llm f(x) = llm(

Example: Evaluate the following limaits 1f they exist.

V2+x-1

) lim —— ,x# -1, x# -2
x—=-1 x+1
Sol:
. Vv2+x—-1 V2+x+1 . 2+x—-1
lim * = lim
X—o—1 x+1 V2+x+1  xo—1x+1(VZ+x+1)

x+1 . 1 1 1
lim

x—>— 1x+1(\/2+x+1) xlir& (V2+x+1) - (V2=1+1) 2
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>
2) }Cl_rg —\/ﬂ , x#=2,x=20
Sol:
lim 2= 2+\/ﬂ_ lim 2-x(2+2x)

Xo2 2— \/2x 24V2x  x—2  4-2x

2 —x(2 +2x) (2+v2x)  (2+V2+2)

Im—a=n == 2

The Limit Laws:
If L, M, C and k are real numbers and Llrn f(x) =L and Limg(x) =

X—=C

1. Sum Rule: Lim (f(x) + g(x)) =L+M
X—=C
2. Difference Rule: Lim (f(x) — g(x)) =L—-M
X—=C
3. Constant Multiple Rule: Lim k. f(x) = k. L
X—C

4. Product Rule: lim (f(x)g(x)) =LM
X—=C

flx) L
5. Quotient Rule: }CIB} T

.M #0

6. Power Rule: lim [f(x)]" =
X—=C

7. Root Rule: lim /f(x) = VL ,n is a positive integer.
xX—=C
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Example: Evaluate the following limits

x3-1
1) llm— X #=1

x—1 X—

The expression x* — 1 is a difference of cubes and can be factored using the

SO]: algebraic identity - =@—b)a+ab+b). o
-1 —Dx*+x+1
limx :lim(x Y T x )zlimx2+x+1:12—|—1—|—1:3
-1 x—1 x—1 x—1 x—1
}11_1)13}1(———) h=+0
Sol:
1 1 1 B 1 x—x—h i 1 —h
m (T h  x )l - mly Gorn ! = mE G w]

-1 1 1

lim —m—m—=———=——
R x(x+h) x(x+0) x?

3 1i x*+x%-1 _gci_r}}(x4+x2—1) ct+c?2-1

3) }cll;rcl X245 }Cignc(x2+5) T 245

4) lim V4x?2 -3 = \/ lim2(4x2 —3)= \/4 * (—2)2 -3 =416 -3 =+/13
x—=—2 X——

Limits of infinity:

We note when the limit of a function f(x) exist and x approach at infinity, we write:

lim f(x) =L For positive values of x.

X—Co

lim f(x)=1L For negative values of x.
X——00
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Some obvious (clear) limits:

1- Ifk 1s constant, then limk =k

X—00
i i
2- lim-=0, lim = ===20
x—=00 X X——0c0 X 0

Example: Find the following limits

. X . 1 1 1
1- lim =lim— =—=-
x—oo 2X+3 X—00 2+; 2+0 2
3 5
2- lim T3NS lim Tt 2
xX—00 5x2—4x+1 X—=00 5—i+i 5
x x2
3 i 2x7+1 — i ;+xi3 —0
= 11Im z oo — = lrl’l—_E R
x—=00 3xc—=2x“+5x-2 x—=co 3 + T~
X X X
2 1
. 2x°%+1 . T3
4- lim 2_9,2 S lim 2 5 _2 0
x—00 3X“—2x=+5x—2 xX—00 3-S5
X X X
VxZ+1)+x x%+1-x2
5- hm (x2+1)—x*(—:hm—
X =00 [ (\/x2+1)+x] X =00 (VX2+1)+x
1
1 =2
. X
lim = =0

o (V) +x (Vo F1)+x

. Vx2-3x-2
1- lim ——

X—00 2x+4

Home Work 2- lim 2
x—oo X +6

9x2+2x—5
3- 3}'—»00 3x
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Continuous Function:

A function f(x) is continuous at an interior point x = ¢ of its domain if and only if

it meets the following three conditions
1- f(c) is exists.

2- lim f(x) = exists.

X—=cC
3-limf(c)=c
X—=cC
Example:

D f(x)= % is not continuous for all except x = 0

2) f(x) = ﬁ is dicontiunuosat x =5 and x = -2
3) f(x) = 2% s dicontiunuos at  x = 0

X

2 —
4) f(x) = xx:—ff is dicontiunuosat x = +2
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